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Preface

The theory of stochastic processes has numerous and longstanding significant
interactions with pure and applied mathematics as well as most branches of physical
and biological sciences. Our aim is to present a graduate-level course built on four
pillars of the subject—random walk, branching processes, Brownian motion, and
martingales. Much of the theory is developed by building on simple examples. This
approach helps to develop intuition and it provides a specific context in which to
check more subtle aspects of the proofs.

The prerequisite is a one-semester/quarter of graduate level probability. In detail,
it should include the following: (1) Caratheodory’s theorem for construction of
measures, integration of functions on a measure space, dominated and monotone
convergence theorems, and the Radon—Nikodym theorem; (2) Kolmogorov’s exis-
tence theorem for construction of probability measures on infinite product spaces,
and independence; (3) characteristic functions; (4) the strong law of large numbers
and the classical central limit theorem; and (5) conditional expectation. There are
many excellent texts and online resources for this purpose. In addition, throughout
this text the authors’ footnotes to the second edition of their text A Basic Course in
Probability Theory, denoted BCPT, provide specific page or chapter references to
the prerequisite material in analysis and probability as needed.

Chapter 1 begins with technical definitions of stochastic processes in discrete and
continuous time, and of random fields, illustrated with examples. The text moves
on to the first major topic, namely random walks. Chapters 2, 3, and 7 provide a
comprehensive account of the simple random walk in one dimension, made up of
successive sums of i.i.d. random variables, each taking a value +1 with probability
p, and a value —1 with probability ¢ = 1 — p,0 < p < 1. The one-dimensional
version of the Einstein/Smoluchowski theory of Brownian motion is derived from
it later under the topic of Brownian motion. Chapter 4 is devoted to simple d-
dimensional symmetric random walk whose steps assign equal probability (namely
1/2d) to each of the 2d neighboring points of the origin in the d-dimensional integer
lattice. Fascinating contrasts in the dynamics occur for different values of d.

Chapter 5 on Poisson and compound Poisson processes provides well-known
continuous time analogues of random walks. That is, they are processes with

vii



viii Preface

independent increments and are therefore Markov. The study of general continuous
time processes, as well as random fields, involves some technical issues such as
sample path continuity. These are covered in Chapter 6, which provides broad
criteria for regularity due to Kolmogorov and Chentsov. In particular, it is shown
that Brownian motion has continuous sample paths.

Chapter 7 shows that processes with independent increments, such as random
walks, Poisson and compound processes, as well as Brownian motion, have the
strong Markov property, a stronger and highly useful version of the Markov
property. Chapter 8 deals with a different kind of asymptotic behavior of general
lattice-valued random walks using an important technique referred to as coupling.
The specific limit theorems concern renewal theory and the problem of estimating
the speed of convergence to equilibrium for a class of Markov chains. Chapter 9
rounds out the study of discrete time processes with branching processes, another
important class of Markov chains with important applications in a number of fields
including biology and physics.

In addition to the construction and sample path regularity of Brownian motion in
Chapter 6, and its strong Markov property in Chapter 7, the functional central limit
theorem, proved in Chapter 17, is a cornerstone theorem linking Brownian motion as
auniversal space-time scaling limit of a random walk having finite second moments.
It makes precise the idea that Brownian motion is approximately a random walk
under appropriate scaling of time and space. Chapters 16 through 20 study further
properties of Brownian motion and related processes, often from this point of view.

Martingale theory, the final major topic, is presented in Chapters 10 through 13.
The theory, mostly due to Joseph L. Doob, has virtually revolutionized probability
theory. This theory is now indispensable to the modeling and analysis of various
phenomena in stochastic processes. Chapter 15 on the martingale characterization
of the Poisson process and Chapter 14 on super-critical Binaymé—Galton—Watson
branching process provide further illustrations of some of the power of martingale
theory.

The last part of the book, Chapters 21 through 28, presents a number of
important contemporary applications of stochastic processes. These are somewhat
more specialized, or more technical, than the theory presented in the main text.
Nonetheless, they are topics of much recent interest. For example, the rather
deep general renewal theorem of Blackwell is essential for modern theory of
ruin in insurance; the binomial tree model of mathematical finance is of much
interest in financial mathematics; two different and widely discussed views of Hurst
phenomena are still a matter of debate. Essential features of the modern theory of
branching excursions, branching random walks, and multiplicative cascades appear
in Chapters 21 and 22, while the final chapter is on a distinct but related probabilistic
treatment of the global solvability of the 3d incompressible Navier—Stokes equation,
one of the most important unsolved problems in mathematics. The instructor may
choose one or two of these topics depending on time available and the interest of
the class.

In general, journal and book attributions are cited as Author (year) in the
text, or as footnotes, as they occur. Complete references to these are provided
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under References in the end pages. The list Related Books and Monographs is a
compilation of some related textbooks and research monographs, including those
cited in the text.
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Symbol Definition List

Special Sets and Functions:

In the classic notation of G.H. Hardy, one
writes a(x) = O(b(x)) to mean that
there is a constant ¢ (independent of x)
such that |a(x)| < c|b(x)| for all x.
Also a(x) = o(b(x)) indicates that the
ratio a(x)/b(x) — 0 according to
specified limit.

Z, set of non-negative integers

Z 4+, set of positive integers

R, set of non-negative real numbers

R4+, set of positive real numbers

dA, boundary of set A

A?, interior of set A

A~ closure of set A

A€, complement of set A

15 (x), indicator of the set B

[X € B], inverse image of the set B under X

#A, |A|, cardinality for finite set A

38, Dirac delta (point mass)

®, o-field product

T|n, restriction of tree graph to first n
generations

v|n, restriction of tree vertex to first n
generations

c,d
&), product of o —fields

p(t; x,dy), homogeneous (stationary)
transition probability

p(s,t: x,dy), nonhomogeneous
(nonstationary) transition probability

Function Spaces, Elements and Operations:

C[0, 1], set of continuous, real-valued
functions defined on [0, 1]

R, infinite sequence space

C([0, 00) : RK ), set of continuous functions on
[0, co) with values in Rk

Cp(S), set of continuous bounded, real-valued
functions on a metric (or topological)
space S

B(S), set of bounded, measurable real-valued
functions on a measurable space (S, S)

CE(S), continuous functions on a metric or
topological space vanishing at infinity

C(S : C), set of complex-valued functions on
S

®e; » Navier-Stokes projected convolution

e¢; e i-th coordinate of unit vector

i.o. infinitely often

f * g, convolution of functions

Q1 * Oy, convolution of probabilities

Cov, covariance

Var, variance

=, weak convergence

A’, v' matrix transpose

XV



Chapter 1 ®
What Is a Stochastic Process? Chock or

This chapter provides the mathematical framework and example illustrations
of stochastic processes as families of random variables with values in some
measurable (state) space S, such as the integers or the real line or higher
dimensional Euclidean space, and indexed by some set A. Examples include
1.i.d. sequences, random walks, Brownian motion, Poisson processes, branch-
ing processes, queue processes, Markov processes, and various martingale
processes. Special emphasis is given to existence and constructions of these
important classes of stochastic processes.

As remarked in the Preface, throughout the text, the author’s footnote references
to the second edition of Bhattacharya and Waymire (2016) A Basic Course in
Probability Theory, denoted BCPT, are used as an Appendix for prerequisite
material in analysis and probability as needed. However, there are many excellent
texts and on-line resources that can be used for this purpose.

A stochastic process X = {X; : t € A} is a family of random variables defined
on a probability space that are generally linked by evolutionary rules indexing time,
or interactions indexed by space. The temperature records X, at the 7th (integer) unit
of time may be viewed as a family of random variables { X, X1, ...} indexed by the
discrete-time parameter t € Z, . The number X, of page clicks on a given website
during the (continuous) time interval [0, #] gives rise to a collection of random
variables {X; : r > 0} indexed by the continuous-time parameter t. The velocity
X, at a point ¢ in a turbulent wind field provides a family of random variables
{X; : t € R3} indexed by a multidimensional spatial parameter .

Given an index set A, a stochastic process indexed by A is a collection of random
variables {X; : t € A} defined on a probability space (§2, F, P) taking values in a
set S, equipped with a o-field S. The set S, or more precisely the (pair) measurable
space (S, S), is called the state space of the process. Typically S is a metric space

© Springer Nature Switzerland AG 2021 1
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2 1  What Is a Stochastic Process?

and S is its Borel o-field generated by the open subsets of S. In particular, in the
above, one may take, respectively: (i) A = Z4, S = R4; (ii)) A = [0, 00), S = Z4;
(iii) A = R3?, § = R3, and accordingly with their respective Borel o-fields under
an implicitly assumed standard discrete or Euclidean metric. For the most part we
shall study stochastic processes indexed by a one-dimensional set of real numbers
(e.g., generally thought of as time). Here the natural ordering of numbers coincides
with the sense of evolution of the process. The selection of discrete or continuous
units to index a stochastic process is a model choice, but linear order is lost for
stochastic processes indexed by a multidimensional parameter; such processes are
usually referred to as random fields. More precisely one can make the following
definition.

Definition 1.1. Let (S, S) be a measurable space and A a non-empty set. A family
X := {X; : t € A} of random variables defined on a probability space (£2, F, P)
taking values in S is referred to as a stochastic process with state space (S, S) and
index set A.

Remark 1.1. Sometimes one stipulates that X; € S; fort € A, where each (S;, S;)
is a measurable space. Typically each S; is a Borel subset of a complete metric space
S, with Borel o-field S, topologically referred to as a standard space. Also S; may
be referred to as the state space of X;, and S as the state space for the process.

A somewhat generic picture is to view X, as the state of a randomly moving
particle in S at time ¢. The distribution of X, for fixed index point t € A is a
probability Q; on (S, S) defined by Q;(B) := P(X; € B), B € S. That is, the
probability P defined on (§2, F) induces a probability Q; on (S, §) via the map X, :
§£2 — S through inverse images defined and denoted by [X; € B] = X, 1(B) =
{w e 2 : X;(w) € B}, B € S; the square bracket notation will continue to be used
to denote inverse images of random variables throughout this text. That said, writing
“P(X € B)”in place of “P([X € B))”is a minor abuse of notation that is also

employed. A little more generally, given a finite set of distinct indices {1, ..., t;,} C
A the corresponding finite-dimensional distribution of (X, ..., X;,,) is defined by
On,..t(B) = P(Xy, ..., Xy,) € B), BeS®" (1.1)

Within the theory of stochastic processes it is useful to consider the distribution
of states in terms of the more general distribution Q induced by the entire process
X = {X, : t € A}, viewed as a “random path” t — X;, within an appropriate
path space (I', G) where, for example, I C S 4 is a set of functions (sample paths)
defined on A and taking values in S. I" can typically also be viewed as a metric
space and G its corresponding Borel o-field. To illustrate, suppose that one has a
stochastic process X on a probability space (£2, F, P), taking values in S = R
whose sample paths t — X;(w),0 <t < 1, (w € $£2), are continuous. Then
one might naturally consider Q(G) = P(X € G) = P([X € G]) where G is a
Borel subset of the metric space I" = C[0, 1], with supremum distance between
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functions (paths) in C[0, 1]. Path space distributions will be further illustrated in the
forthcoming examples.

The following result of Kolmogorov asserts, conversely, the existence of a unique
probability measure P on the product space (22 = §4, F = S®4), such that, given
a family of distributions Qy,, ;. on (Stttm} SOty for all m = 1,2, ...,
and all m-tuples (71, ..., t,) of distinct indices in A, the coordinate projections
X, 1 2 — S given by X,(w) = w(),(w = {w() : t € A}), have the
family of finite-dimensional distributions (1.1), provided some obvious simple
consistency requirements and possible topological conditions are satisfied by the
given probability distributions Qy, . 4,

The product space S~} may be replaced by the Cartesian product Sp xSy, X
-+ x 8y, , and its product o-field denoted as S;;, ® S, @ - - - ® Sy, in the case X has
state space S;; see Remark 1.1.

For a precise general statement of Kolmogorov’s existence (or extension)
theorem, we allow the state space of X; to be (S, S), not necessarily the same
for all 7. But for each ¢ the state space is assumed to be Polish, i.e., a topological
space metrizable as a complete separable metric space. The consistency conditions
on the family of measures Q. ;, simply ensure that (a) the distribution of
(X4, ..., Xy,) 1s the same as obtained from that of (X, ..., X;,) under the
permutation (iq,...,i,) of (I,...,m), and (b) for any set of distinct indices
f, ..., ty, t, the distribution of (X, ..., X;,,) is the same as obtained from that of
(X4, ..., Xy, X;t), by letting X, be free (i.e., simply requiring X; € S;). Formally,
the consistency conditions are the following:

(cl) Foreachm = 1,2, ... and every m-tuple of distinct indices (#1, ..., #;), and
for each permutation w of (1,2, ...,m),

—1
Qtﬂ(l)w“vtﬂ(m) = Qtlsm,tm or (12)

on (St X == X Sty Stz (1) ® <+ @ Spy,)- Here w0 8§y x - x S, — S ) X
XS is given by w(x;,, ..., X;,) = (Xz, (1), - - -, X1, (m)) and 7~ is its inverse
transformation.

(c2) For each m and every (m + 1)-tuple of distinct indices #1, . .., t,, t, one has for
every Be S5, ®5,®---®S,,,

Qtl,...,tm (B) = Qtl ..... tm,t(B x Sp). (1.3)

Theorem 1.1 (Kolmogorov’s Existence Theorem!). Assume that for every t the
space S; is Polish with S; as its Borel o-field. Then given a family of distributions
Ottty ON (Syy X Spy X+ xS, 8, RS, ®- - -QS;,) forallm = 1,2, ..., and all m-
tuples (1, . . ., t,) of distinct indices, satisfying the consistency conditions (c1), (c2)

IFor a proof using Caratheodory’s extension theorem see BCPT p. 168. Another elegant proof
due to Edward Nelson using the Riesz Representation theorem may be found in Nelson (1959), or
BCPT, p. 169.
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above, there exists a unique probability P on (2 = [[,c4 Si, F = ®,e4S;) such
that the coordinate projections X; (t € A) have the prescribed finite-dimensional
distributions (1.1).

Remark 1.2. If the index set A is linearly ordered, e.g., if it is an interval, or the set
Z of all integers, or the set Z_ of all non-negative integers, and one is provided with
all finite-dimensional distributions Qy,,.. ,, fort;y <t < --- < t,,, then one may
just check (c2) with #,, < ¢. Condition (cl) is satisfied automatically by defining

Qtﬂ(l)’ tto Qtn(m) uSing (]2)

Example 1 (Product Probabilities and Independent Families of Random Variables).
Let (S;, S, O01),t € A, be a family of probability spaces, and Oy, .., be the
product probability measure Q; X Qp, X -+ X Qp on (S, X Sp X -+- x 8, Sy @
S, ® - ®S;,), such that

Qt],.‘.,lm(Bl‘l X Btz X X Btm) = Qtl (Btl)Qtz(BTQ) e th (Blm)a (14)

for B, € &;,i = 1,...,m. The consistency conditions (c1), (c2) are then trivial
to check. The probability measure P on (2 = ]_[teA S, F = ®reaS;) with
this family of finite-dimensional distributions is called the product probability of
(St,S:, Q1),t € A. The coordinate projections X;,t € A, then form a family
of independent random variables. It may be noted that in this case the statistical
independence can be exploited to the effect that no topological assumption is needed
on the spaces S; for existence according to a theorem of Tulcea.” In the case S, = §
are the same for all ¢, the family {X, : t € A} is referred to as an i.i.d. (independent
and identically distributed) S-valued family of random variables.

Often the stochastic process of interest is obtained as a functional of another process
already known to satisfy Kolmogorov’s, or Tulcea’s, conditions, thus avoiding the
more elaborate verification of these conditions for its construction. This point is
illustrated in several of the following examples.

Example 2 (General Random Walk and the Simple Random Walk). Let S; = R* for
all 7 in the index set A = Z4 = {1,2,3...}. For an arbitrary common probability
Q; = O on R¥ with Borel sigma-field S, one may construct the product probability
measure P on (2 = RZ++, F = S®Z++) and the i.i.d. sequence {X; : t € Z44}
by coordinate projections, as in Example 1. The (general) random walk with step
size distribution Q, starting at a point x € R¥, is then defined by a functional of the
process of displacements via

So=x, Sp=So+Xi+-+X, (m=1,2,...). (1.5)

One may let So = Xp , where X is an R*-valued random variable, with some
distribution Qy, independent of the family of increment or displacement random

2For a general statement and proof of Tulcea’s theorem, see Neveu (1965), pp. 162-167.
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t— N(t,w)
k —
3
2 —
1
1 -—
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Ay A,y .. Ao - - ¢
k Ty 1 T, * 4

Fig. 1.1 Poisson Process Sample Path

variables {X, : n € Z44}. For this one may consider the product probability on
the enlarged index set A = Z; = {0,1,2,...} in Example 1, with Q¢ as the
distribution of Xg, and Q,, = Q for all n € {1,2,...}. As an important special
case one considers k = 1, S = {—1,+1}, Q({+1}) = p, Q({—-1}H) =1 —-—p =g¢q,
say, 0 < p < 1. The corresponding i.i.d. sequence of displacements (or increments)
{X, : n =1,2,...}is a sequence of Bernoulli random variables, and the one-
dimensional simple random walk is then defined by (1.5), where the distribution
Qo of Xo on {—1, 4+1} may be arbitrary, including a degenerate one (i.e., a one-
point distribution Q¢ = §,). When p = g = 1/2, this simple random walk is called
a simple symmetric random walk. A generalization is the k-dimensional simple
(symmetric) random walk on S = 7k having step size distribution Q, concentrated
onf{xe :i =1,2,...,k}, with Q({e;}) = OQ({—e;}) = 1/2k, (i = 1,2,...,k).
Here e; has +1 as its i-th coordinate and zeros as its remaining coordinates.

Another example of a construction of a process as a functional of an i.i.d.
sequence is the following; see Figure 1.1.

Example 3 (Poisson Process). Let T, T, ... be an i.i.d. sequence of exponential
random variables with parameter &6 > 0 (or, mean 1/6). That is, they have the
common exponential density
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@(y) = 0 exp{—0y}10,00)(y). (1.6)

Define the Poisson process {N(¢) : t > 0} with parameter 8, as N(t) = Ofort < T1,
and

Nt)y=n, telh+Dh+ - +T,, 1 +DT+ - -+Thy1),n=172,.... (L.7)

One may check that the random variable N (¢) has the Poisson distribution with
mean 6t (Exercise 2). The arrival times A, = To+T1 + --- + T,—1,n > 1, may
be viewed as a random walk on the positive half-line. A more in-depth analysis of
this important stochastic process having right-continuous sample paths is provided
in Chapter 5.

Example 4 (Gaussian Processes/Random Fields). Recall that a k-dimensional
Gaussian, or normal, random (column) vector ¥ with mean (column) vector m € R¥
and a k x k nonsingular covariance (or dispersion) matrix X has the density

1
o(y) = 2m) "2 (Det £)"1 axp(—5(—m'T y—m) (eR  (13)

where the superscript ¢ is used to denote matrix transpose. The characteristic
function of Y is ¢(¢§) = Eexp{i&'Y} = exp{im'é — &' X&)}, (¢ € R¥). More
generally, a Gaussian random variable with mean m € R¥ and a k x k symmetric
non-negative definite covariance matrix X is defined as one having the characteristic
function Eexp{i&'Y} = exp{im'é — £' X&)}, (¢ € R¥). If X is singular, then ¥
does not have a density (with respect to Lebesgue measure on R¥). A standard way
to construct such a random variable is to first begin with a vector Z of k i.i.d.
one-dimensional standard Gaussian random variables Zi, Z», ..., Z, each with
mean zero and variance one, Z = (Z1, Z3, ..., Z)", and define Y = m + AZ,
where A is a k x k matrix such that AA’ = X. By the spectral theorem one
may actually find a symmetric matrix A such that AA = X. It is simple to check
thatif Y = (Yy, ..., Yx)" is a k-dimensional Gaussian random variable with mean
m and covariance matrix X, then, for | < d < k and any subset (i, ...,iq)
of (1,...,k), (Yi,..., Y,-d)’ is a d-dimensional Gaussian random variable with
mean (mil,...,mid)’ and covariance matrix ((0i;))i, j=i,...i;» Where oj; is the
(i, j)-element of X. Consider now the construction of a sequence of Gaussian
random variables {Y, : n = 1,2,...}, i.e., a stochastic process indexed by
A =74+ = {1,2,...} such that for any k-tuple of integers (i1,...,ix), 1 < i <
i <o <lig, (Y, ... Yik)’ is a k-dimensional Gaussian random variable. Suppose
then that {m, : n = 1,2,...} is a sequence of real numbers and, for each pair
(i.j), o;j are real numbers such that ((0;))i, j=i,...i» 15 @ k X k symmetric non-
negative definite matrix. It follows from the preceding paragraph that Kolmogorov’s
consistency condition for such a construction of a sequence of Gaussian random
variables {Y,, : n = 1,2, ...} with means E(Y,) = m,, and covariances o0;; =
E(Y; —m;)(Y; —m}),i, j > 1,is satisfied if and only if the symmetric non-negative
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definiteness holds for all k-tuples (i, ...,ix),1 < i1 < i» < -+ < i, for all
k > 1. One general method to construct such a Gaussian process is to consider
an arbitrary (infinite dimensional) matrix A = ((a;;))i, jez, ., such that each row
belongs to 62(Z++), i.e., ZISKOO al.zj < oo(Vi = 1,2,...). Let Z be a sequence
of independent standard Gaussian random variables, Z = (Z1, Z2, ..., Z,, ...)",
andm = (my,...,my,...)". Then

Y=m+AZ;, Y=Y ....Y .. ) Yy=m,+ Z aniZj,  (1.9)

I<j<oo

is a Gaussian process (sequence) with mean m and covariance matrix X = AA" =
((Gij)1<i,j<oco-

An important special case occurs in which the means m, = mi,n > 1, are
constant and o; ; is a function of i — j, say o (i — j), 1 < j < i. For in this case
one may show (Exercise 3) that the distribution of the process Y = (Y1, Y2, ...) is
translation-invariant in the following sense.

Definition 1.2. A stochastic process ¥ = (Y1,Y>,...) is said to be a sta-
tionary process if its distribution is invariant under translations of the form
(Y14n, Y244, . . .) for any positive integer A.

Finally, to construct Gaussian processes with values in a multidimensional state
space S one may simply enlarge the index set. For example, if § = R? and
A = [0, 00), then one may change the index ¢ to ((1), #(2), £(3)) to list the three
coordinates of the state at time ¢ and prescribe the joint distributions accordingly.

Example 5 (Brownian Motion). One-dimensional standard Brownian motion start-
ing at Bg = 0 € R is a continuous parameter Gaussian process By, t > 0, defined on
a probability space (£2, F, P), having independent mean zero Gaussian increments
B, — B;, 0 < s < t over disjoint intervals, with variance ¢ — s and, most importantly,
continuous sample paths + — B; with probability one; see Figure 1.2. The process
is referred to as a continuous parameter Gaussian process to convey that the finite-
dimensional distribution of (B;,,...,B;,), 0 <1 <t < -+ < ty,m > 1,is
each a Gaussian distribution. This definition requires a construction and proof of
existence, of which several will appear in this text. With that proviso, the process
Xy = x4+ ut + 0B, t > 0, defines one-dimensional Brownian motion starting
at x € R, drift parameter 1 and diffusion coefficient o2. More generally, the k-
dimensional standard Brownian motion starting at 0 € R is the random vector
(Bt(l), R Bt(k)), t > 0, for which the components are independent one-dimensional
standard Brownian motions. The process X; = x + ut + X B, t > 0, then defines
the k-dimensional Brownian motion starting at x € R¥, with k-dimensional drift
vector u and (possibly singular) k x k diffusion matrix X’ X.

Remark 1.3. On uncountable index sets such as [0, 00) or [0,00)%, (d > 1),
the Kolmogorov sigma-field, i.e., the product sigma-field S®4 s too small to
include sets such as the set of continuous paths or the set of right-continuous
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t — By(w)

~

Fig. 1.2 Standard Brownian Motion

paths, and one may seek more regular versions of the process than the coor-
dinate process on S. Indeed, the product sigma-field S®4 only contains events
which are (measurably) determined by countably many coordinates. So this would
exclude measurability of the set of paths required to be continuous at a given
point. The Kolmogorov—Chentsov Theorem (See Chapter 6) gives an important
criterion based on smoothness of moments which yields stochastic processes with
continuous sample paths. Similarly a criterion due to Dynkin® may be used
to ensure right-continuity of sample paths. An alternative elegant route is via
Doob’s submartingale convergence theorem (See Chapter 13). One may view these
arguments as essentially establishing that the relevant sets (of continuous sample
paths, or right-continuous sample paths) have outer measure one.*

Remark 1.4 (Construction of Brownian Motion by Weak Convergence). There is
another route that may sometimes be used to construct, or prove the existence of,
a stochastic process by the theory of weak convergence on function spaces. An
important example is the construction of Brownian motion B;,0 < ¢t < 00, as a
limit (under weak convergence of probability measures on C[0, co)) of the simple
symmetric random walk of Example 2 scaled as Bin) = S;//nk =0,1,2,...),

3See Gikhman and Skorokhod (1969), pp. 159-169.
4See Caratheodory’s extension theorem in BCPT p. 226.
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and B,(") linearly interpolated for t € [k/n,(k + 1)/n](k = 0,1,...); see
Figure 17.1. This so-called functional central limit theorem, or FCLT, is discussed
in detail in Chapter 17. The limiting process inherits the property of independent
increments from that of the simple random walk, and the FCLT shows that the
increments are Gaussian. One may, alternatively, construct such a process using
Kolmogorov’s existence theorem as in Example 2, together with the regularization
due to Kolmogorov and Chentsov as mentioned earlier in Remark 1.3.

Kolmogorov’s, or Tulcea’s, theorem may be used to construct another very
important class of stochastic processes known as Markov processes. We restrict here
to the case of the discrete parameter, i.e., A = Z; = {0, 1, 2, ...} in the following
example.

Example 6 (Discrete Parameter Markov Processes). We begin this example with a
definition.

Definition 1.3. On a probability space (£2, F, P), a stochastic process {X, : n =
0, 1,2, ...} having a state space (S, S) is Markov if the conditional distribution of
Xy, given o{Xy, ..., X,,_1}, is a function of X,,_1, alone.

Denote the conditional distributions on the event [X,,_; = x] in Definition 1.3,
referred to as (one-step) transition probabilities, by p,(x, dy). That is, for any n >
1,BeS,xeS, P(X, € Blo{Xo,...,Xu—1}) = pn(x, B) on the event [X,,_| =
x]. Here one has (i) x — p,(x, B) is measurable on (S, S) into (R, B) for all
B € S, and(ii) B — p,(x, B) is a probability measure on (S, S) forall x € S.

Unless otherwise stated we will assume that the transition probabilities p, (x, dy)
are the same for all n, and simply denoted p(x, dy). In this case the Markov process
(or its transition probabilities) is said to be time-homogeneous. The transition
probabilities are often said to be stationary in this case too, but this is not to be
confused with a stationary process introduced in Definition 1.2, see Exercise 4.

Given the distribution of Xy, say i(dx), and a transition probability p(x, dy), the
finite-dimensional probabilities of the process are given by the following successive
steps:

STEP 1
00,1,..n(Bo x By x --- x By) = P(Xg € By, X1 € By,..., X, € By)
= E[E[1p,(X0)1p,(X1) ---1B,_, (Xu—1)1B,(Xp)|o{Xo, ..., Xu—1}]]
=E[1p,(X0)1p,(X1)---1p,_  (Xy—1g1 (Xu—1],
where g1(X,—1) = P(X,, € By|lo{Xo, ..., Xu—1}) = P(X, € Bylo{X,—1}). That

is,

gi1x) = /B p(x,dy) = p(x, By). (1.10)
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STEP 2

Qo,1,..n(Bo X By X -+ X By)

E[E[15,(X0)1p, (X1) - 1B, | (Xn-1)&1(Xn-1Dlo{Xo, ..., Xn-2}]
E[1p,(Xo)1p,(X1) 1B, ,(Xn—2)E[1p, | (Xn-1)g1(Xn—1)|o{Xs—2}]]
E[15,(X0)1p,(X1) - -+ 1B, ,(Xn-2)g2(Xn-2)],

where

gz(X)Z/ g1 p(x.dy). (1.11)

Proceeding in this manner, one obtains

STEPn — 1
00.1,...n(Bo X By x -+ x By) = E[1p,(X0)1p,(X1)gn-1(X1)],

where
gn—l(y):/B gn—2(y)p(x,dy)). (1.12)
2

Finally,
STEP n

Qo.1....n(Box By x -+ - x By) = E[1p,(X0)8n(X0)] = / gn(Mu(dy),  (1.13)
By
gn(x) = /B gn—1(y)p(x,dy). (1.14)
1
To summarize, one has the iterative computation g;(x) = p(x, By),

gz(x)=/ gl(y)p(x,dy),m,gnq(x)=/ gn—2p(x,dy),
n—1

B,_ B

gn(x) =/ gn—1(Mpx,dy),
By

Qo.1,..n(Box By X---x By) = / &nmnuldy), (VBo,Bi,...,B,€S8),n>1.
B
’ (1.15)
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Conversely, to show that a Markov process exists by specification of an arbitrarily
given transition probability p(x, dy) and an arbitrary initial distribution u(dx),
one checks that the finite-dimensional distributions Qo.1,.. »(Bo, Bi, ..., By), as
computed in (1.15) entirely in terms of p(x, dy) and u(dx), satisfy the Kolmogorov
consistency conditions (c1), (c2) above. For this it is enough to prove that

00.1,.n(BoX By X+ X By) = Q0,1,..n.n41(Bo X By X --- x B, x §),  (1.16)

for all By, By, ..., B, € S. In this case following (1.15), the iterative computation
of Qo.1,..n.n+1(Bo X By X --- x B, x S) yields, denoting the successive iterations
as h17 h25 ceey h}’l’ h}’lJrl’

hi(x) = p(x,S8) =1, ha(x) = / hi(y)p(x,dy) = p(x, By) = g1(x),

By

h3(x) =/B hz(y)p(x,dy)=/3 g1(Mpx,dy) = ga(x), ...,
n—1 n—1

hn(x)=/B hn_l(y)p(x,dy)=/ gn—2px,dy) = gn—1(x),
2

B
hn+1(x)=fB hn(y)p(x,dy)=/B g1 p(x,dy) = gn(x),
1 1

and finally,
Qo.1,...n+1(Bo X By X --- X By X )

_ / 1 ()pe(dy) = / e ((dy)
By By
= Qo.1,.n(Box Bl X -+ X By) (1.17)

establishes consistency (see Remark 1.2). Hence, by Tulcea’s theorem, without any
topological assumption on the product space, (2 = SZ+, F®Z+) there is a unique
probability P under which the sequence of coordinate projections {X,, : n € Z}is
a Markov process with transition probability p(x, dy) and initial distribution p(dx).

A more enlightening way of stating the (homogeneous) Markov property of a
sequence {X, : n = 0, 1,2, ...} is that the (conditional) distribution of the future
of the process, given its past and present, depends only on the present state. To
state this precisely, let Py denote the distribution of {X,, : n = 0,1,2,...},
given Xo = ux, i.e., the distribution u of X¢ in the construction (1.10)—(1.14)
is the Dirac measure §,. Let X, := {X,, Xu+1, Xn+42, ...}, called the after—n
process. Then the conditional distribution of X,y given o{Xyp, X1, ..., X} (€.,
given o {Xo, X1, ..., X,,}) is Px,. Here Px, = P, onthe set [Xo = x] (Exercise 1).
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Remark 1.5. As a stochastic process a Markov process is completely determined by
its transition probabilities and its initial distribution. However, given the transition
probabilities, it is not uncommon to also view a Markov process as a family of
stochastic processes indexed by its possible initial distributions.

Example 7 (Continuous Parameter Markov Process). The extension of the defini-
tion (1.3) is as follows.

Definition 1.4. On a probability space (§2, F, P), a stochastic process {X; : t >
0} having a state space (S, S) is Markov if for each 0 < s < t, the conditional
distribution of X;, given o {X,,, u < s}, is a function of X, alone.

Now the conditional distributions of X; on the event [ Xy = x] in Definition 1.4,
again referred to as transition probabilities, are denoted by p(s, t; x, dy). That is,
for0 <s <t,B e S, x €8, P(X; € Blo{X,,u < s}) = p(s,t;x,dy)
on the event [X; = x] € F. Here one has (i) x — p(s, t; x, B) is measurable
on (S,S) into (R, B) for all B € &, and (ii)) B — p(s, t; x, B) is a probability
measure on (S, S) for all x € S. The distribution 7 (dx) of Xy is referred to as
the initial distribution. The notation in the case of homogeneous (or stationary)
transition probabilities, i.e., p(s,t;x,B) = p(0,t — s; x, B) is a function of
t — s, is abbreviated as p(t — s,x,B) for 0 < s < ¢. Important simple
examples are one-dimensional standard Brownian motion for which p(¢; x, dy) =
(2m)‘%e—%(y_x)2dy, t > 0,x,y € R. and the Poisson process with intensity
% > 0, for which p(t;i, {j})) = $25re™ 1 > 0,0 < i < j,i,j € Zy. Each
of these is a stochastic process with stationary, independent increments, from which
the Markov property with homogeneous transition probabilities follows since it is
quite clear that the conditional distribution of the state at time ¢, given its past and
present states up to time s < ¢, requires only the distribution at time s to compute.
Specifically, one simply adds a displacement over time s to ¢, independent of its
state at time s.

While the above examples are tied to additive evolutions, another rich class of
examples arises in connection with multiplicative evolutions. The following is a
fundamentally important class of such processes.

Example 8 (Discrete Parameter Bienaymé—Galton—Watson Branching Process).
While the discrete parameter Bienaymé-Galton—Watson processes are included
within the broader framework of Markov processes, as with the case of random
walks, they also possess a characteristic structure that gives them a special role
in stochastic analysis and modeling. We consider a discrete parameter stochastic
process Yo, Y1, ... with state space Z, defined as follows; also see Figure 1.3.
The population size is initially given by a non-negative random variable Y. Let
pj.j = 0,1,2,... be a probability mass function, i.e., p; > 0, ijo pj = L
Then the first generation population size is given by Y1 = 0 if Yy = 0, else
Y = Z;/OZI Ny, j, where Ny 1, No2, ..., is an ii.d. sequence distributed according
to the offspring distribution p;, j > 0, independently of Yy. From here the definition
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Y; =5
Yo =3
Y1 =3
Yo=1

NOI = 37N11 = 23N12 = O>Nl3 = 13N21 = 07N22 = 27N23 =3
Fig. 1.3 Branching Genealogy
of Y, is recursive, with the same rule applied to Y; in place of Yy, and i.i.d.

Ni,1, Ni,2, ..., distributed as p;, j > 0, independently of Ny, 1, No2, ..., and Yo.
More generally, Y41 = 0if ¥,, = 0, else

Yy
Yur1 =Y Ny, (1.18)
j=1
where Ny 1, Ny, ... is an ii.d. sequence distributed according to pj, j > 0,
independently of N, 1, N2, ...,and Yp, forO <m <n—1,n> 1.

As far as first principles go, one may observe that if there is a finite mean number
of offspring ¢ = Y72 jpj, then one has EY,+1 = uEY,,n = 0,1,2,.... In
particular, the mean population sizes 1", n > 1, grow or decay according to u > 1
or 4 < 1, respectively. The case uw = 1 is critical in the sense that the mean
population size remains constant over time. For non-negative integer-valued random
variables Y the simple inequality (Exercise 8),

P(Y >0 <EY (1.19)

can be quite useful along the following lines: If 4 < 1, then

o0 o0 o0
Y P¥, >0 <) EY, <) u"<oo. (1.20)
n=1

n=1 n=1



14 1  What Is a Stochastic Process?

It follows from the Borel-Cantelli lemma that with probability one ¥, = 0 for all
but finitely many n. That is, extinction is certain to occur, and the total progeny
Y o2 Yu is almost surely finite; see Exercise 9 for a simple extension of this to
non-homogeneous branching. The probability of extinction will be more generally
computed in Chapter 9 of the present text for the (homogeneous) Bienaymé-—
Galton—Watson process.

The previous definition clearly requires a large product space to define the infinite
sequences of sequences of i.i.d. random variables. An alternative approach is to
exploit the previous construction of a Markov chain with initial distribution of Yy
and one-step transition probabilities p(i, {j}) = p*({j}), j = i,i +1,..., where
p* denotes the i-fold convolution of p;, j > 0, with p*0({j}) = so({,j}), pjf‘ =

pj, and pj(iﬂ) = Zli:o p;fi_kpk for j,i = 0,1,.... A third approach involves
coding the entire genealogy of the branching process as a random tree graph as
depicted in Figure 1.3. This approach will be developed in later chapters devoted to

naturally occurring functions of the branching genealogy.

Queuing theory concerns another class of stochastic processes that naturally arise
in a variety of settings as illustrated in the next example.

Example 9 (Discrete Parameter Queuing Process). Consider a server that can
serve one customer per unit time, but with a random number X,,,n = 1,2, ..., of
new customer arrivals during the successive service periods. Assume that X1, X» ...
are i.i.d. non-negative integer-valued random variables with distribution p;, j > 0.
Then the number C,, of customers in the system at end of n-th service times
n=1,2,... may be expressed as

Cn = an[cn—l = 0] + (Cn—l -1 +Xn)1[cn—l = 1], n=1, 2, s (121)

Alternatively, Co, C1, ... may be more simply defined as a Markov chain with
initial distribution of C, assumed independent of X,,, n > 1, and one-step transition
probabilities p(0, j) = p;,j = 0,1,..., p(i,j) = pj—iv1,j =i — 1,i,i +
1...,i>1.

Example 10 (Martingale Processes). Martingales® are defined by an important
and essential “statistical dependence”’property that can be further exploited in the
analysis of Markov and other processes that represent observed models of evolution
of random phenomena with time. The defining property requires that predictions
of a future state at time ¢, say, by its conditional expectation on past states up to
time s < t, be precisely the state at time s. A familiar metaphor is The prediction
of tomorrow’s weather, given the past, is today’s weather. In gambling contexts it
would be viewed as a fairness property, while in analysis and PDEs its counterpart
resembles a harmonic function property. The previous examples of martingales
provide a number of important martingale processes, see Exercise 10, ranging from
(i) mean zero random walks, (i1) standard Brownian motion, (iii) a Poisson process

5The theory of martingales is primarily due to Doob (1953).
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centered on its mean, and (iv) the critical branching process. However, the breadth
and significance of martingale theory far exceeds this brief list.

Exercises

1.

o

(a) Use Kolmogorov’s existence theorem on a Polish state space to prove that
the distribution of a process (Xg, X1, ..., Xy, ...) is determined by the
distributions of (Xg, Xi,...,X,) forn = 0,1,2,... (See Remark 1.3);
and use Tulcea’s theorem to show that this holds for Markov processes on
arbitrary state spaces.

(b) Prove that the Markov property (Definition 1.3) implies that the con-
ditional distribution of (X, X;+1, ..., Xn4m), given o{Xop, ..., X,}, is
the same as the distribution of (Xg, X1, ..., X)), starting at X,,, that is,
the latter distribution is that of (x, X1, ..., X;;) on the set [X,, = x]
[Hint: Use successive conditioning with respect to o{Xo, ..., Xy4m—1},
o{Xo, ..., Xnym—2}, ..., 0{Xo, ..., Xn}.]

(c) Show that the conditional distribution of the after—n process X,+ =
(Xn, Xn41,...), given o{Xo, ..., X,}, is Px, (ie, Py on [X, = x]).
[Hint: Use (b).]

Show that for fixed r > 0, N(¢) in Example 3 has a Poisson distribution with
mean 6f.

. Prove that a Gaussian process with constant means and covariances o;; = o (i —

J), i, j > 1,is a stationary process in the sense of Definition 1.2.

Suppose that the transition probabilities p(x, dy) and initial distribution p(dx)
of a Markov process Y have the invariance property that f s P(x, B)u(dx) =
w(B) for all B € S. Show that Y is a stationary process in the sense of
Definition 1.2.

. Verify the discrete parameter Markov property for the coordinate projection

process in Example 6 by comparing the two indicated conditional distributions
of X n+1-

(a) Show that a process having independent increments is a Markov process.
(b) Verify the continuous parameter Markov property of Brownian motion and
the Poisson process.

Verify the computation of the mean population size for the Bienaymé—Galton—
Watson process in Example 8.

Verify the inequality (1.19) for non-negative integer random variables.
(Inhomogeneous Bienaymé—Galton—Watson branching process) Suppose that
the offspring distribution for the Bienaymé—Galton—Watson process is modified
to be dependent upon the generation. That is, replace pj, j = 0,1,2,... by

p;"), j=0,1,2,...,n=0,1,2,...,as the offspring distribution for particles
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in the n-th generation. Let u, = Zj’il jpﬁ.") denote the mean number of

offspring of a single particle in the n-th generation. Show that extinction® is
certain, i.e., with probability one, ¥, = 0 eventually for all n sufficiently large,
if 3 50 [1j=i mj < o0

10. Verify the indicated conditional expectations for the martingale property in each
of the following examples.

(i) For the random walk with mean zero displacements, show that
E(Sut1lo{S;, j <n}) =S,,n=0,1,2,....

(i) For the standard Brownian motion, show that E(B(t)|c {B(u), u < s}) =
B(s),s <t.

(iii) For the homogeneous Poisson process with intensity parameter 6 > 0,
show that E(N (#)|o{N(u),u < s}) = N(s),s <t

(iv) For the discrete parameter Bienaymé—Galton—Watson process with (criti-
cal) mean offspring u = 1, show that E(Y,,41|o{Y;,j <n}) =Y,,n =
0,1,2,...

SUnder some extra conditions on the offspring distribution, it is shown in Agresti (1975) that
the condition Y 0% ((EY,)™! = oo is both necessary and sufficient for extinction in the non-
homogeneous case.



Chapter 2 )
The Simple Random Walk I: Associated e
Boundary Value Distributions,

Transience, and Recurrence

The simple random walk is the generic example of a discrete time temporal
evolution on an integer state space. In this chapter it is defined and simple
combinatorics are provided in the computation of its distribution. Two
possible characteristic long-time properties, (point) recurrence and transience,
are identified in the course of the analysis. Recurrence is a form of “stochastic
periodicity” in which the process revisits a state (or arbitrarily small neigh-
borhood) infinitely often, while transience refers to the phenomena in which
there are at most finitely many returns.

The simple random walk was introduced in Chapter 1, Example 2. Here we consider
some of its properties in detail. Think of a particle moving randomly among the
integers according to the following rules. At time n = 0O the particle is at the origin.
Suppose that X, denotes the displacement of the particle at the nth step from its
position S,_1 at time n — 1, where {X,,};’lo=1 is an i.i.d. sequence with P(X, =
+1) = p, P(X,, = —1) = q = 1 — p foreach n > 1. The position process {S,},_
is then given by

S}’Z :=X1+"'+Xn, S():O. (2.1)

The stochastic process {S, : n =0, 1, 2, ...} is called the simple random walk. The
related process S; = S, +x,n = 0, 1,2, ... is called the simple random walk
starting at x.

The simple random walk is often used by physicists as an approximate model
of the fluctuations in the position of a relatively large solute molecule immersed
in a pure fluid. According to Einstein’s diffusion theory, the solute molecule gets
kicked around by the smaller molecules of the fluid whenever it gets within the
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range of molecular interaction with fluid molecules. Displacements in any one
direction (say, the vertical direction) due to successive collisions are small and taken
to be independent. We shall frequently return to this physical model. One may also
think of X, as a gambler’s gain in the nth game of a series of independent and
stochastically identical games: a negative gain means a loss. Then S7 = x is the
gambler’s initial capital, and S;, is the capital, positive or negative, after n plays of
the game.

The first problem is to calculate the distribution of S;; at a fixed time n. To
calculate the probability of [S;, = y], count the number u# of +1’s in a path
from x to y in n steps. Since n — u is then the number of —1’s, one must have
u—m—u)=y—x,oru = (m+y—x)/2. For this, n and y — x must be both even
or both odd, and |y — x| < n. Hence

n
+y— - —y
<” é d > p(n+y X)/Zq(n y+x)/2
P(S* =y) = 2.2)
n=J if |y — x| <n, and y — x, n have the same parity
0 otherwise.
Again one may note that the existence of the simple random walk {S,}72, rests

on the existence of a sequence of i.i.d. Bernoulli £1-valued random variables
{Xn};2,, for a given probability parameter p € [0, 1], defined on a probability
space (£2, F, P); see Examples 1, 2 of Chapter 1.

The simple random walk is an example of a Markov chain of great importance.
Markov chains on countable state spaces and, more generally, Markov processes on
general state spaces, were defined in Chapter 1, along with examples.

As already hinted in Chapter 1, in view of the central limit theorem, a plot of the
sample paths of the simple symmetric random walk on the time scale 0, rll r% e
with spatial increments 02 is, for large n, indistinguishable from a continuous
space-time process distributed as Brownian motion. This latter process and its
connection to random walk will be treated in-depth in forthcoming chapters.

We next consider the asymptotic behavior of the simple random walk as time
progresses. Let us view the manner in which a particle escapes from an interval. Let
Tyx denote the first time that the process starting at x reaches vy, i.e.,

Ty :=inf{n > 0: S, = y}. (2.3)

To avoid trivialities, assume 0 < p < 1. For integers ¢ and d with ¢ < d, denote
p(x) = P(T; <TJ). 2.4

In other words, ¢(x) is the probability that the particle starting at x reaches d before
it reaches c. Alternatively it is the probability of being at “d” upon reaching the
boundary {c, d} of the (discrete) interval denoted ¢,d := {c,c+ 1,...,d — 1,d}

when started at x € ¢, d.
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Proposition 2.1 (Boundary Distribution Under Nonzero Drift). Assume 0 < p <
1,p#gq.Letc,d € Z,c < d. Then

1—(q/p)—¢
P(TX<TX)=— fOrCS-dea p;éq7
d ¢ 1—(q/p)?—=
1—(p/g)*™
P(TX<TX)=— fOI‘CEXSCL p#q'
¢ T T (p/g)i—c

Proof. Since in one step the particle moves to x + 1 with probability p, or to x — 1
with probability g, one has (Exercise 6)

p(x) = pp(x + 1) +qo(x — 1) (2.5)
so that
P+ 1) — p(x) = %BP(X) o —1], xectld—1
@(c) =0, o) = 1. (2.6)

Thus, ¢(x) is the solution to the discrete boundary value problem (2.6). For p # q,
Eq. (2.6) yields

x—1 x—1 y—c
p) =Y oG+ D —eMI=Y (%) [p(c+ 1) — ¢(c)]
y=c y=c
x—1 y—c x—c
q 1—(q/p)
=pc+1 =S =g+ 1)— . 2.7
o )é(p) e @.7)
To determine ¢ (c + 1) take x = d in (2.7) to get
1= d—c
1 =9 =¢p(+ 1)%.
l—q/p
Then
l—q/p
D= —*""_
et D= e

so that the first relation holds. The second follows by symmetry or by the same
general solution method. |

Now let

¥ (x) = P(TS < TJ). (2.8)
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Note that ¢(x) + ¥ (x) = 1, proving that the particle starting in the interior of ¢, d
will eventually reach the two-sided boundary (i.e., either ¢ or d) with probability 1.
For semi-infinite intervals one obtains the following in the limits as either d — oo
or ¢ — —oo.

Corollary 2.2. Assume 0 < p < 1, p # q. Let ¢ < x be integers.

X—C
q if 1
P({S;; )2 will ever reach ¢) = P(T < 00) = <P> » HP>3
1, if p < 3.

and for integers x < d,

1, if p> %

d—x
(g) , ifp < %

Remark 2.1. As one might guess as the result of the informal remarks made earlier
connecting simple random walk and Brownian motion via space-time scaling limits,
in the case of Brownian motion the linear second order boundary value difference
equations will take the form of differential equations.

P({S; 152 will ever reach d) = P(T] < 00) = {

Observe that one gets from these calculations the distribution function for the
extremes M* = sup, S;; and m* = inf, S;; (Exercise 9). Note also that by the strong
law of large numbers,

S* S,
P(Ynz%—)p—q asn—>oo>=1. (2.9

Hence, if p > g, then the random walk drifts to 400 (i.e., S — -+o00) with
probability 1. In particular, the process is certain to reach d > x if p > ¢. Similarly,
if p < ¢, then the random walk drifts to —oo (i.e., S — —00), and starting at
x > c the process is certain to reach c if p < g. In either case, no matter what the
integer y is,

P(S, =yio)=0, ifp+#q, (2.10)

where i.0. is shorthand for “infinitely often.” For if S = y for integers n1 < ny <
- -+ through a sequence going to infinity, then

S.X

nk y

— ==—=0 as ny — 00,
ng ng

the probability of which is zero by (2.9).
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Definition 2.1. A state y for which (2.10) holds with x = y is called transient. If
all states are transient, then the stochastic process is said to be a transient process.

Now let us turn to the symmetric case.

Proposition 2.3 (Boundary Distribution under Zero Drift). Assume p =q = 1/2
and let ¢ < x < d be integers.

xX—c — 1
PTG <1 =——. xccd p=qg=g,
d—x — 1
P(TLX<T;):d_C, xec,d,p:g:z.

Proof. Inthecase p =¢q = %, according to the boundary value problem (2.6), the
graph of ¢(x) is along the line of constant slope between the points (c, 0) and (d, 1).
Thus the first relation follows. The second relation then follows by a symmetry
argument or by the same method of calculation. |

Again we have

e(x) + ¥ (x) =1 (2.11)
Corollary 2.4. Let p = g = 1/2. For integers x, y

P(S; =yio)=1. (2.12)
Proof. Given any initial position x > c,

P({S;},2 will eventually reach c)
= P(T} < o0)
= dli)ngo P{S; 152, will reach ¢ before it reaches d)

.od—x
= lim
d—ood —c

=1. (2.13)

Similarly, whatever the initial position x < d,

X —C

P{S; 12 will eventually reach d) = P(T; < o0) = c—ljgloo .

=1
(2.14)
Thus, no matter where the particle may be initially, it will eventually reach any given
state y with probability 1. After having reached y for the first time, it will move to
y+ 1 orto y — 1. From either of these positions the particle is again bound to reach
y with probability 1, and so on. (Exercise 10). |
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Remark 2.2. Although the argument conditioning on the first step X of the random
walk used to derive the crucial equation (2.5) is correct (Exercise 6), such arguments
are more generally justified by the so-called strong Markov property discussed in
Chapter 7.

Definition 2.2. A state y for which (2.12) holds with x = y is called recurrent. If
all states are recurrent, then the stochastic process is called a recurrent process.

We conclude this chapter with the following simple observation with regard to
the time ny of the first return to x obtained by conditioning on the first step.

Proposition 2.5. Define n, = inf{n > 1 : S = x}. Then, P(ny < o0) =
2min(p, q).

Proof. Suppose that p > ¢. Conditioning on X and using Corollary 2.2 yields

P(ny <o00) =EP(ny < o0|X1)
= P(T;H'1 <o0)p+ P(T)j‘_l < 00)q

= %p + 1g = 2g = 2min(p, q).

The cases p > g and p = ¢ are handled similarly using Corollary 2.2 and
Corollary 2.4, respectively. |

Corollary 2.6. In the asymmetric case p # ¢, the simple random walk is transient.

Proof. This follows directly from Proposition 2.5 and Corollary 2.2. |

Exercises

1. Let {S;},2, be the simple random walk starting at x € Z. Show that for
0=ng <ni < -+ < ny, P(Sg:yc,ij1 =YV, Sy =ym) = p,(cl;ll) .
(ny—ny) (M —nm—1)

yiy2 e pymfl)’m where

k kib—a  k—bta
* <k+g“ ) p 3 q > , |b—al <k, a,b have same parity
pah -

0 else.

2. (Lazy Random Walk) The lazy simple random walk is a modification of the
simple random walk with displacement probabilities p, 1 — p in which the
displacements are allowed to be zero with positive probability 8 € (0,1 — p).
That is {X,, : n > 1} is an i.i.d. sequence with P(X,, = 1) = p, P(X, =
-D=1-p—-0,PX, =0 =0,n=1,2,...,and §§ =x € Z, S, =
x4+ X;---+ X,,n > 1. Calculate P(S; = y) for the lazy simple random
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walk. (Notice that for 0 < 6 < 1 one avoids the parity issues intrinsic to simple
random walk.)

3. Show that the simple random walk §* = {S}, S{,...} on the integers is a
Markov chain and identify the the initial distribution and transition probabili-
ties.

4. (Continuous Time Simple Random Walk) Suppose that {S;; : n = 0,1,2,...}
and {N; : t > 0} are, respectively, a simple random walk on Z starting at x
with parameter 0 < p < 1, and an independent Poisson process on [0, co) with
parameter A > 0. (a) Show that two processes may be defined on a common
probability space (2, F, P) as independent stochastic processes. (b) Define a
continuous time simple random walk starting at x on Z by X} = S]{,t, t > 0.
Calculate P(X; =y),y e Z.(c)FixO=tfy <t < - <tm,Y1,..., Ym € L
and calculate P({w € £2 : Xf] () =yjhfory; € Z,j =0,...,m. (d)
Calculate EX;, Cov(X7y, X7).

5. Suppose that G is an additive abelian group with a topology that makes
(x,y) = x 4+ y a continuous map from G x G to G for the product topology
on G x G. Such a group is said to be a topological abelian group. (i) Formulate
a definition of a random walk on G, with its Borel sigma-field, and express the
distribution of S, in terms of a convolution of the distributions of increments
X, = S, — S,—-1,n > 1. (ii) Characterize all the random walks on the
group G = {0, 1}, with addition modulo two, as two-state Markov chains.
(iii) In the remaining parts (a)—(d) of this exercise, consider a random walk
Sp,n > 1,8 = 0 on the additive group G = R having i.i.d. increments
Xn=38 —S,_1.

(a) Assume X is Gaussian with mean zero and unit variance. Show that O is
not (pointwise) recurrent, i.e., P(S, = 0) = On > 1, while for ¢ > 0, but
for any interval containing (—e, €) about 0, one has interval recurrence
P(S, € (—e€,€)i.o.) = 1. [Hint: Use the Chung—Fuchs recurrence
criteria']

(b) Show that if E|X{| < 0o, and EX| = 0 then O is interval-recurrent. [Hint:
Apply the Taylor expansion® and Chung—Fuchs criteria.]

(c) Consider a random walk on R having i.i.d. symmetric stable® increments
with characteristic function ¢(£) = Ee'éX1 = ¢l with 0 < « < 2.
Show that P (S, € (—¢, €)i.0.) = 1for | <o < 2. [Hint: =z ~ ]

(d) Give an example of a random walk on R for which 0 is interval-recurrent,
and for which the increments are symmetrically distributed but whose
mean does not exist. [Hint: Consider o = 1, noting that each X ; has the
symmetric Cauchy distribution.]

1See BCPT p. 124, Cor. 6.15.
2See BCPT p- 125, Lemma 3.
3See BCPT p. 129.
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. Show that the probabilities ¢(x) = P(T; < T;), x € Z, satisfy the difference
equation (2.5), ¢(x) = pe(x + 1) + ge(x — 1); ¢ < x < d. [Hint: The
conditional distribution of the sequence (x + X1, x + X1 + X2, ...), given X1,
is the same as the distribution of a random walk starting at x + X7.]

. (a) Show that for a finite state Markov chain at least one state must be recurrent.
(b) Give an example of a Markov chain for which all states are transient.

. Verify the details for the proof of the corollary to Proposition 2.1

. Calculate P(M* > y) and P(m* < y) for p # %, where M* = sup, S;,

m* = inf,, S;, for the simple asymmetric random walk starting at x.

Show that P(S;, =y i.0.) = 1 for the simple symmetric random walk {S;}>° .

Suppose that two particles are initially located at points x and y, respectively.

At each unit of time a particle is selected at random, both being equally likely to

be selected, and is displaced one unit to the right or left with probabilities p and

q., respectively. Calculate the probability that the two particles will eventually

meet.

(A Gambler’s Ruin) A gambler wins or loses 1 unit with probabilities p and

q = 1 — p, respectively, at each play of a game. The gambler has an initial

capital of x units and the adversary has an initial capital of d > x units. The

game is played repeatedly until one of the players is broke.

(i) Calculate the probability that the gambler will eventually go broke.
(i) What is the expected duration of the game in the case p = g?

(Range of Random Walk) Let {S,,}°° , be a simple random walk starting at 0 and
define the range R, in time n by R, = #{So = 0, Sy, ..., Sy}. R, represents
the number of distinct states* visited by the random walk in time O to 7.

(i) Show that E(R,/n) — |p — q| asn — oo. [Hint: Write R, = 1 +
ZLI 1[5y # Sj,j = 0,...,k — 1] and reduce the problem to the
calculation of lim, oo P(S, — §; # 0,j = 0,1,...,n — 1) in terms
of an equivalent probability for the successive partial sums of the i.i.d.
displacements expressed from time n backward.]

(i1) Verify that R,,/n — 0 in probability as n — oo for the symmetric case
p=q= % [Hint: Use (i) and the Markov inequality.]

. Let {S,}72, be a simple random walk starting at 0. Show the following.

@ If p # 5, then Y200 P(S, = 0) = (1 —4pg)™'* = |p—qI7".
[Hint: Apply the Taylor series generalization of the Binomial theorem to
Y020 2" P(Sy = 0) noting that

2n n n n _%
< )(Pq) = (—D"4pq) ( )
n n

4This exercise treats a very special case of a more elaborate contemporary theory of random walk
on graphs initiated by Dvoretsky and Erdos (1951).
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15.

where (2) =x(x—1---(x—n+1)/nlforx e R,n=0,1,2,...].
(i) Give another proof of the transience of 0 using (ii) for p # % [Hint: Use
the Borel-Cantelli Lemma.]

(A Geometric Random Walk) Let So > 0 denote today’s price of a certain stock
and suppose that the yields defined by Y, = (S, — Sp—1)/Sp—1,n =1,2, ...,
on the successive prices Si, S2, ... are i.i.d. with values in (—1, co). That is,

n
Se=[Ja+Y)-So. n=1.2....
Jj=1

(i) Show that §,, — Oa.s.if EY] < 0.
(ii) Show that §,, — O a.s.if EY; =0and P(Y; > 0) > 0.
(iii) Give an example with EY; > 0 such that limsup, S, = +oo,
liminf, S, = 0. [Hint: Consider Y; = e%/ — 1 with Zy, Z,, ... i.id.
symmetric Bernoulli 4-1-valued.]



Chapter 3 )
The Simple Random Walk II: First Qs
Passage Times

In view of recurrence vs transience phenomena, the time Ty0 to reach a
fixed integer state y starting at, say, the origin, may or may not be a finite
random variable. Nevertheless, one may consider the possibly defective
distribution of Tyo. An important stochastic analysis tool, referred to as the
reflection principle, is used to make this calculation. With this analysis another
important refinement of the recurrence property is identified for symmetric
random walk, referred to as null recurrence, showing that while the walker
is certain to reach y, the expected time ]ETyO = 00. This refinement involves
an application of Stirling’s asymptotic formula for n!, for which a proof is
also provided. An extension to random walks on the integers that do not skip
integer states to the left is also given.

Consider the random variable T, := TyO representing the first time the simple
random walk starting at zero reaches the level (state) y. We will calculate the
distribution of T, by means of an analysis of the sample paths of the simple random
walk. Let Fiy, := [T, = N] denote the event that the particle reaches state y for
the first time at the Nth step. Then,

Fyy=1[Si#Yy for n=0,1,...,N = 1,8y =yl 3.1

Note that “Sy = y” means that there are (N + y)/2 plus 1’s and (N — y)/2 minus
I’s among X1, X2, ..., Xn; see (2.2). Therefore, we assume that |[y| < N and
N + y is even. Now there are as many paths leading from (0,0) to (N, y) as
there are ways of choosing (N + y)/2 plus 1’s among X, X5, ..., Xy, namely
( ﬁ ). Each of these choices has the same probability of occurrence, specifically

2
pWNIN2g(N=2)/2 Thys,
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P(Fy.y) = Lp™ 2072, (32)

where L is the number of paths from (0, 0) to (N, y) that do not touch or cross the
level y prior to time N. To calculate L consider the complementary number L’ of
paths that do reach y prior to time N,

N
L = (%) —L. (3.3)

First consider the case of y > 0. If a path from (0, 0) to (N, y) has reached y prior
to time NV, then either (a) Sy—1 = y+1 or (b) Sy—1 = y—1 and the path from (0, 0)
to (N — 1, y — 1) has reached y prior to time N — 1. The contribution to L’ from (a)

N-1
is (%) We need to calculate the contribution to L’ from (b) (Figure 3.1).
Proposition 3.1 (A Reflection Principle). Let y > 0. The collection of all paths
from (0, 0) to (N — 1, y — 1) that touch or cross the level y prior to time N — 1 is
in one-to-one correspondence with the collection of all possible paths from (0, 0) to
(N—=1,y+1.

Proof. Given a path y from (0, 0) to (N — 1, y + 1), there is a first time t at which
the path reaches level y. Let ¢’ denote the path which agrees with y up to time 7 but
is thereafter the mirror reflection of y about the level y Then y’ is a path from (0, 0)
to (N — 1, y — 1) that touches or crosses the level y prior to time N — 1. Conversely,
a path from (0, 0) to (N — 1, y — 1) that touches or crosses the level y prior to time

fy’!I,
y+1
y -
/
\\ // \\
\ \
\ /’ \
y—1 ° . ®
\ //
\\ ,
\ /
®

01 23405 678 9 10=N—1 n

Fig. 3.1 Reflection Principle
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N — 1 may be reflected to get a path from (0, 0) to (N — 1, y + 1). This reflection
transformation establishes the one-to-one correspondence. |

Proposition 3.2.

N
[y N+y (N+y)/2 — [y
P(T,=N)=—=— [ 22X NR2GIN=02 — 2 p(Sy = 3.4
(Ty ) v S R q N Sy =) 34

for N =yl. [yl + 2. |yl +4,....

Proof. Tt follows from the reflection principle that the contribution to L’ from (b) is

N—1
(%) Hence
N—1
L =2 (%) . (3.5)

Therefore, by (3.3), (3.2),

P(T, = N)

N N—1
N+ N-+y _
=P(Fny) = |:<—2y> -2 (—2) >:| p(N+y)/2q(N ¥)/2

N
= % <_N;‘y> pWNIN2GN=N2 for N>y, y+Neven, y > 0. (3.6)

To calculate P(Ty = N) for y < 0, simply relabel +1 as —1 and —1 as +1.
Using this new code, the desired probability is given by replacing y by —y and
interchanging p, ¢ in (3.6), i.e.,

N
_ __ YNy ) (N-»)/2, (N+y)/2
P(Ty, =N) = .
( y ) N < ) )q P

Thus, for all integers y # 0, one obtains the asserted formula. |
In the special case p = g = 1/2 the first passage distribution takes the form
ol ()
Y[ Nty
P(Ty=N) =~ (T)) v for N=l iyl +2.0y 44 (D)

Corollary 3.3. For simple random walk with 0 < p < 1, assuming y and N have
the same parity,
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P(T: =N|SN=y)=m. (3.8)
N

Another application of the reflection principle, sometimes referred to as the
method of images in this context, is to determine the distribution of a simple random
walk in the presence of boundaries. Here is an example to illustrate ideas; see
Exercise 1 for additional examples. In Chapter 18 a number of additional interesting
identities are given as a consequence of reflection, translation, and symmetry

transformations.
Corollary 3.4 (Method of Images). Fix a positive integer b.
1. Define En = Surry,n = 0,1,..., where §,,n > 0, is simple symmetric
random walk starting at 0 and 7_;, the first passage time to —b. Then,
P(S2y =0) = P(S2y =0) — P(S3, =2b),n > 1.
ii. Fix a positive integer a. Then,
P(S2, =0,T, <2n) = P(Sy; =2a) —2P(Sy, =2b+2a),n > 1.
iii. Define En = SuAT_,AT,- Then,

P(Soy = 0) = P(Say = 0) — P(Say = 2a) — P(San = —2b)

+2 Z{P(Szn = kQ2a + 2b)) — P(Son = 2a + k(2a + 2b))},
k=1

and in the case a = b,

P(Su=0= Y (P(Su = 4ka) — P(Sp, = 2a + 4ka)}.

k=—00

Proof. Tt is suggested to sketch sample paths as an aid to following the various
reflections. (i) One has P(Sy, = 0) = P(S, = 0,7, > 2n) = P(Sy, =
0) = P(S2p = 0,7 = 2n) = P(S2n = 0) = P(S20 = —2b) = P(S =
0) — P(S2, = 2b), where the second to last equality is obtained by reflection of
the random walk paths about y = —b, and the last equality uses symmetry of S>,
about 0.

Part (ii) is proven similarly but uses double reflections. Note that existence of
double reflections is assured because the boundaries and boundary crossings reflect
with the paths after the first single reflection. They are invertible by reversing the
order of reflections.
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P(S2, =0, T, < 2n)

=P(S2,=0,T, <2n,T_p > 2n)

=P(S2,=0,T, <2n) — P(S2, =0,T, <2n,T_, <2n)

=PS2,=0,T, <2n)— P(S2, =0,T_p <2n,T, < T_p)
—P($2, =0,T, <2n,T_p <Tp)

= P(Son =2a) — P(S2; = 2b + 2a)
—P (S, = —2b — 2a)

= P(S2, =2a) — 2P (S2, = 2b + 2a),

where the first term is by reflection about y = a and the second term, for paths w
with Ty (w) < T_p(w), wy = w2, = 0, is by use of double reflections from y = a
followed by a reflection of this path about y = 2a+b at (T, 45> 2a+D) to define '
such that @), = 0, ), = 2a +2b. The third term, for T_j(w) < T,(w), is by double
reflections about y = —b at (T_p, —b) followed by a reflection of this path about
y=—-2b—aat(T',, ., —2b—a),todefine o suchthat wy =0, ), = —2a —2b
The final formula follows by symmetry of S», about 0.
Finally, for (iii) note that

P(Say =0) = P(Spy =0, T_py > 2n, T, > 2n)
= P($,=0,T, > 2n) — P(S2, =0,T, > 2n,T_, < 2n)
= P(S2n = 0) — P(S20 = 2a) — P(S2, =0, T—p < 2n)
+P(S2, =0,T, <2n,T_p <2n)
= P(S2, = 0) — P(S20, = 2a) — P(S2n = 2b)
FP(Sm =0,T_p < 2n, Ty < 2n). (3.9)

The first difference incorporates the k = 0 term of the asserted series to be proved.
The problem is to calculate P(Sz, =0, T_p < 2n, T, < 2n). For this first note that,
as in part (ii), a path w such that wg = 0, w2, = 0, T_p(w) < 2n, Ty(w) < 2n
reflects across y = a at (Ty,a) to a path that must touch y = 2a + b at
(T2a+b,2a + b). The second reflection yields a path @, = 0, ), = 2a + 2b.
This doubly reflected path @’ may or may not touch the next level y = 3a + 2b
(k = 1). Thus, there is a maximal k& > 1 such that the iterated double reflections
yield a path o such that () If 7_(w) < T,(w), then w, = 0, ), = k(2a +
2b), Tr@a+2b)+a (@) > 2n, T_p(@') < 2n, and (i) if T_,(w) > T, (w), then wj, =
0, ), = k(2a +2b), Ti2a+2b)+a(@") > 2n. Similarly for double reflections across
y = —b and then y = —2b — a to —2b — 2a, the new path may or may not touch
y = —3b — 2a (k = —1), so that there is a maximal |k|. For k£ = O (no reflections)
the path w must touch both y = a and y = —b. The double reflections define one-to-
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one and invertible relations by reversing the reflections. Since the double reflection
|k|-times defines rwo relabeling of a path @ such that wg = wy, = 0,T_ <
2n,T, < 2n defined by maximal |k| = |k(w)|, in order to make the relation
well-defined (function) one must specify direction of reflections. Say the maximal
reflection is upward for k > 1 and downward for k < —1. We adopt the following
rule: For T_;(w) > T,(w) use maximal upward double reflections from y = a to
define ' such that w, = 0, @), = kQa + 2b), Tyqk2a+20) (@) > 2n, Ty(e') <
Trasp(@). For T_p(w) < T,(w) use maximal downward double reflections from
y = —b to define ' such that w;, = 0, w), = k(2a + 2b), T_pyra+20) (@) >
2ntk < —1),T_p(@) < T—pp—q(@’). Note that “maximality” of k is defined
by the respective conditions [S, = k(Q2a + 2b), Tatk2a+20) > 2n)], (k > 1),
[S2, = kQ2a + 2b), T_ptk@a+2p) > 2n)], (k < —1), and this sets up one-to-one
correspondences with w € [T_, > T,] and w € [T_; < T,], respectively, and such
that wg = w2, = 0, T_p(w) < 2n, T,(w) < 2n. By the skip-free property of simple
random walk paths, the conditions that T, (@) < Trg4p (@), T—p(@') < T—2p—g(@’)
are redundant since for each path o', x — Ty ('), To(@') = 0, is increasing as a
function of x > 0 and decreasing for x < 0. With this rule one has

P(SZ)’! = O? be E 271, Ta E 2”)

=P(Sy, =0, T_p <2n,T, <2n,T_p > T,)
+P(S2, =0,T_p <2n,T, <2n,T_p <Ty)

o0
= Z P (82, = k(Q2a + 2b), Tyvk2a+20) > 21)
k=1

—1
+ Y P(Sa =kQa+2b). T_piiatan) > 2n)

k=—00
= {P(Sn = k(2a +2b)) — P(Sy = 2a + k(2a + 2b))}
k=1

-1
+ > {P(San = —k(2a + 2b)) — P(Spy = —2b + k(2a + 2b))}

k=—o00

= ZZ{P(SZn = k(2a +2b)) — P(S2n = 2a + k(2a + 2D))}.
k=1

Thus, one has using (3.9) incorporating k = 0,
P(S2, =0)

= P(S2, =0) — P(S2, =2a) — P(S2, = =2b) + P(S2, =0,T_p <2n,T, <2n)
= P (89, =0) — P(S2, =2a) — P(S2, = =2b) + P(S2, =0,T_p <2n,T,; <2n)
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= P(S2p = 0) — P(S2p = 2a) — P(S2p = —2b)

o0
+2 ) (P(Spn = k(2a +2b)) — P (S, = 2a + k(2a + 2b))}
k=1

using symmetry of Sy, with respect to the origin. To complete the proof let us check
that in the case a = b,

P(S2, =0) — P(Sy, = 2a) — P(Sy, = —2b)

+2) (P(San = k(2a +2b)) — P(S2, = 2a + k(2a + 2b)))
k=1

= ) {P(Sn = k(2a +2b)) — P(Syy = 2a +k(2a + 2b))}.

k=—00

Namely, consider the difference with the desired series. That is,

> (P(San = k(2a +2b)) — P(Syy = 2a + k(2a + 2b))}

k=—00

-2 Z{P(Szn = k(2a + 2b)) — P(Sa, = 2a + k(2a + 2b))}
k=1
—1
= P(S2=0) = P(Ssy =2a) + ) (P(S2 = k(2a +2b))

k=—00

— P(Son = 2a + k(2a + 2b))}

= D {P(S2 = k(2a +2b)) — P(S2 = 2a + k(2a +2b)))
k=1

= P(S2 =0) = P(S2y =20a) + Y _{P(San = 2a + k(2a + 2b))
k=1

—P(S2, =2a — k(2a + 2b))}.

Telescoping occurs in the last series if a = b. Remarkably,

o0
{P(S2n =2a + k(2a + 2b)) — P(Sp, = 2a — k(2a + 2b))} = —P(Sy, = 2b),
k=1

which completes the proof for this case as well. |



34 3 Simple Random Walk II: First Passage

Remark 3.1. In the proofs of parts (ii) and (iii) of Corollary 3.4 two different types
of double reflections are used, namely upward/downward or downward/upward in
(i1), and upward/upward or downward/downward in (iii). Also see Exercise 2.

The following proposition records a frequently used asymptotic formula for n!
from which one may easily deduce that the expected time to reach y is infinite; see
Proposition 3.6 below. Stirling’s formula is such a prevalent tool for limit theorems
of probability that we include a proof here.

n!

Proposition 3.5 (Stirling’s Formula). The sequence s, := T =
1,2, ... is monotonically decreasing and

. q- n! _

ilim,_ Wi 1,

ii 1< n=12,....

n! < e
— Qun)!/2pne—n 2m)l/2°

o0

Proof. To see that the sequence of ratios {s,},~

observe that

is monotonically decreasing,

n!

log —— —
08 Q2mn)l/2pne—n

1
=logn! — Elogn —nlogn+n —10g(2n)%

n
1
= Zlogj - Elogn —{nlogn —n} — 10g(2n)%
j=1

n

_ {3 losG =D +ios)
2

n
/ logx dx § + log( (3.10)
1

e
Nk

j=2

where the integral term may be checked by integration by parts. The point is that the
term defined by

n

_ o log(j = 1) +log()
T,=)_ 5

3.11)
j=2

provides the inner trapezoidal approximation to the area under the curve y = log x,
1 < x < n, noting the concavity of x — log x. Thus, in particular,

n
05/ logxdx — 1T,
1

is monotonically increasing and the asserted upper bound on s, holds. To obtain
the asymptotic approximation (and lower bound) one notes by integration by parts

that n! = I'(n + 1), where I'(x) := [° e~ ldr = 2 [° s> e ds, x > 0.
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Making a change of variables of the form s = /x + u yields

I'(x)e*/x _, Ooex—sz(i)b‘—lds=2/oo e 2VE(] 4 et i g,
X X \/.;

X 0 —Jx
(3.12)
Define
0 ifu<—x
,u) = - 3.13
g(x,u) {e‘”‘ﬁ(l N %)2)(_1 fu> Ui (3.13)

Then, the Taylor expansion for log(l1 + y) = Yo (—=1)"*!y™/m applied to
log(1 + u/+/x) for large x yields log g(x, u) = —u®> + O(x~'/?), and therefore
limy— oo g(x, u) = e as x — oo. Now check that g(x, u) achieves a maximum
value at u = —ﬁ} with g(x,u) < E(1 — %)2)‘_1. It now follows from (3.12),
using Lebesgue’s dominated convergence theorem,

X oo
lim ety _ 2[ 2 qu =2/ )2 = 2. (3.14)
X—>00 x* —00

Letting x = n above and noting that n! = I'(n + 1) = nI (n), one arrives at the
desired limit in Proposition 3.5(i). The lower bound in (ii) also follows from the fact
that the sequence within curly brackets in (3.10) is decreasing. This completes the
proof of the proposition and provides the basic asymptotic formula

n! = 2xnn"e " (1 + 8y), (3.15)

where §, — 0 asn — oo. |

Proposition 3.6. For the simple symmetric random walk starting at an integer x,
one has for every state y # x,

]ET;,‘ = 00.

Proof. Without loss of generality one may take x = 0 and apply Stirling’s formula

to compute the asymptotic form of the terms N P(Ty = N) = O(N _%) as N —> oo
from which divergence of the series defining IET), follows. |

To conclude this chapter we make note of the surprising fact that the relation
between the first passage time distribution and position conveyed by Proposition 3.2
is actually true for random walks' on the integers defined by S, = Y| + Y» +
-, Yy,n > 1,8 =0, for i.i.d. integer-valued displacement random variables Y;

IThe proof presented here is due to Hofstad van der and Keane (2008) and also applies to
symmetrically dependent walks, i.e., to partial sum sequences having exchangeable increments.
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such that P(Y; > —1) = 1, i.e., with the property that it is impossible to skip states
in moving to the left.”

An application to formulae for the distribution of total progeny for a particular
critical Bienaymé—Galton—Watson branching process is given in the Example 22.2
of Chapter 22. Kemperman’s formula may also be viewed as a generalized ballot
theorem (see Exercise 4).

Proposition 3.7 (Kemperman’s Formula). Let So =0,S, =Y1+---+Y,,n > 1
be a random walk on the integers starting at zero, and such that it does not skip
states to the left, i.e., P(S,4+1 — S = —1) = 1¥n > 0. For a positive integer y, let
T_y =inf{n > 1:S, = —y}. Then

y
Po(T-y =N) = NPO(SN =-y), N=L2,...,
or equivalently, letting 7o = inf{n > 1: S5, =0}if So =y > 0,
y
Py(To =N) = pr(SN =0, N=12,....
Proof. In anticipation of the string of calculations to follow let us first note that

EMISy = —y) = E|Sy = —y) = —%. (This last equality follows by
summing over j = 1, ... N.) Now, using the definitions of S and 7,

Po(T—y=N)= Y Py(T_y = N|Y| = x)Po(Y1 = x)

x=—1

- Z Po(T—y—x = N — D)Py(Y) = x)

x=—1

o0 y +)C

= Py(Sy—1 = —y —x)Py(Y1 = x),

ZN_IO(NI y—x)Po(Y1 =x)
x=—1

where the last equality is obtained from an induction hypothesis on the validity of

the formula for N — 1. It follows by reorganizing the conditioning and using the

anticipated conditional expectation above that

Py(T_y = N)

1 0
= N —1 Z (y+x)P0(SN—l = -y —X)P()(Yl :_x)

x=—1

2This result is generally attributed to Kemperman (1950).
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1 o
~ T 2 O HOPSY =3V =) PN =)

x=—1

1 00
= N_1 1{yPo(SN =-y)+ Z xPy(Y1 = x|Sy = —y)Po(Sy = —y)}

x=—1

1
=N_ 1Po(SN =-{y +EX1|Sy = —y)}

1 y y
= Po(Sy = — — =} ==Po(Sny = —y). 3.16
v o8N ==y - 5= TPy =-y) (3.16)
For the equivalent statement simply consider the respective events with S, replaced
by S, +y,n=0,1.... |

The property that the walk on the integers does not skip states to the left described
in Proposition 3.7 will be referred to as the left-skip free property.

Exercises

1. (Method of Images) Let a,b > 0,0 < x < a Define a simple random

walk with absorbing boundaries at —b, a by S, = SuaT_yaT,»n = 0, where
Sp,n > 0, is the (unrestricted) simple symmetric random walk starting at 0.
Extend Corollary 3.4 by showing

(1) P(So, =x,T_p >2n) = P(Sy, =x) — P(S, =2b—x),n> 1.
@) P(So, = x,T_p > 2n,T, < 2n) = P(S2, = 2a + x) — 2P (S,
2b+2a—x),n>1.
(iii) Inthe casea = b, P(Syy = x,T—q > 2n,T, > 2n) = Y ;o
x +4ka) — P(S, =2a — x +4ka)},n > 1.

2. Show that for a # b, the formula P(S, = 0,7—p > n, T, > n) = P(Sy, =
0) — P(S2n = 2a) — P(Son = 2b) + 2> 72 ({P(S, = kQ2a + 2b) — P(S, =
2a + k(2a + 2b))}, n > 1, fails to reduce to the corresponding doubly infinite
series. [Hint: The probability is 272" in the case a = 2, b = 1.]

3. (Bertrand’s classic ballot theorem) Candidates A and B have probabilities p
andg = 1 —p (0 < p < 1) of winning any particular vote, respectively,
independently among voters. If A scores a votes and B scores b votes, a >
b, then show that Z;Z is the (conditional) probability that A will maintain a
lead throughout the process of sequentially counting all a + b votes cast. [Hint:
Reformulate as a hitting time problem for symmetric simple random walk and
apply the reflection principle, independently of p.]

{PC% =

—00
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. (Generalized ballot theorem®) Let {S, = Y1 +---+ Y, :n > 1}, So = 0, be

a random walk on the integers having non-negative integer valued displacement
random variables. Show that for a nonnegative integer 0 < y < N, Py(S,, <
m,m=1,2,...,N|Sy =y) = % [Hint: Apply the Kemperman formula
for hitting zero starting at N — y > 0 to the left-skip free random walk S =
171 +~--+17m,m > l,whereS‘m =N—-y—-m+Sy—Sy_m-m=1,...,N,
So=N—y>0,and Sy, — Sp—1 = ¥Yy_ma1 — 1 > —1.]

e¢]

. (A Reflection Property) For the simple symmetric random walk {S,}° , starting

at 0 use the fact that, for a positive integer y > 0, N = 1,2, ....
P (maxsn > y) =2P(Sy = y) — P(Sy = y),
n<N
to prove the algebraic identity

* m * N N
Z Y [ my o—m ZZ N+4x | p=N _ N+y 27N7
m 2 2 2

y<m<N xzy

where the respective asterisks in the sums indicate that the summation is over
values of m such that m + y is even, and x such that N 4 x is even, respectively.

. Let {S,};2, be the simple symmetric random walk starting at 0 and let

My =max{S, :n=0,1,2,...,N}; my=min{S,:n=0,1,2,..., N}.

(i) Calculate the distribution of M.
(i1) Calculate the distribution of m .
P(Sy =), y=z

(iii) Show P(My >z, Sy =y) =
P(Sy=2z—y) y<z

. Suppose that the points of the state space S = Z are painted blue with probability

p or green with probability 1 — p, 0 < p < 1, independently of each other and
of a simple random walk {S,}}7, starting at 0* Let B denote the random set
of states (integer sites) colored blue and let N, (p) denote the amount of time
(occupation time) that the random walk spends in the set B prior to time n, i.e.,

Nu(p) =Y 15(Sp).
k=0

3Hofstad van der and Keane (2008) attribute this formulation to Konstantopoulos (1995).
4See Spitzer (1976) for this and related problems in the so-called potential theory of random walk.
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Show that regardless of p,q, EN,(p) = (n + D)p. [Hint: E1p(Sy) =
E{E[1(Sk) | Skl}.]

8. Establish the following analytic identities as consequences of the probabilistic
results of this chapter.

N
i > {'Zf]—'(,vﬂ)z—N}:l for all y # 0.
N=>|yl, 2
N+yeven

(ii) For p > ¢q,

1 fory >0

U NN v, (v-n/2
N=lyl, 2 q y :

N+yeven



Chapter 4 )
Multidimensional Random Walk Chock or

The simple symmetric random walk on the integers readily extends to that
of a simple symmetric random walk on the k-dimensional integer lattice, in
which at each step the random walk moves with equal probability to one of its
2k neighboring states on the lattice. A celebrated theorem of Pélya provides
a role for dimension k in distinguishing between recurrent and transient
properties of the random walk. Namely, it is shown by combinatorial methods
that the simple symmetric random walk on the k-dimensional integer lattice
7¥ is recurrent for k = 1, 2 and transient for k > 3.

The k-dimensional unrestricted simple symmetric random walk describes the motion
of a particle moving randomly on the integer lattice Z* according to the following
rules. Starting at a site X = (x1, .. ., xx) with integer coordinates, the particle moves
to a neighboring site in one of the 2k coordinate directions randomly selected
with probability 1/2k, and so on, independently of previous displacements. The
displacement at the nth step is a random variable X,, whose possible values are
vectors of the form +e;,i = 1, ..., k, where the jth component of e; is 1 for j =i
and O otherwise. X;, X», ... are i.i.d. with

PX,=¢)=PX, =—e)=1/2k fori=1,...,k. 4.1)
The corresponding position process is defined by

S5=x, S,=x+X;+---+X,, n>1 (4.2)
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The case k = 1 is already treated in the preceding chapters with p = g = % In
particular, for k = 1 we know that the simple symmetric random walk is recurrent.

Consider the coordinates of X, = (X,,..., X*). Although X/ and X;, are not
independent, notice that they are uncorrelated for i # j. Likewise, the coordinates
of the position vector S} = (SX ’l, AU 5 ’k) are uncorrelated. In particular,

X fr—
ES, =x,
n

%wﬂ$%=§’T¢.
, 1fi #j.

ifi = j, 43)

Therefore the covariance matrix of S} is 71 where Iis the k x k identity matrix.

The problem of describing the recurrence properties of the simple symmetric
random walk in k dimensions is solved by the theorem of Pélya below. The proof
will be preceded by the following preliminary lemma.

Lemma 1. Let Sy = 0 and
'n = P(Sn = 0)

fa=PS, =0 for the first time after time O at n), n>1. (4.4)

Let 7(s) and f (s) denote the respective probability generating functions of {r,} 2
and {f,}72, defined by

o o
F(s) = Zrns”, f(s) = ans” 0<s <1). 4.5)
n=0 n=0
Then
A (s) ! (4.6)
re$)= ———. .
1—f(s)
The probability y of eventual return to the origin,
oo
yi=> fa=Ffa0), (4.7)
n=1

satisfies y < 1 ifand only if 8 :=7#(17) < oo.

Proof. One has the convolution equation

n
rHZZf,rn_j forn=1,2,..., rn=1, fo=0, (4.8)
=0
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which transforms as

Fis) =1+ Zijrn_jsjsnfj =1+ Z (Z rmsm> fis! =1+ ()P (s).

n=1j=0 j=0 \m=0
4.9)

Therefore (4.6) follows. Note that by the monotone convergence theorem, 7(s)
F(17) and f(s) 7 f(17)ass 7 L.If f(17) < 1, then #(17) = lims 1 1(1 —
FeN™' <00 If f(17) = 1, then #(17) = limy (1 — f(5))~" = oo. Therefore,
y < lifandonlyif 8 :=7(17) < oo. ]

Theorem 4.1 (Pélya). {S}}7°, is recurrent for k = 1, 2 and transient for k > 3.

Proof. We will simply compute the criteria of Lemma 1. Namely, we note that
0 is transient (i.e., y < 1) or recurrent (i.e., y = 1) if and only if 8 :=
F(17) < oo or 7(17) = 00), respectively. The result has already been obtained
for k = 1 by a different method; also see Exercise 1. It is sufficient to consider
recurrence/transience of 0 for {S, = Sg ’01‘;0 (Exercise 2). This criterion is applied
to the case k = 2 as follows. Since a return to 0 is possible at time 2x if and only if
the numbers of steps among the 2# in the positive horizontal and vertical directions

equal the respective numbers of steps in the negative directions,

n

Con (2n)! 1 21\ < /)2
need -H()E0)
j=0

o Ji = D = J

1 20\ < (n n 1 /2n\>
w200 ) =0 .10

The combinatorial identity used to get the last line of (4.10) follows by considering
the number of ways of selecting samples of size n from a population of n objects
of type 1 and n objects of type 2 (Exercise 3). Apply Stirling’s formula to (4.10) to
get rpp = O(1/n) > c¢/n for some ¢ > 0. Therefore, 8 = 7(1) = +o0o and s0 0
is recurrent in the case k = 2. Let us include the case k = 3 = 2 + 1 in a general
inductive argument for all k > 3 to show that

rn=rs) <qn*? k>3 4.11)

For this we use induction on the dimension k, but first condition on the binomially
distributed number N, of times the (k + 1)-st coordinate is selected among paths
in the event [S,, = 0], to obtain the recursive relation

n
ran =Y P(S2 = 0IN2y =2 — 2j) P(Nay = 2n — 2)
j=0
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ok .
2n—-2 27 (1) (k)
:Z< ) k+1) G i *-12)

i.e., given that there are 2n — 2j selections of the (k + 1)-st coordinate in the
event [Sy, = 0], the one-dimensional random walk of the (k + 1)-st coordinate
viewed at times of those selections must return to zero in 2n — 2j steps, and the
k-dimensional random walk viewed at the other times must independently return

to zero in 2 steps. One may easily check that the terms j = 0, n are O(n’%);
recall that a, = O(b,) means that there is a constant ¢ (independent of n) such that
lay| < c|by| for all n. To simplify notation let us use ¢ to signify a constant which
does not depend on n, though we will not otherwise keep track of its revised Values

in subsequent estimates Also note that rz(lll) 2 = =0(2n — 2])_7) = 0(3, 5577 2/+1)

and by induction r = 0((2)) 5 ). To (1nduct1vely) bound the expression for r(kH) ,

separately, cons1der cases of even and odd k = 2m,2m + 1,say, respectlvely
In the even case (k = 2m), for example, the r( )_term may be further bounded

by a constant (independent of n) times (2j)~ m < c¢/Qj+ 1)---2j + m).
Use this and adjust the binomial coefficient (%;’) accordingly to obtain réﬁﬂ) <
1 1
n2(2n)' 2n+m+1\, 1 \2n—2j+1,_k \2j+ n2(2n)! 2
(2n+m+1)| Z ( 2j+m )(m) n=e (m) < ¢ < ¢

Qn+m+1)! — nm+l1
_kgl L . .
cn~ 2 . Note that this includes the case k = 2 so that, in particular we have proven

rz(fl) < cn~3. The general case of odd k = 2m + 1 follows directly from the above

bound for k = 2m. That is, rﬁmH) = rg;H) < cn_% = cn_#. To complete
the proof simply note that for k > 3,
> o < oo (4.13)
n
In particular, O is recurrent in dimensions k = 1,2 and transient for all higher
dimensions k > 3. |
Exercises

1. Show for one-dimensional simple symmetric random walk that Zf,O:o P(S, =0)
diverges.

2. Show that the k-dimensional simple symmetric random walk {S} : n =
0,1,2,...} is recurrent or transient according to whether 0 is a recurrent or
transient state for {S,, : n =0, 1, 2, ...}. [Hint: For arbitrary states X, y consider
the number of visits to y starting from x as a sum of indicators.]

3. Verify the combinatorics required for the last equality in (4.10).
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4. Let X1, X», ... bei.i.d. random vectors with values in 7k (k > 1). Suppose that
EIXY| < 00, j = 1,...k, where X, = (X", ..., X)), n=12,....
Let S, = X; + -+ X,,n = 1,2,.... Show that if ¢ = EX; =
(]EX(I), e ]Eng)) # 0 then P(S, = 0 i.0.) = 0. [Hint: Use the strong law
of large numbers].

5. (i) Show that for the 2-dimensional simple symmetric random walk, the proba-
bility of a return to (0, 0) at time 2n is the same as that for two independent
walkers, one along the horizontal and the other along the vertical, to be at
(0, 0) at time 2n. Also verify this by a geometric argument based on two
independent walkers with step size 1/+/2 and viewed along the axes rotated
by 45°.

(i) Show that relations (4.8) hold for a general random walk on the integer
lattice in any dimension.

6. (i) Show that the result of Exercise 5(i) above does not hold in k = 3
dimensions.

(i) Show that the motion of three independent simple symmetric random
walkers starting at (0, 0, 0) in 73 is transient.

7. Calculate the probability that the simple symmetric k-dimensional random walk
will return i.0. to a previously occupied site.! [Hint: The conditional probability,
given So, ..., Sy, that S, 41 ¢ {So, ..., S,} is at most (2k — 1) /2k. Check that

2k — 1\™
P(Sn+1a -~~ySn+m S {SO, ...,Sn}c) S (T)

foreachm > 1.]

For a more detailed perspective on contemporary problems of this flavor see Lawler and Limic
(2010).



Chapter 5 )
The Poisson Process, Compound Poisson Qs
Process, and Poisson Random Field

Poisson processes broadly refer to stochastic processes that are the result of
counting occurrences of some random phenomena (points) in time or space
such that occurrences of points in disjoint regions are statistically indepen-
dent, and counts of two or more occurrences in an infinitesimally small region
are negligible. This chapter provides the definition and some characteristic
properties of both homogeneous and inhomogeneous Poisson processes, and
more general random fields; the latter refers to occurrences in non-linearly
ordered (e.g., non-temporal) spaces. The compound Poisson process is a
fundamentally important example from the perspective of both applications
and general representations of processes with independent increments. As
such it may be viewed as a continuous parameter generalization of the random
walk.

The law of rare events provides the Poisson distribution, py = ‘,’c—k!e"’,k =
0,1,2,..., with parameter v > 0 as an approximation to the Binomial distribution,
(Z)pk(l — p)" % k = 0,1,2...,n, with parameters n, p in the limit as n —
oo,p 4 0,np = v > 0. This is a rather simple calculus exercise to verify
(see Exercise 1) also referred to as the Poisson approximation to the binomial
distribution.

A probabilistic derivation that also provides error bounds was given by Lucien
Le Cam! using a remarkable concept referred to as coupling. For this, let X =
{X1, X2, ...X,} be i.i.d. Bernoulli 0 — 1-valued random variables with parameter
p=PX; =1),i > 1, andlet Y = {Y1,Y>,...Y,} be an i.i.d. sequence of

1e Cam (1960a).
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Poisson distributed random variables with parameter v/n. Then S = Z?:l X;

has the desired Binomial distribution, and 7 = }_, ¥; has the desired Poisson
distribution.

Lemma 1 (Coupling Inequality). For any set A of non-negative integers one has
|IP(SeA)— P(TeA|<PS#T).
Proof. One has

|P(S € A) — P(T € A)|
=|P(S€ATecA +PSecATecA)—PSecATecA —P(SecATecA)|
<P(S#T).

The innovation involved in coupling is that of reducing the chance of § # T
by introducing correlations (statistical dependence) between the random variables.
First observe that

PS#T)=PO)_Xj# Y Y)) < P(UI_ X, #Y;]) <nP(X1 # 1),
j=1 j=1

The probability is reduced by the construction given in the following proof.

Proposition 5.1 (Poisson Approximation to Binomial Distribution). For v = np,

k

n _ v
|<k>p"<1—p)" k‘ﬁe U| < np?.

Proof. Let Uy, U,, ... U, be i.i.d. uniformly distributed random variables on the
interval [0, 1]. Define

0 0<U;j<1-
X; = sUp=1-p 5.1
1 1-p=<U;<l,
and
0 0§Uj<€_p
1 e?<Uj<e?+pe?
Y, = (5.2)

2
2 e P4 peP<Uj<e P +pe?+ %e"’

etc.



5 Poisson and Compound Poisson 49

This provides a coupled construction of X1, ..., X,, and Y7, ..., Y, with the desired
distributions. Moreover, using e ” > 1 — p, one has

P(S#T) =nP(Xi # Y1)
=n{PX; =01 2D+ PXi=1LY1=0+PX1=1Y >2)}
=n{PUj<1-p,Uj=e ")+ PU;j=z1-p,U; <e?)
+PU;j=e P+ pe?,Uj>1-p)}
=n{0+ (P —=14+p)+U—e?—pe?)}

=np(l —eP) < np.

An inspection of the proof shows that in fact one may approximate the sum of
independent Bernoulli random variables with parameters p; = P(X; = 1),1 <
Jj < n, by a Poisson distribution with parameter v = Z?:l pj with an error at most
> i p? < maxi<j<n pj ) j—; Pj; see Exercise 2.

The Poisson process is a renewal counting process with i.i.d. exponential inter-
arrival times; see Chapters 25, 26. Let Ty, 71, ... be i.i.d. exponentially distributed
random variables with parameter A > 0 defined on a probability space (£2, F, P).
Fixing a time origin at t = 0, Tp denotes the time to the first occurrence, 77 the
time between the first and second occurrences, and so on. Thus 7; may be viewed
as an inter-arrival time , or as a holding time in the state k, for a particle moving on
{0, 1,2, ...}, one step at a time. For ¢ > 0, the total number of occurrences by time
t is counted by

0 if Tp >t
X, = ni= (5.3)
sup{n > 1:To+---+T,-1 <t} else.

Here the indexing set is A = [0, 0o0) and a priori § = Z, U {00} with S = 25, the
power set of S. Note that P(X; =0) = P(Tp > t) = e M ¢t > 0. Also, for k > 1,
the k-fold convolution of exponential densities re M ¢t >0, is the Gamma density
A pk—lg—nt /(k — D!, ¢t > 0, with parameters k, A. In particular, therefore, the time
Ay =Ty + - -+ + Ty—1 of the kth arrival has a Gamma distribution with parameters
k, X and

Ok =PX;=k)y=P(To+---+Tp—-1 <t <To+---+1Tp)

=P(To+--+Ti>t) = P(To+---+Tg—1 > 1)

Ak
_ (k') g_)‘t+P(To+"‘+Tk71 > 1)

—P(To+ -+ Ti—1 > 1)
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_ (A0)* oM

e , 54

where the first term of the third line results from integration by parts of the Gamma
density; see Exercise 8. More generally let us show that {X; : + > 0} is a process
with independent and stationary (or homogeneous) Poisson distributed increments
in a sense made precise as follows.

Proposition 5.2. ForanyO =1 <t <--- <ty ki € Z4+,1 <i <m,
m
PXy, — Xy, =ki, i=1,...,m)= ]_[ P(Xy, — X, =ki) (5.5)
i=1

with

ki
— [)‘-(ti - z‘ifl)] e_k(t[_ti_]) _

P (X’i - Xfi—l = k’) ki
il

P(Xy— =ki). (5.6

To verify (5.5), (5.6) we will first derive an interesting and useful property
concerning the conditional distribution of the successive arrival times in the period
from O to ¢ given the number of arrivals in [0, #]. Proposition 5.2 will essentially
follow as a corollary.

Proposition 5.3 (Order Statistic Property (0.s.p.)). Let Ay = Tp, Ay = Ty +
Ti,....,Aj =To+ T, +---+Tj_, ..., denote successive arrival times of the
process {X; : t > 0}. Then the conditional distribution of (Ay, Az, ..., Ax) given
[X; = k] is the same as that of k increasingly ordered independent random variables
each having the uniform distribution on (0, #].

Proof. Let Uy, Uy, ..., Ur—1 be k i.i.d. random variables uniformly distributed on
(0, 1]. Let Ug) be the smallest of {Up, Uy, ..., Ux—1,U(1)} the next smallest, etc., so
that with probability one Uy < Uy < -+ < U—1). Since each realization of the
order statistic defined by (U(o), U1y, . .., Ug—1)) corresponds to exactly one of k!
permutations of (Uyp, Uy, ..., Ur_1), each with the same probability density 1/ ik,
the joint density of (U, Uq1), - .., Uk—1)) is given by

kl

K ifO0<sp<sy < - <81 <t

8(s0, -+, Sk—1) = (5.7

0 otherwise.

For the remainder of the proof of Proposition 5.3 we simply compute the conditional
density of (A, ..., Ag) given [X; = k] and compare it to (5.7). First note that 7y,
11, ..., Ty are i.i.d. with joint density given by
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Ml exp {—A P x,-} if x; > 0 forall i,

S (xo, X1, .00, X)) = (5.8)

otherwise.
Since the Jacobian of the transformation
(x0, X1, ..., xx) = (x0, X0 + X1, ..., %0 +x1 + -+ xx)

is 1, the joint density of Ty, To + 11, ..., To + T1 + - - - + T is obtained from (5.8)
as

h(to, 11, ..., 1) = A Fle™k  for O <ty <t; <ty <--- < 1. (5.9)
The density of the conditional distribution of Ty, To + T4, ..., To+ 11 + - - - + Tk
given [X; =k]l=[To+T1+---+Tx—1 <t <To+T1 + - -+ Tg] is therefore

)\’k+lef)»sk
_JPMo+Ti+- 4T =t <To+Ti+---+To) 510
q(80. 51, ... 5) = if0 <59 <s1,... <sgandsg_; <1t < sg, (5.10)
0 otherwise.
Therefore, using (5.4),
ANk g=Ase Akle*sk
e—AtM - e~ Mk
(0,51, ... ) = LK (5.11)
ifO0<sg<--- <Sk,Sk—1 <t < Sk,
0 otherwise.
Integrating this over s; we get the conditional density of Ty, To+ 71, ..., To+T1 +
oo+ Tp—1 given [ X; = k] as
Mk [, kU, k!
tke_)ht ; e dek = —e_)L[tke = t_k
PS5 S15 -+ s Sk—1) = 0 <sp <51 <<y <t (5.12)
0 otherwise.
Thus, as asserted, p is the same as g in (5.7). ]

The verification of (5.5), (5.6) can now be made using Proposition 5.3 and (5.4)
as follows:

Proof. (of Proposition 5.2) Writing k = kj + - - - + ky,, one uses (5.4) to get

P(Xll'_X[,',l :kl1 i=l,...,m)
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gt Ot

:P(Xt’-—Xti_IZk[’,izl,...,m|Xtm:k) X .

(5.13)

By Proposition 5.3, the conditional probability above equals the probability that of k
independent random variables each uniformly distributed on (0, #,,], k1 are in (0, #1),

ko are in (t1, 12], ..., ky, are in (f,,—1, t,,]. This latter probability is
k! n\" (o—1t\? [t —tw (514
kil k! \ ity tm tm ’ '
Using this in (5.13), one arrives at (5.5), (5.6). |

Outside a subset of £2 of zero probability X; takes values in Z, for all ¢ > 0.
Such a subset may be removed and S = Z may then be taken as the state space.
Also, for each w € 2, the function t — X;(w), referred to as a sample path of
the process {X; : t > 0}, defined by (5.3) is a right-continuous non-decreasing step
function. This stochastic process is called a Poisson process. Note that by (5.5) the

increments X; — X,,_,,i = 1, ..., m, are independent with Poisson distributions
having means A(t; — t;_1), respectively. The parameter A > 0 is called the intensity
parameter.

As noted above, for fixed w € §2, the sample paths + — X;(w) are
right-continuous step functions. Moreover, for any t > 0, P(X; < o0) =

Yo %e‘“ = 1 so that there can be at most finitely many occurrences in any
finite time interval. In this regard one says that the process is non-explosive; see
Exercise 13 for contrast. By (5.3), one may view the stochastic process {X; : ¢ > 0}
as a random path in the path space I' of right-continuous non-decreasing step
functions on [0, 00). The distribution of the stochastic process X := {X; : t > 0}
is the induced probability measure Q = P o X! on I which is uniquely specified
by the probabilities assigned to finite-dimensional events as follows: Let G be the

o-field generated by finite-dimensional subsets of I" of the form
F={gel:gity))y=k, i=1,...,m}, (5.15)
where kj € Z,4,0 =19 < t; < -+ < ty; alternative see Exercise 4. Then Q =

P o X~ !is a probability on the path space (I, G) and, in particular, the probability
of a finite-dimensional event has the following formula

OF)=Ploe: X,(w)=k, i=1,...,m}) (5.16)
m L ki—k;_
= R e, (5.17)
AECEIE
for 0 = kg < kt < kp < -+ < ky € Z4, t9 = 0, see Exercise 9. The

finite-dimensional distributions of {X; : t > 0} refer to these joint distributions
of (X;,,...,X,,) for fixed but arbitrary 0 <11 <t < --- < tp.
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Remark 5.1. In view of the above developments, an equivalent alternative defini-
tion of the homogeneous Poisson process X may be given by simply specifying
a process having right-continuous and non-decreasing unit jump step functions
as sample paths starting at Xo = 0, and having stationary independent Poisson
distributed increments X; — X, s < ¢, with mean A (¢ — s), for some A > 0.

Remark 5.2. A martingale characterization of the Poisson process is given in
Chapter 15.

The implicit order structure of the real numbers is both natural and essential
for the previous definition of the Poisson process on A = [0, 0co) in terms of a
sequence of i.i.d. exponential inter-arrival times. However, one may extract certain
basic structure, in particular the independence of the numbers of points in disjoint
regions, for an extension of the model to the random occurrence of points in
higher dimensional (unordered) spaces. To motivate the extension, consider again
the Poisson process X = {X; : t > 0} on A = [0, 00) in terms of the corresponding
random counting measure M defined on the Borel o-field B(A) by regarding X as
its distribution function, i.e.,

M(a,b]=Xp— X4, 0=<a<b. (5.18)

Equivalently M(dt) = ZZOII 84,(dt), where Ay = Tp, Ay = To+ T4, ...,
(Exercise 6). That is, the random points Aj, Ap, ... distributed in A may be
represented in terms of the random atoms of the counting measure M.

To proceed with the general definition of a Poisson random field, let (A, £, p) be
a measure space with an arbitrary non-negative sigma-finite measure p(ds). Let M
denote the space of all non-negative, integer-valued measures on (A, £) and give
M the o-field F 4 generated by sets of the form {iu € M : u(B) = n} for B € L,
and integral n > 0 or n = oo.

Definition 5.1. The random field M = {M(B) : B € L} defined on a probability
space (£2, F, P) is called the Poisson random field with intensity p(dx) if

1. M : 2 — M is measurable with respect to the designated o -fields F and F 4,
respectively.

2. For each B € L such that p(B) < oo, P(M(B) = n) = %B,)ne_pw),n =
0,1,....If p(B) = oo, then M(B) = 00 a.s. '

3. For pairwise disjoint sets By, k = 1,...,nin £, n > 1, the random variables
M(By), ..., M(By) are independent.

As a special case this definition includes the inhomogeneous Poisson process on
A = [0, 00), or even A = R, with non-constant intensity p(dx) = A(x)dx for a
non-negative (measurable) function A on A; see Exercise 14.

The problem now is to show that a Poisson random field exists on a given o -finite
measure space (A, L, p).
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Theorem 5.4. Let (A, L, p) be a o-finite measure space,p0 # 0. Then there is a
Poisson random field M on A with intensity p.

Proof. Since p is o-finite there is a collection of disjoint measurable subsets
A, Ay, ... of A with0 < p(Aj) < 00,j > 1, and A = U?ilAj. Using
the Kolmogorov extension theorem, construct a probability space (£2, F, P) with
a sequence X1, X3, ... of independent Poisson distributed random variables with
respective means p(A;),j > 1, and, for each j > 1, a sequence of i.i.d.
random variables Aij ) Agj ) ... also independent of X1, X», ..., such that Af" )
is distributed on A; according to the probability distribution p(dx)/p(A;). Now,
for B € L define

00 X
M(B) =Y "1[X; > 11 _1[A € BN a1.
j=1 k=1

Note that M(-) = limy—.0o Y0 1[X; = 113°47,8 () () is the a.s. limit of Fy
k

measurable maps of §2 into M, and is therefore measurable. It is also a simple

calculation to see that for disjoint sets Bj, ..., B, in £ one has for any positive
ri, ...,y that (Exercise 5)
m m
Eexp{— Y _riM(B)} = [ [exp{(e™ — Dp(Bi)}, (5.19)
i=1 i=1
since the factors exp{—r; M (B;)} are independent fori = 1,2, ..., m. |

Example 1. Suppose that M is a non-homogeneous Poisson process on A = R with
intensity measure p(dx) = e *dx. Then let us observe that since fooo e Ydx < oo,
there is a right-most occurrence, say Tmax, for M. Specifically one has

EM (0, c0) =/ p(x)dx < o0,
0

and therefore M (0, oo) < oo with probability one. Since there is a.s. at most a finite
number of occurrences to the right of 0, there must be a largest one. The distribution
is easily calculated by

P(Tmax < x) = P(M(x,00) =0) =exp{—e ™}, xeR.

This is referred to as the standard Gumbel or Frechet extreme value distribution.

Although time-inhomogeneous Poisson processes occur naturally in various
counting scenarios, for example, as a result of seasonality in rain shower counts,
rush-hours in traffic accident counts, etc., the inhomogeneity may be removed by a
change of time-scale.
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Proposition 5.5 (Homogenization of the Poisson Process). Suppose that X = {X, :
t > 0} is an inhomogeneous Poisson process with intensity measure p(dt) = p(t)dt
on A = [0, 00). If p(?) is strictly positive and fooo o(s)ds = oo, then there is a time-
change function t : [0, c0) — [0, co) such that X = {Xc@) : t = 0} is a Poisson
process with (constant) unit intensity with respect to Lebesgue measure.

Proof. The function y (¢) = fot p(s)ds,t > 0, is continuous, one-to-one, and onto
[0, 00). Define t(t) = y_l(t), t > 0. From here it is simple to check that X has
non-decreasing sample paths with non-negative, independent Poisson distributed
increments with, )~(0 =0, ]E(f(, — )?S) =t—s5,0<s<t. |

In another direction, the Poisson process leads to a natural continuous parameter
generalization of the random walk as follows.

Definition 5.2. Let N = {N; : t > 0} be a homogeneous Poisson process and let
Y1, Y, ... be an i.i.d. sequence in R", independent of X. Then the process X; =
ZI/\L Y is referred to as a compound Poisson process on R".

The sample paths of the compound Poisson process can be depicted as in Figure 1.1,
but with the 41 unit increments now replaced by realizations of Y1, Y3, ... in the
up or down directions according to their positive or negative values, respectively.

The compound Poisson process enjoys many interesting properties inherited
from the random walk and the Poisson process that are delineated in exercises. In
particular, one can readily check the following property (Exercise) of the distribution
0, of X, foreach t:

Definition 5.3. A probability distribution Q on the Borel o-field of R is said to be
infinitely divisible if for each integer n > 1 there is a probability distribution Q,
such that Q is the n-fold convolution Q = Q*".

Proposition 5.6. The compound Poisson process X is a process with stationary,
independent increments. For each ¢ > 0, the distribution of X; is infinitely divisible.

Along these same lines note that, given Ny, the conditional distribution of X; is
given by an N;-fold convolution of the distribution Q of Y;. In particular, denoting
the (unconditional) distribution of X; by Q;, one has the “continuous convolution

property”
Proposition 5.7.
Orys = 01 % Qy, 5,1 >0. (5.20)

Proof. Simply condition on Ny, apply the binomial theorem, and make a change
of variable in the sum as follows: For B € B(R"),

Qr+5(B) = EQ*Ni+s(B)
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_ - 0 A + )k o M)
=S orm e

»|>a

o0 k k

*k j —At k—j —As
E (B)E <')tfe s e
k=0 =0 M

= (Z QQ*le—M * Z %Q*le—ks)(B)

!
= i=0
= 0 * Qs(B). (5.21)
Here the factorization Q** = Q*/ 0**—J) is used as well. [ |

This structure leads to a special representation of the characteristic function of X;,
referred to as a Lévy—Khinchine formula, as follows (Exercise 16).

Proposition 5.8. For the compound Poisson process X one has
Ee'*% = exp| / (@ — Du )}, §eR",
Rk

where v, (dy) = At Q(dy), and Q is the distribution of Y7.

Exercises

1. (A Simple Law of Rare Events) Suppose that X, has a binomial distribution
with parameters n and p,, = v/n for some v > 0. Use calculus to establish that
lim,— 00 P(X, = k) = vke™V/k!,k = 0, 1,2, ....[Hint: Use the asymptotic
formula lim,, o0 (1 4 32)" = €* whenever lim,,_, o X, = x.]

2. (Poisson approximation to independent Bernoulli sums)  Suppose that
X1, ..., X, are independent Bernoulli 0 — 1-valued random variables with
P(X; =1)=pj,1 < j <n.LetY have Poisson distribution with parameter
v=3"_, pj. Then |P(Xi_ X; =k)— P(Y =k)| <2)}_, p%.

3. (Infinitesimal description of the Poisson process) Suppose that N = {N; : t >
0} is a non-negative integer-valued (counting) stochastic process having non-
decreasing paths with Nyp+ = 0. Assume that forany 0 =#) < t; < -+ < t,
the counts th — N,H, 1 < j < m are independent, and homogeneous in
the sense that the distribution of N;y o — N4 does not depend on A > O.
Assuming infinitesimal probabilities P(Np = 1) = AA + 0(A), and P(Na >
2) = o0(A) as A | 0, for some A > 0, show: (a)%P(Nt =0) = —-AP(N, =
0), P(Ng+ = 0) = 1; (b) %P(N, = k) = —AP(N; = k) + AP(N; =
k — 1),k > 1; (c) Show that the unique solution to this system of differential
equations is given by P(N; = k) = %e‘“, t > 0. [Hint: To derive (a), (b)
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10.

11.

consider the Newton quotients defining the indicated derivative and express the
events [N;1 4 = k] jointly in terms of counts of 0, 1 or more than 2 occurrences
in the interval [z, t + A].]

Show that one may equivalently define the o-field G on I" as the smallest o-
field such that random variable ® — y (w), given by y (w)(#) X;(w) in (5.3), is
a measurable function from §2 to I".

. Verify the formula (5.19) for the multivariate moment generation function of

the Poisson random field.

. Show that the definition of the one-dimensional Poisson random measure given

by (5.18) is a.s. purely atomic with atoms at the arrival times Ay, As, .. ..
Suppose that X = {X; : t > 0} is a time-homogeneous Poisson process with
intensity parameter A > 0. Show that A = lim, % a.s. [Hint: Express X,
in terms of i.i.d. increments.]

The Gamma distribution with parameters A > 0, v > 0 has density f, 5 (x) =

FA(:;) x""le™* x > 0. Verify that

/ For()ds =271 fu () + / fo—1.2(s)ds.
t t

Let {X, : t+ > 0} be the Poisson process defined by (5.3). Show for 0 < #; <
h<-<ty,m>1,

m

At — ki ki=e
P(Xy =k ... Xy, =kn) =[] (tj=tj-1)
( 131 1 tm m) (kj — kj_l)! e

j=1

forkp=0<ki <ky<---<kpe€eZy,to=0.

Let (Uqy, Uy, ... Ugk)) be the order statistic from k i.i.d. random variables
uniformly distributed on [0, ¢]. Show that U ;) has probability density f;(x) =
J()G TN =T L0 <x <1

(Thinning) Let €1, &2, ... be i.i.d. Bernoulli 0 — 1 valued random variables,
P =1)=p=1—P(g = 0),i > 1, and independent of the Poisson
process {X; : t > 0} defined by (5.3). Let Ngo =0, Ny = inf{n > 1 : ¢, = 1},
N, =inf{ln >N,_1+1:¢,=1},r =2,3,....Define

To=To+ -+ Tn,—1

T, = T0+"'+TN,+1—1 =Tr—1+Tr+"'+TNr+1—1'

That is, the occurrences of the process {X; : ¢t > 0} are one-by-one and
independently accepted with probability p or rejected with probability 1 — p;
referred to as independent thinning or independent splitting the process. Define

0 if To > ¢

Xl: ~ ~
supfn > 1:Top+ -+ T,—1 <t}.
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12.

13.

5 Poisson and Compound Poisson

Show that {X, : t > 0} is a Poisson process> with intensity parameter A =
pA. [Hint: Use moment generating functions or characteristic functions. For
independence of inter-arrivals show factorization and argue that this is sufficient
by the uniqueness theorem for such multivariate transforms.]

(Age and Residual Lifetime) Let X; : t > 0 be a time-homogenous Poisson
process with intensity A > 0, and arrival times Ty, 71, . ... The age of the last
occurrence at time ¢ > 0 is defined by the time since the last occurrence prior
tot,a(t) =t — Tynp)—1. The residual lifetime is defined by () = Tn() — t.
[Note: The shift in N (¢) accounts for the first occurrence being Tp.] Show that
a(t) and r(¢) are independent, and a(#) < ¢ has an exponential distribution
with parameter A > 0 truncated at 7, and r(¢) has an (unrestricted) exponential
distribution with parameter A. [Hint: For 0 < s1 < ¢, 50 > 0, express [a(?) <
s1, () < s2] in terms of the increments of X;. The age does not exceed 51 < ¢
if and only if there is at least one occurrence between time ¢t — s1 and ¢, while
the residual time does not exceed s > 0 if and only if there is at least one
occurrence in time f to t + 57.]

(Feller’s Non-explosion Criteria) Suppose that Ty, T1, T», ... are independent
exponentially distributed random variables with parameters Ao, A1, A2, ...,
respectively. Define

(i) Show that P(¢ = oo) = 1 if and only if Z 0 )\] = 00. The event [Y; =

oo] is referred to as exploszon in finite time. [Hint: £ = Z 0 )L . So the

condition for P(¢ < 00) = 1 is obvious. Consider Ee ¢ = ]_[?o 0 111/-\, =

1/1—[?:0(1 +)Ljf1), and note that H?:o(l + )Ljfl) <e =0 ,\j ]
(i) (ii) Newton’s divided differences are recursively defined for a func-

tion f at n + 1 distinct points xo, X1,...,X, by [xo,...,x]f =
X0, x”‘;if;;r[lx]""’x"]f where [x;]1f = f(x;),j = 0,1,...n. Show by
induction that [xg, .. = -0 D’(?;)) , where D, (x) = ]_[;’.:0 (x —

x;) and Dy (x) its derlvatlve.
(iii) Lete;(t) = Aje_)‘f’, t > 0. Show that for A; # A;,0 < i, j < n, the pdf
fa=eox---xeyof Typ+ --- + T, is given by

ZFor illustration of a contemporary application of the splitting property to “micromobility” see
Fields (2020).

3 A clever calculation using differential equations of the probability of explosion in a specified time
t is given in Feller (1968), Vol I.
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14.

15.

16.

Fo@) = (D" [T A0t - Antlexp

J=0

7)\1(1‘

= (- 1)"“1‘[x Zl’[,#(kk—/\) exp(x) = ¢, x > 0.

(iv) (Yule Branching Process) Starting with a single progenitor Yy = 1,
after an exponentially distributed time with parameter A > 0, the parent
particle dies and produces two offspring. The offspring independently of
one another and the parent follow the identically distributed exponential
lifetime before death and reproduction, from generation to generation. Let
Y; denote the number of particles alive at time ¢#. Show that the process is
non-explosive. [Hint: Represent as above with A, = (n + 1)A, n > 0.]

Suppose that X = {X; : + > 0} is an inhomogeneous Poisson process with
intensity function p(¢) on S = [0, 00).

(i) Show that if fooo,o(s)ds < 00, then P(sup,;>g X; < 00) = 1, [Hint: The
sample paths are non-decreasing so that sup,.. o X; = lim;—. o X; a.s.] i.e.,
in contrast to explosion, throughout all time at most a finite number of
occurrences can occur.

(i1) Calculate the distribution of the first arrival time Ao of X. In particular,
what is P(Ag = 00)?

(iii)) Show that the conditional distribution of Ap given [Ag < o0o] in the case
p(t) = e~ !, t > 0is the Frechet extreme value distribution eeft, t > 0.

Show that the compound Poisson process has stationary and independent
increments. In particular, show that the distribution Q; of X; is infinitely
divisible.

(Lévy—Khinchine formula: special case) Show that the characteristic function
of the compound Poisson process may be represented in the form Ee/s%: =
exp{ [z (€5 — D (dy)}, & € R", where v,(dy) = A Q(dy), and Q is the
distribution of Y.



Chapter 6 )
The Kolmogorov—Chentsov Theorem and e
Sample Path Regularity

While constructions of probability distributions of stochastic processes
indexed by uncountable parameter spaces, e.g., intervals, can be readily
achieved via the Kolmogorov extension theorem, the regularity of the sample
paths is not mathematically accessible in such constructions, for the simple
reason that sample path properties that depend on uncountably many time
points, e.g., continuity, do not define measurable events in the Kolmogorov
model. In this chapter we consider a criterion, also due to Kolmogorov
(Published in Slutsky (1937)) and Chentsov (1956) for Holder continuous
versions of processes and random fields. In addition to providing a tool for
construction of k-dimensional Brownian motion, it yields the construction of
continuous random fields such as the Brownian sheet. The chapter concludes
with a demonstration of nowhere differentiability of the (continuous) Brown-
ian paths.

Definition 6.1. A stochastic process (or random field) ¥ = {Y, : u € A} isa
version of X = {X, : u € A} taking values in a metric space if ¥ has the same
finite dimensional distributions as X.

Theorem 6.1 (Kolmogorov—Chentsov Theorem). Suppose X = {X,, : u € A}isa
stochastic process (or random field) with values in a complete metric space (S, p),
indexed by a bounded rectangle A C R¥ and satisfying

Ep®(Xy, Xy) < clu —v[*™#, forallu,v e A,

where ¢, «, and B are positive numbers. There is a version ¥ = {Y,, : u € A} of X,
which is a.s. Holder continuous of any exponent y such that) < y < g
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Proof. Without essential loss of generality, we take A = [0, 1]k and the norm | - | to
be the maximum norm given by |u| = max{|u;|: 1 <i <k}, u = (uy, ..., ux). For
each N = 1,2, ..., let Ly be the finite lattice {j2_N 1 j =01, ...2N}k. Write
L = USy_,Ly. Define My = max{o(X,, X,) : (u,v) € L?\,, lu —v| < 27N}
Since (i) for a given u € Ly, there are no more than 3k points in Ly such that
lu—v| <27V (v = u;, u; — 27N, oru; +27N for each i), (ii) there are 2V 4 1)*
points in Ly, and (iii) for every given pair (u, v), the condition of the theorem
holds, one has by Chebyshev’s inequality that

7=~ N(k+B)
P(My > 27Ny < 352N 4+ 1)’<(W). (6.1)

In particular, since y < B/«,

Z P(My >27"V) < 0. 6.2)
N=1

Thus there is a random positive integer N* = N*(w) and a set £2* with P(£2*) = 1,
such that

My @) <27"N forallN > N*(w), w € 2*. (6.3)

Fix w € £2*, and let N > N*(w). We will see by induction that, for all m > N, one
has

m
p(Xy, Xy) <2 277 forallu,v e Ly, ju—v <27V, (6.4)
j=N

For m = N, this follows from (6.3). Suppose, as an induction hypothesis, that (6.4)
holds form = N,N +1,...,n. Letu,v € L1, lu —v| < 27V, Write u =
@27l a2 h e = (27 L 27D, where 4y, . 1 < v <k,
belong to {0,1,2,...,2""}. We will find u*,v* € L, such that [u — u*| <
2771 v —v*| <271 and |u* — v*| < 27N, For this, let the v-th coordinate,
say i;"Z‘"‘l of u*, be the same as that of u if i, is even; and i¥ = i, — 1 if i, is
odd and i, > j,,and i} =i, + 1 ifi, isodd and i, < j,,v = 1,..., k. Then
lu* —u| < 27" and u* € L, (since i* is even and i*27"~! = (i*/2)27").
Similarly, define v* with the roles of i, and j, interchanged, to get v* € L, and
v — v*| < 27771, with, moreover, |u* — v*| < |u — v| < 27V. Then by (6.3) and
the induction hypothesis,

p(Xua Xv) = IO(Xua Xu*) + ;O(Xu*’ Xu*) + IO(XM*7 Xv)
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n n+1
<277D 4 N oD 0 N T (65)
v=N v=N

completing the induction argument for (6.4), forall w € 2*, m > N+ 1, N >
N*(w). Since 2) 52\ 277V =277W=D(1—277)~Land L = U3 | L. for all
N > N*(w), it follows that

sup{p(Xu, X) tu,v € L, Ju —v| <27V}

=sup{p(Xy, Xy) 1 u,v € U?nO:N.HLm’ lu —v| < Z_N}

<2727"Nor(1 =277 N > N*(w), w € 2*. (6.6)

This proves that on £2*, u — X, is uniformly continuous (from L into (S, p))
and is Holder continuous with exponent y. Now define ¥, := X, ifu € L and
otherwise Y, :=lim X,,,,, withuy € L and uy — u, if u ¢ L. Because of uniform
continuity of u — X, on L (for w € £2*) and completeness of (S, p), the last
limit is well-defined (Exercise 3). For all w ¢ £2%, let Y, be a fixed element of §
for all u € [0, 1]. Finally, letting y; 1 B/a, y; < B/a, j > 1, and denoting the
exceptional set above as .Q}k, one has the Holder continuity of Y for every y < 8/«
on 2% 1= ﬂ?‘;lﬂ;‘ with P(2**) = 1.

That Y is a version of X may be seen as follows. For any » > 1 and r vectors

Ul, ..., Uy € [O,l]k, there exist ujy € L,ujy — ujas N — oo(l < j <
r)' Then (Xlll[\]v "'9XurN) = (Yule crt Yu,-N) a.s., and (Xule"'3XLer) -
(Xu,, ..., Xy,) in probability, (Yy,y,..., Yu,n) — Yuy,...,Y,) as. (Exer-
cise 4). |

An important consequence of Theorem 6.1 is the construction of Brownian
motion defined in Example 5 of Chapter 1 (see also Exercise 1).

Corollary 6.2 (Brownian Motion). Let X = {X; : t > 0} be areal-valued Gaussian
process defined on (§2, F, P), with Xo = 0, EX; = 0, and Cov(Xy, X;) = s A t,
for all 5,7 > 0. Then X has a version B = {B; : t > 0} with continuous sample
paths, which are Holder continuous on every bounded interval with exponent y for
every y € (0, %).

Proof. Since E|X; — X" = c(m)(t — s)™, 0 < s < t, for some constant c(m),
for every m > 0, the Kolmogorov—Chentsov Theorem 6.1 implies the existence of
a version B© = {B,(O) : 0 <t < 1} with the desired properties on [0, 1]. Let
B™ > 1,be independent copies of B, independent of B Define B; = B,(O),

0O<r<landB, =B{"+ --+B/" " +B"), . fort € [n.n+1),n=12,... 1

Corollary 6.3 (Brownian Sheet). Let X = {X, : u € [0, 00)?} be a real-valued
Gaussian random field satisfying EX,, = 0, Cov(X,, Xy) = (u1 A v1)(ua A v2)
for all u = (uy,uz), v = (v1, vp). Then X has a continuous version on [0, oo)z,
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which is Holder continuous on every bounded rectangle contained in [0, 00)? with
exponent y for every y € (0, %).

Proof. First let us note that on every compact rectangle [0, M 13, E| X, — X, |2m <
c(M)|lu — v|™, for all m = 1,2,.... For this it is enough to check that on each
horizontal line u = (uy,¢), 0 < u; < oo, X, is a one-dimensional Brownian
motion with mean zero and variance parameter o> = ¢ for ¢ > 0. The same holds
on vertical lines. Hence

]E|X(u|,u2) - X(Ul,v2)|2m
= 22m—1 (E|X(u1,uz) - X(vl,uz)lzm + E|X(v1,u2) - X(vl,v2)|2m)
< 22" Le(m) (uh lur — vi|” + v} luz — va|™)

< 22"l e(m)yM™2|u — v|™,

where u = (u1, uz), v = (v, v2). |

Remark 6.1. One may define the Brownian sheet on the index set Ar of all
rectangles R = [u,v), with u = (ur,uz),v = (v1,12), 0 < u; < v; < ©
(i =1,2), by setting

XR = Xpuw) = X = X)) = X)) + X ) (6.7)

Then X is Gaussian with mean zero and variance |R|, the area of R. Moreover,
if Ry and R, are non-overlapping rectangles, then Xg, and X, are independent.
More generally, Cov(Xg,, Xg,) = |[R1 N Rz| (Exercise 5). Conversely, given a
Gaussian family {Xr : R € AR} with these properties, one can restrict it to the
class of rectangles {R = [0, u) : u = (u1,uz) € [0, 00)?} and identify this with
the Brownian sheet in corollary 6.3. It is simple to check that for all n-tuples of
rectangles R, Ry, ..., R, C [0, oo)z, the matrix ((|R; N R;[))1<i, j<n is Symmetric
and non-negative definite (Exercise 5). So the finite dimensional distributions of
{Xr : R € AR} satisfy Kolmogorov’s consistency condition.

The estimates derived in the proof of the Kolmogorov—Chentsov theorem easily
yield the following useful result, which is made use of in a later chapter to prove a
functional central limit theorem.

Proposition 6.4. Let A C R* be a bounded rectangle, and let X = {X ,(4") ‘u €
A}, n > 1, be a sequence of continuous processes with values in a complete metric
space (S, p) satisfying

Ep*(X™, XMy < clu —v**P, forallu,ve A,n>1,

for some positive numbers c, o, 8. Then, for every given ¢ > O and 0 < n < 1,
there is a § > 0 such that
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P(sup{,o(X,(;’), X,(J”)) ‘U, veE A, |lu—v| <8} >¢€)<n, foralln>1.

Proof. Since the estimates obtained for the proof of Theorem 6.1 depend only on
the constants ¢, o, and B, the asserted bound on the probability is proved in the
same way as one would prove it for X in place of X . Specifically, given € > 0,
n < 1, find N(y) such that, for a given y € (0, 8/a), Z]OVO:N(,’)B(N) < n,
where 6(N) is the right side of the inequality (6.1). This provides the asserted
probability bound with (1 —277)~1272=¥N® in place of ¢; recall the inequalities
for the induction argument leading to uniform continuity on §£2* in the proof of
Theorem 6.1. If this last quantity is larger than €, then find N (e, n) > N(n) such
that (1—277)2Y2" YN < ¢ Then the asserted bound holds with § = 2~V &

We conclude this chapter with some basic properties of multidimensional
Brownian motions.

Definition 6.2. Let D be a symmetric non-negative definite kK x k matrix. A k-
dimensional Brownian motion with drift p and diffusion coefficient matrix D is a
stochastic process {X; : # > 0} with state space R¥ having continuous sample paths
and independent Gaussian increments with mean and covariance of an increment
X;+s — X being tu and ¢D, respectively. If Xy = x, then this Brownian motion is
said to start at x. A Brownian motion starting at 0 with zero drift and diffusion
coefficient D = I is called the standard k-dimensional Brownian motion and
denoted {B; : ¢+ > 0}. The standard Brownian motion started at x will be denoted
Bf :=x+B;,t>0.

Observe that since uncorrelated jointly distributed Gaussian random variables
are independent, the kK component processes of a k-dimensional standard Brownian
motion are easily checked to be independent one-dimensional standard Brownian
motions. Moreover, for a given drift u € R¥ and non-negative definite symmetric

matrix D with “square-root” D%, ie.D2D? = D, the process defined by
X*:=x+put +DIB,, >0, (6.8)

is k-dimensional Brownian motion started at x € RK with drift g and diffusion
matrix D.

Remark 6.2. A glimpse at a fundamentally important connection with analysis and
partial differential equations can be observed by checking that, in the case that D
is nonsingular, the pdf y — p(¢; x, y) of X, starting at X) = x solves the heat
equation

k
ap _k _1
S5, = @O 7IdetD) T expl Y (i — xi — wit)eij(vj = xj = b))

i,j=1
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k

:Z. +Z ”axlax]

i=1

_ Z u, op + 2:: y ay, 6.9)

i=1 8y,

where D~! = ((ci,j)). As equations in either the so-called spatial backward
(transition probability) variable x or the forward variable y, these two equations
are also referred to as Kolmogorov’s backward and forward equations for Brownian
motion, respectively.

The following basic properties of Brownian motion are essentially direct conse-
quences of the definition.

Theorem 6.5. Let B be a standard k—dimensional Brownian motion. Then

1. (Symmetry). W; := —By, t > 0, is a standard Brownian motion.

2. (Homogeneity and Independent Increments). {B;+s — Bg : t > 0} is a standard
Brownian motion independent of {B, : 0 < u < s}, for every s > 0,

3. (Scale Change). For every L > 0, {Bfk) = A’%BM : t > 0} is a standard

Brownian motion.

. (Time-Inversion). W, :=tBy,,, t > 0, W = 0, is a standard Brownian motion.

5. (Rotation Invariance). Let O be a k x k orthogonal matrix (i.e., 00’ = I, the
k x k identity matrix). Then OB = {OB; : r > 0} is a standard k—dimensional
Brownian motion.

F N

Proof. With the exception of the property of rotation invariance, these properties
are left as exercises.! For rotation invariance, first, note that since x — OX is
continuous, the paths of the composite map + — OB; are continuous. Second,
one may observe, e.g., using characteristic functions, that since O is a nonsingular
matrix with determinant one, the distribution of the increments OB;;,, — OB;; =

OB, —+), 0 =1t <1 < -+ < by, remains independent and Gaussian.
Moreover, for each t >), OB; has mean vector EOB; = OEB; = O0 = 0, and
variance—covariance matrix E(OB;)(OB;)’ = EOBB’O’ = O:IO" = 1. [ ]

Remark 6.3. The continuous but otherwise highly irregular behavior of the sample
paths of observed particle suspensions did not go unnoticed by the experimentalists
who set out to document the validity of Einstein’s model. Most notable among
these efforts in the early twentieth century were those of Perrin whose work on this
problem led to experimental determination of Avogadro’s constant. In his research
monograph,® Perrin exclaims: “The trajectories are confused and complicated so

IThe proofs are given in BCPT, p. 141-142, as well.

2Perrin (1913) is the original French publication; the quote here is taken from the English
translation, Perrin (1929).
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often and so rapidly that it is impossible to follow them; the trajectory actually
measured is very much simpler and shorter than the real one. Similarly, the apparent
mean speed of a grain during a given time varies in the wildest way in magnitude
and direction, and does not tend to a limit as the time taken for an observation
decreases, as may be easily shown by noting, in the camera lucida,? the positions
occupied by a grain from minute to minute, and then every five seconds, or, better
still, by photographing them every twentieth of a second, as has been done by
Victor Henri Comandon, and de Broglie when kinematographing the movement. It
is impossible to fix a tangent, even approximately, at any point on a trajectory, and
we are thus reminded of the continuous underived functions of the mathematicians.”
That such sample path behavior is intrinsic to the definition of Brownian motion is
mathematically confirmed by the fact that, as we will see below, with probability
one, the Brownian paths (in one-dimension) are of unbounded variation in every
non-degenerate interval.

Observe that the sample paths ¢ — B;(w) of the one-dimensional Brownian
motion B* := {B; : t > 0} starting at x are required by definition to be elements of
the space C[0, co) of continuous real-valued functions on [0, co). The distribution
of this process is a probability measure Q, = P o B¥ ~!on C[0, o0) induced by the
map h(w) = {B:(w) : t > 0}, w € £2. That is, letting G be the o-field of C[0, co)
generated by finite dimensional subsets of the form F = {x € C[0,00) : x(t;) €
Ci,i=1,...m},0 <1t <th <--- <ty C; € B, (Borel o-field B on R)
1 <i < m, Q is uniquely specified by the finite dimensional (path) probabilities

Ox(F)=PB; €C;,i=1,...,m). (6.10)

Accordingly, the distribution Q = Qg of standard Brownian motion started at 0 is a
probability on the path space C[0, o), referred to as Wiener measure.

Similarly the distribution of Brownian motion on a finite interval [0, 7] may be
viewed as a probability measure on the space C[0, 7] induced by the map v —
(Bi(w):0=<t<T).

From the point of view of weak convergence theory to be applied in a later
chapter, it will be useful to view the induced distributions as probabilities on metric
spaces C[0, oo) and C[0, T']. A metric for C[0, T]is dr (x, y) = maxo<;<7 |x(f) —
y()| and for C[0, 00) isd(x,y) = Y -, 2_N%. Convergence in the latter
metric d(x, y) means uniform convergence on compact subintervals [0, N] for all
N > 0. The Borel o-fields for these metrics coincide with the o -fields generated by
finite dimensional events (Exercise 9).

We close this chapter with a basic mathematical development to complement the
empirical observations described in Remark 6.3. Let {B; : ¢+ > 0} denote a one-
dimensional standard Brownian motion starting at zero.

3The experiment was repeated with modern upgrades of the experimental apparatus (camera) in
Newburgh et al. (2006).
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Proposition 6.6. Define

2)1
Vi = Z |Bijon — B(i—1)/21|.
i=1

Then,

1. EV, = 2"/?E|B|.

. VarV, = Var|B;| = 1.

. With probability one, {B; : t > 0} is of unbounded variationon 0 < ¢ < 1.

. Outside a set of probability zero, every Brownian path w is of unbounded
variation on every non-degenerate interval [a, b], 0 < a < b < 1, where a
and b may depend on w.

- W

Proof. The calculation EV,, = 2"/?E|B;| = 2"/?>*! follows immediately from sta-
tionary increments and scaling properties, and Var V,, = Var |B1| = 1 follows from
independent increments and scaling properties. Since the partition into intervals of
length 2=+ is a refinement of the partition into intervals of length 27", one has
Vas1 = Vp, n > 1. Thus lim,_, » V, exists but may be infinite, almost surely.
Using Chebyshev’s inequality, one has P(|V,, — EV,| > n) < n—2. Thus, by the
Borel-Cantelli lemma I, P(V,, > 25T —p i.o.) = 0. It follows that V,, — oo with
probability one. By scaling applied to all intervals with a, b rational, it therefore
follows that outside a set of probability zero, Brownian paths are of unbounded
variation on every non-degenerate such interval [a,b], 0 < a < b < t,t > 0.
Property 4 follows from this (Exercise 10). |

Exercises

1. Prove that the stochastic process constructed in Corollary 6.2 has independent
mean zero Gaussian increments over disjoint time intervals, with the variance
of the increment B;y; — B, being s.

2. Show that positivity of B is necessary for the Kolmogorov—Chentsov theorem
by considering the Poisson process.

3. Let f be a uniformly continuous function defined on a dense subset D of a
metric space (A, d) into a complete metric space (S, p).

(a) Prove that f has a unique extension as a (uniformly) continuous function
from A into S.

(b) If f is Holder continuous of exponent y on S, show that this is true of its
extension to A as well.

4. Amplify the last sentence in the proof of the Kolmogorov—Chentsov The-
orem 6.1. [Hint: By Chebyshev’s inequality, the condition of the theorem
implies that for any € > 0, P(,o(XujN,Xuj) > e) — 0,as N — oo, for
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10.

all j = 1,2,...,m. The convergence Yu/. N = Y,,j follows from the well-
definedness of the limit.]

. In the context of Remark 6.1, show that (a) ((|R; N Rj|))1<i, j<n is a non-

negative definite n x n matrix. [Hint: Note that 3, ; ;, cicjIRi N R;| =
f[o 00)? (X cilg (x))zdx.] (b) Complete the construction of Brownian sheet
on A = [0, 00)2.

. Let {B; : t > 0} denote standard Brownian motion starting at 0. Verify that

(B, ..., B:,) has an m-dimensional Gaussian distribution and calculate the
mean and the variance—covariance matrix using the fact that the Brownian
motion has independent Gaussian increments.

Let {X; : t+ > 0} be a real-valued stochastic process with stationary and
independent increments starting at 0 with ]EXS2 < oo for s > 0. Assume EX;
and EX? are continuous functions of ¢.

(i) Show that EX,; = mt for some constant m.
(i1) Show that Var X; = o2t for some constant 62 > 0. Also IFL‘X,2 =02t +
m?t? is linear if and only if m = 0.

Let {X¥ : t+ > 0} be the k-dimensional Brownian motion with drift u and
diffusion coefficient matrix D.

(i) Calculate the mean of X} and the variance—covariance matrix of X}.

(ii) In the case g = 0,D = J¥ of standard Brownian motion, show that for
each fixed t > O, H))g_;H is uniformly distributed over the k-dimensional
sphere. [Hint: Recall the rotation invariance property of standard Brownian
motion. ]

(1) For T > 0, let Gr denote the o—field of subsets of C[0, T'] generated by
finite dimensional events of the form

F={xeC[0,T]:x(t;)e B, i=1,...,m},

where 0 <t < < --- <ty <T, B; € B.Show that Gr coincides with
the Borel o—field on the metric space C[0, T'] for the metric dr(x,y) =
maxo<;<7 |x(¢) — y(1)]|.

(i1) Let G be the o—field of subsets of C[0, co) generated by events of the form

F={xeCl0,0):x(tj) eB;, i=1,...,m},

where 0 < 11 < th < --- < t,, B; € B. Show that G coincides with
the Borel o—field on the metric space C[0, oo) for the metric d(x, y) =
Zoo =N _dn(x.y)
N=1 I+dy (x,y) " . o
Let f be areal valued continuous function on [c, d], ¢ < d. Define the variation
v(f) of f on [c,d] by v(f) = supv(f : m), where the supremum is over

all partitions ry of [c,d] of the form ¢ = a9 < a1 < ...ay = d, k > 1,
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and v(me) = Yb_y | f(a) — f(aim1) |. Also, let Vy(f) = Y5, | fle +
d=0)j2™) = flce+d—=0)j27") = flc+ (G =D —=027") |, V(f) =
lim;,_ o V,(f). Show that v(f) = V(f). [Hint: Fix € > 0. For any given m; of
the above form, there exists §(¢) > O such that | f(x) — f(¥)| < ;—k if [x —y| <
é(€). Find n = n(e) for which each a; is within a distance 6 (¢) from a point of
the formc + (d — ¢)j27"(j =0, 1,...,27"). Then V,(f) > v(f : mx) — €,
sothat V(f) > v(f) —e€.]



Chapter 7 ®
Random Walk, Brownian Motion, and ek
the Strong Markov Property

In this chapter the strong Markov property is derived as an extension of the
Markov property to certain random times, called stopping times. A number
of consequences of the strong Markov property of Brownian motion and
the simple random walk are derived. A derivation of the law of the iterated
logarithm for Brownian motion is included in this chapter, from which some
fine scale sample path properties of Brownian motion are derived as well.

Discrete parameter Markov processes on general state spaces were introduced
in Chapter 1. With this as background, let us turn to a strengthened and more
useful version of the (homogeneous) Markov property. For this let P, denote
the distribution of a Markov process X = {X, : n > 0}, i.e,, a probability
on the product space (S, S®), with transition probability p(x, dy) and initial
distribution P(Xo = z) = 1. Also an expected value of a real-valued function (on
S§°°) with respect to P; is denoted E,, z € S.

Definition 7.1. Fix m > 0. The after-m (future) process is defined by X,/ :=
{Xngm :n =0}

Definition 7.2 (Markov Property). We say that X = {X, : n > 0} has the
(homogeneous) Markov Property if for every m > 0, the conditional distribution
of X,Jg, given the o —field 7, = o{X,, : n < m},is Py, i.e., equals Py on the set
[(Xm =yl

m?

Suppose now that {Z, : n > 1} is an i.i.d. R¥-valued sequence. Let Zy be an
R*-valued random variable, independent of {Z, : n > 1}. Recall that the stochastic
process So = Zo, Sy = Zo+ Z1 + --- + Z,, n > 1, defines a (general) random
walk on R¥. As above, let 7, = 0(S;: j =0,1,...m),m > 0.
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Remark 7.1. As noted earlier, we write [E, for expected values with respect to P;.
Write S = R¥, and let S be the Borel o-field of R¥. Also let S®° = (Rk)Z+. One
proof of the following result may be given by showing that the Markov property
of Definition 1.3 of Chapter 1, which may be called the ordinary Markov property,
implies the strengthened version given by Definition 7.2 (see Chapter 1, Exercise 1).
On the other hand, a direct proof is given below.

Proposition 7.1 (Markov Property of the Random Walk). A random walk has the
Markov property of Definition 7.2.

Proof. Let f be an arbitrary real-valued bounded measurable function on £2 = §°°,
with o-field S®°. One may express f(S;1) = f(Su, Sm + Zm+1, Sm + Zm41 +
Zm+2,...)asy (U, V), where U = S,,, V = (Zm+1, Zint2, - .. ), and ¢ is a real-
valued function defined by v (xo, 21, 22, ...) = f(x0, X0 + z1, X0 + 21 + 22, ...).
LetG = F =0(Sj : 0 < j < m). Since V is independent of G, it follows from
the substitution property for conditional expectations that

E[f(S)IG] = E[y (U, V)IG] = h(U) = h(Sw),

where h(y) =Ey(y, V) =Ef(y, Y+ Zn+1, Y+ Zmt1+Zmy2,...) =Ef(y, y+
Z],y+Zl+Zz,...)=Eyf. | |

Our next task is to further strengthen the Markov property by introducing an
extremely useful concept of a stopping time, sometimes also called a Markov time.
Consider a sequence of random variables {X,, : n = 0, 1, ...}, defined on some
probability space (£2, F, P). Stopping times with respect to {X,,}7° , are defined as
follows. Denote by F, the o —field o{Xo, ..., X,} comprising all events in F that

depend only on the random variables {Xg, X1, ..., X,,}.

Definition 7.3. A stopping time t for the process {X,}>° is a random variable

taking non-negative integer values, including possibly the value +oo, such that

[t<nleF, (n=0,1,...). (7.1)
Observe that (7.1) is equivalent to the condition
[t=nleF, (n=01,...), (7.2)

since JF;, are increasing o —fields (i.e., F,, C F,41) and 7 is integer-valued.

Informally, (7.1) says that, using 7, the decision to stop or not to stop by time
n depends only on the observations Xg, X1, ..., X,. An important example of a
stopping time is the first passage time T to a (Borel) set B C R!,

g :=inf{n > 0: X,, € B}. (7.3)
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If X, does not lie in B for any n, one takes tp = 0o. Sometimes [Xg € B] #
and the infimum in (7.3) is taken over {n > 1 : X,, € B}, in which case we call
it the first return time to B, denoted np. A less interesting but useful example of a
stopping time is a constant time T := m where m is a fixed positive integer. It is also
useful to make note that if 71, 7o are stopping times then so is the arithmetic sum
71 + 12, as well as 71 A 7 := max{ty, 172}, and 71 V 13 := min{t, 12} (Exercise 2).

One may define, for every positive integer r, the rth passage time rg) to B
recursively, by

tl(;l) = 13, tl(;) = inf{n > ‘L’g_l) X, eB} (r=2..). (7.4)

(r—1)
B

Again, if X,, does not lie in B forany n > t , take ‘L’I(;) = 00. Also note that if

rg) = oo for some r, then rg ) — o0 for all #/ > r. It is a simple exercise to check

that each t g) is a stopping time (Exercise 1).

Definition 7.4. Given a stopping time 7, the pre-t o —field F; is defined by
Fr={AeF:AN[t =m] € F,,VYm > 0}. (7.5)

The after-t process Xj = {X¢, X¢4+1, X¢42, ...} is well-defined on the set [t <

ool by X = X\ on [t =m].

Remark 7.2. F, is determined by the value of 7 and Xg, X, ..., X; on the set

[t <oo].Forift =m,thenAN[t =m]€o(X;:0=<j<m).

Theorem 7.2 (Strong Markov Property'). Let T be a stopping time for the process
{X, : n > 0}. If this process has the Markov property of Definition 7.2, then, on
[t < o0], the conditional distribution of the after-t process X, given the pre-
T o—field 77, is Py, .

Proof. Let f be areal-valued bounded measurable function on (§°, S®), and let
A € F;. Then

E(lfr<coola f (X)) = Y E(lr=mla f(X;}))

m=0

= Z Er=mnaEx,, f)

m=0

=Y E(lp=ninaBx, f) = E(jr<colaEx, f). (7.6)

m=0

1 Although informally used by some authors earlier, the precise derivation of the strong Markov
property is due independently to Dynkin and Yushekivic (1956), and Blumenthal (1957).
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The second equality follows from the Markov property for random walk proven
above since A N [t = m] € F,. Since f is an arbitrary bounded Borel measurable
function it follows that the conditional distribution of X7 given F is given by
Px,. |

T

With this and Proposition 7.1 one has the following.
Corollary 7.3. The random walk has the strong Markov property.

The following example illustrates the utility of the strong Markov property in
a standard calculation. The result was derived in Chapter 2, Corollary 2.4, using
Proposition 2.3. Here we present a more detailed proof. See Exercise 6 for another
application for simple random walk.

Example 1 (Recurrence of Simple Symmetric Random Walk). Consider the simple
symmetric random walk Sar = {S, : n > 0} on Z started at x. Let 7y := inf{n :
Sy = y} for y € Z. Suppose one wishes to prove that Px(ty, < o0) = 1fory € Z.
Leta < x < y. By the Markov property,

o(x) := Py (SJ reaches y before a)
= Px(Sfreaches y before a)
= ]EXPX(Sf“reaches y before a)|o (S1))

= Exp(S1)
= Ey¢(x + Z1); Definition 7.2

= S0+ D+ 3o — 1) )

with boundary values ¢ (y) = 1, ¢(a) = 0. Solving one obtains ¢ (x) = (x—a)/(y—
a). Thus, for every x < y, Py(ry < 00) = 1 follows by letting a — —o0 using
basic “continuity properties” of probability measures. Similarly, letting y — oo in
1 — ¢(x), one gets Py(t, < oo) = 1 for all @ < x. Finally, Px(t,gl) <o0)=1Iis
shown by conditioning on S; (Exercise 3). Hence Py (rym < o0) = 1 forall x, y.
While this calculation only required the Markov property, next consider the problem
of showing that the process will return to y infinitely often. One would like to argue
that conditioning on the process up to its return to y, it merely starts over. This of
course is the strong Markov property. So let us examine carefully the calculation to

show that the r —th passage time to y, ry(r) <ooas. foreveryr =1,2,.... Letting

réz) = inf{n > 1: (S+(1>)n = y} denote the first return time to y of the process
- ‘L'),v

St . one has
O
y
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Px(ty(z) <o00) = Ex[Px(ty(z) < oo|fT;1))]

= Ex P;(ty < 00)|;=5 (j,=y (strong Markov property)
Ty

=E.Py(r{) <o0) =1. (7.8)

Similarly, ST;1> =y a.s.
Now this argument remains valid if one replaces r)(;l) by ry(r_l) and ry(z) by ty(r)
and assumes that ty(r_l) < oo almost surely. Hence, by induction, Px(r)(,r) < 00) =

1 for all positive integers r. This is equivalent to the recurrence of the state y in the
sense that

P, (S, = y for infinitely many n) = Px(ﬂfozl[t)(,r) <oo])=1.

Remark 7.3. The Markov property in Definition 7.2 is sometimes defined with
respect to a filtration, i.e., an increasing family of o —fields /1 C F» C ---, such
that o(X; : 0 < j < m) C Fy, for all m. The strong Markov property expressed
by Theorem 7.2 then holds with respect to the o —fields F; as defined in (7.2), with
this filtration {F,, : m > 0} in place of {o(X; : 0 < j < m) : m > 0}. For example,
one may take J, to be the P—completion2 ofo(X;:0=<j=<m)form >0.
Another example is 7, = 0(X; : 0 < j < m) v G, where G C F is a o —field
independent of {X; : j > O}.

Let {X; : t € A} be a stochastic process defined on (§2, F, P) with parameter
space A = [0, T'], or [0, 00), having state space (S, S), where S is a Polish space
and S is its Borel o-field. For present purposes it is enough to assume that (1) the
map w — X:;(w),t € A, is measurable on §2 into a space I" of right-continuous
functions with a o-field C, (2) the set C of continuous functions on A into S is
a subset of I and the Borel o-field of C is contained in C, and (3) the finite-
dimensional projections y — (y(11), ..., ¥ (ty)) on I" into (S{1--in} SOULotu}y
determine C, i.e., o (US®Mtn} . 0 <ty <ty < --- < t,,n > 1) =C.

Remark 7.4. One may, in particular, take I” to be the Skorokhod space > of all right-
continuous functions with left-hand limits (cadlag in French), which is a Polish
space, with C its Borel o-field. It is known that C is a closed subset of I" and the
relative topology of C is the uniform topology (on compact subsets of A).

2See BCPT p. 225, for the measure-theoretic completion of ¢-fields. In particular, completeness
can always be achieved and there is no loss in generality in assuming that the underlying probability
space (§2, F, P) is complete from the outset.

3Skorokhod (1956). In the same issue, the paper Kolmogorov (1956) introduced an equivalent
metric which also makes it a complete metric space A detailed account of the Skorokhod topology
is given in Billingsley (1968).
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Suppose now that {X; : t € A} has the Markov property as stated in
Definition 1.4 of Chapter 1. The following is a strengthened version of that property,
most aptly described on the parameter space A = [0, 0o). For the statement let
Fs=0X, :0<u <y), Xj = (Xs4u : u > 0), i.e., the after-s process. Let
P, denote the distribution of the process {X; : + € A} when Xo = x. Note that
P, is the probability measure on (I", C) induced by the map w — X,(w),t € A,
with Xo(w) = x, for P-as. all w € §2. More generally, P, is the distribution of
the process when X has (initial) distribution w. Unless otherwise specified, we will
assume that the Markov process {X; : 0 < ¢ < oo} is time-homogeneous, i.e., the
conditional distribution of X, given Fy, is p(¢; x, dy) on [X; = x]. Note also that
the Markov property in Definition 1.4 refers to the collection of probability measures
{P, : u is a probability measure on(S, )}, including all P, = Ps,,x € S. As a
convention, the process {X; : t > 0} is generally referred to as a Markov process
whatever be the initial state X¢, unless one is specified.

Proposition 7.4 (Markov Property for Right-Continuous Stochastic Processes).
Suppose that {X; : 0 < t < oo} is a stochastic process satisfying conditions
(1)-(3) of the paragraph before Remark 7.4 above, with the Markov property of
Definition 1.4 (Chapter 1). Then the conditional distribution of X given F; is Py,
ie., Pyon[X; = x].

Proof. Let 0 < 51 < §1 < -+ < 8y = s,and t; = s +up + -+ + uj,
1 < j < n,foru; > 0,1 < i < n. We first show that the conditional
distribution of (X;,, ..., X;,) given o (Xy,, Xy,, ..., Xy, ) is the Py -distribution

of (Xuy, Xuj+uys -+ s Xuytup+-+u,), namely, p(ui; x,dyr)pua; y1, dy2)
p(Un; yn—1,dyn). But this follows essentially as in the proof for discrete
parameter case (Chapter 1), replacing p(x, dy) by p(ui; x,dy1), p(u2; y1,dy2),
.., p(Uy; yn—1, dyn), successively (Exercise 7). By the property (3) above, this
proves the assertion (Exercise 7). |

Corollary 7.5 (Markov Property of Brownian Motion). The conditional distribution
of (By)t = {By4 : t > 0} given F; is Pg,.

Proof. Although the strengthened Markov property of Brownian motion on R, with
arbitrary drift parameter p and diffusion matrix X, is an immediate consequence
of Proposition 7.4, we give a direct proof here due to its importance. Without
loss of generality, first consider the standardized case u = 0, X' = 1, the k-
dimensional identity matrix. The general case follows easily from the standardized
case (Exercise 7). We can mimic the proof of Proposition 7.1. Let f be a real-
valued bounded measurable function on C ([0, c0) : R¥). Then Ef((By)|F;) =
E(y (U, V)|F;), where U = By, V = {Byys — By 11 2 0}, y (v, @) := f(wy), y €
R, w € C[0,0), and wy, € C[0, 00) by wy(t) = w(t) + y. By the substitution
property for conditional expectation, one has

E(y (U, V)|F) = h(U) = h(By),
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where

h(y) = E¥(y, V) = E¥r(y, (B, : 1> 0) =Ef(B + y) = /C[O g,

As will be illustrated by examples in this chapter, it is sometimes useful to extend
the definition of standard Brownian motion as follows.

Definition 7.5. Let (§2, F, P) be a probability space and F;,t > 0, a filtration.
The k—dimensional standard Brownian motion with respect to this filtration is a
stochastic process {B; : t > 0} on (£2, F, P) having (i) stationary, independent
Gaussian increments B;4; — By with mean zero and covariance matrix (f —s)Ij; (ii)
a.s. continuous sample paths ¢t — B; on [0, 00) — R¥; and (iii) for each t > 0, B,
is F;-measurable and B; — By is independent of F;, 0 < s < t. Taking By = 0 a.s.,
then B* := {x + B, : t > 0}, is referred to as the standard Brownian motion started
at x € RF (with respect to the given filtration).

For example, one may take the completion F; = o(By : s < t),t > 0, of
the o —field generated by the coordinate projections ¢t — w(t),w € C[0, 00).
Alternatively, one may have occasion to use F; = o (B, s < t)V G where G is some
o —field independent of G. Recall also the right-continuous filtration F;4, ¢t > 0,
introduced in the previous chapter in connection with first passage times. The
definition of the Markov property can be modified accordingly as follows.

Proposition 7.6. The Markov property of Brownian motions B* on R¥ defined on
(£2, F, P) holds with respect to the filtration

Fiy =) Fite: @20, (7.9)

>0

where F; = G, ;=0 (B,, : 0 < u <1t), or F; is the P—completion of G;.
Proof. Tt is enough to prove that B;;; — By is independent of F; for every t > 0.
Let G € Fs+ and t > 0. For each ¢ > O such thatt > ¢, G € Fs4¢, so that if
f e Cp(R¥) one has

E(1G f(Br4s — Bste)) = P(G) - Ef (Bi4s — Bste)-

Letting ¢ | 0 on both sides,

E(G f(Bi+s — By)) = P(G)Ef(Bi1s — By).

One may define the “past up to time 7" as the o —field of events F; given by
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Fei=0(Zipe 1 1 > 0). (7.10)

The stochastic process {Zt 2t >0} := {Z;ar 1 t = 0} is referred to as the process
stopped at 7. Events in F; depend only on the process stopped at t. The stopped
process contains no further information about the process {Z; : + > 0} beyond the
time t. Alternatively, a description of the past up to time t which is often more
useful for checking whether a particular event belongs to it may be formulated as
follows.

Definition 7.6. Let T be a stopping time with respect to a filtration F;, t > 0. The
pre-t o —field is

Fr={FeF:FN[t <t]e Fforalt > 0}.
For example, using this definition it is simple to check that
[t<tle Fr,Vt>0, [T < @] € F;. (7.11)

Remark 7.5. We will always use? Definition 7.6, and not (7.10). Note, however,
that t A T < ¢ for all ¢, so that o(X;a;r : t > 0} is surely contained in F; (see
Exercises 2 and 13(i).).

The future relative to t is the after-t process Z{ = {(Z}); : t > 0} obtained by
viewing {Z; : t > 0} from time t = 7 onwards, for T < oo. This is,

(ZHi(®) = Zi ()1 (@), t>0, on [t < o0]. (7.12)

It is useful to record the following definition.

Definition 7.7. Let S be a metric space with Borel o-field B(S). The transition
probabilities p(z,x,dy),x € S,t > 0, on B(S), are said to have the Feller
property if x — p(t, x,dy) is (weakly) continuous for each ¢+ > 0. Equivalently,
the linear operators S defined for bounded, measurable functions f : S — R by
fe — fS f)p(t; -, dy),t = 0, map bounded continuous functions to bounded

continuous functions.

Remark 7.6. The equivalent statement in Definition 7.7 is merely the definition of
weak convergence of p(t; z,dy) = p(t; x,dy),as z — x,foreach x € S.

Theorem 7.7 (Strong Markov Property for Right-Continuous Markov Processes).

Let {X; : + > 0} be a Markov process as in Proposition 7.4, satisfying conditions
(1)-(3) above. Assume also that the transition probabilities are Feller continuous.
Let 7 be a stopping time. On [t < oc], the conditional distribution of X given F;

4The proof of the equivalence of (7.10) and that of Definition 7.6 may be found in (Stroock and
Varadhan, 1980, p. 33).
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is the same as the distribution of the {X; : ¢t > 0} starting at X,. In other words, this
conditional distribution is Px, on [T < oo].

Proof. First assume that T has countably many values ordered as 0 < 51 < §3 <
-+ -. Consider a finite-dimensional function of the after-t process of the form

h(Xoiyts Xoyeys oo Xeq), [T < 00], (7.13)

where / is a bounded continuous real-valued function on S and 0 < ti < té <
- < t/. Itis enough to prove

E [h(X1-+;{ PRI Xr+tr’)1[r<oo] | fr] = [Eyh(Xt{ PECII Xtr’)]y:Xrl[r<oo]~
(7.14)
That is, for every A € F; we need to show that

EAh(X sy Xesg)lireoo) = E (1A [Eyhxy.. Xt;.)]y:X l[mo])

T

(7.15)
Now
[t=s;1=[r <s;1N[t <s5;11° € Fy,,
sothat AN [t =s;] € ]-'Sj. Express the left side of (7.15) as
o
D E(Lane=sth X - Xspaa)- (7.16)

Jj=1
By the Markov property, the j—th summand in (7.16) equals

EQalp=s[Eyh(Xy, ..., Xi)ly=x,,)
= E(IAI[‘[:SI'][Eyh(Xti PR Xt,’)]y:X,)-

Summing this over j, one obtains the desired relation (7.15). This completes the
proof in the case t has countably many values 0 < s; < sy < ---.

The case of more general T may be dealt with by approximating it by stopping
times assuming countably many values. Specifically, for each positive integer n
define

4 if =] i
T = 2n lf on <T§2n7 1—0,1,2,...
oo if T=o00.

(7.17)
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Since

S
[n=41=15 <7<

fe.

7l=1[1 <

Nt < LA e Fijon,

[t <tl=Ujjmelta=%1€F  forallt>0.

Y
l‘§|\.

Therefore, t, is a stopping time for each »n and t,(w) | t(w) as n 1 oo for each
o € §2. Also one may easily check F; C F;, from definition (see Exercise 2). Let
h be a bounded continuous function on S”. Define

o) =Eyh(Xy, ..., Xyp). (7.18)

In view of Feller continuity of p(¢; x, dy), ¢ is continuous (Exercise 8). Let A €
Fr(C Fz,). One has

E(lAh(Xr,,+t{’ R Xrn+t;)1[rn<001) = IE(lAfl’(Xrn)l[rn<<>01)~ (7.19)

Since h, ¢ are continuous, {X; : ¢ > 0} has right-continuous sample paths, and
T, | T asn — 00, Lebesgue’s dominated convergence theorem may be used on
both sides of (7.19) to get

E(lAh(Xr+tl’ P Xr+t,’)1[r<oo]) = E(IA(p(Xr)l[r<oo])- (720)
This establishes (7.15), and therefore (7.14). Since finite-dimensional distributions

determine a probability on (I, C), the proof is complete. |

In view of the sample path continuity and Markov property of Brownian motion
it now follows that

Corollary 7.8 (Strong Markov Property for Brownian Motion). Brownian motion
on R¥ with drift vector x and diffusion matrix X has the strong Markov property.

Using the construction of the Poisson process, as well as the compound Poisson
process, as a right-continuous process with stationary independent increments given
in Chapter 5 one obtains the following (Exercise 9).

Corollary 7.9. The compound Poisson process has the strong Markov property.

The examples below further illustrate the usefulness of Theorem 7.7 in typical
computations. In all these examples B = B® = {B, : t > 0} is a one-dimensional
standard Brownian motion starting at zero. For w € C([0, oo) : R) define, for every
aelR,

Ty(w) :=inf{t > 0: w(t) = a},

T, = T4(B), (7.21)

with the usual convention that the infimum of an empty set of numbers is co.
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Example 2 (Independent Increments and Distribution of the First Passage Process).

A key result for this application is the reflection principle, to now be obtained as
an application of the strong Markov property Theorem 7.7. Reflection of paths of
Brownian motion starting at x about a horizontal line at level a # x after first contact
provides an important transformation under which the starting point x and sample
path continuity are clearly preserved. In fact, according to the reflection principle,
the path distribution is invariant under such a transformation!

Theorem 7.10 (The Reflection Principle). Let B* = {Bf : t > 0} be a one-
dimensional standard Brownian motion, with By = x a.s. Fix any a # x. Then
the process W defined by

Bf ift <1,

W, = (7.22)

2a — Bf ift>1,

is a standard one-dimensional Brownian motion starting at x.

Proof. For simplicity of notation, we will omit the superscript x of B* and By,
here. First note that by the strong Markov property (Theorem 7.7), the conditional
distribution of the after—t, process Bj; = {Br,4: : t > 0}, given the pre-t, o-
field F, is the same as the distribution of a + B, say, P,. Here 77, = {A € F:
AN[t, <tle F:Vt >0}, and F; := 0{Bs,0 < s <t} (t > 0). In particular, since
the latter distribution is constant on £2, B;; is independent of F7,. Now B;’; —a and
a— Bj; = {a — By,4+ : t > 0} have the same distribution, namely, Py. Therefore,
{a+a— By 1t >0} = W;: is independent of Fz, and has distribution P, the
same holds for B;’; . Since (a) W is the same function of ¥ = {B;x, : t > 0} and
Wt as Bisof Y and B, and (b) (Y, W;") and (Y, B;}) have the same distribution,
it follows that W and B have the same distribution P, (Also see Exercise 13). W

For the following Corollaries, and elsewhere in this chapter, {B; : t > 0} denotes a
standard Brownian motion, started at 0.

Corollary 7.11. The joint distribution of the running maximum M, := max{B; :
0 < s <t} and B; is given by

PM; >a,B; <y)=P(B;>2a—1y)

Qa—y)//t L
=1 —f Qm)"2¢2dx, (y <a). (1.23)

—00

Proof. Note that it follows from Theorem 7.10, and the fact that both B;: and W;;
are independent of 7, (by the strong Markov property), that for y < a,

PM;>a,B <y)=P(t, <t,2a—-W; <y)=P(1y <t,2a— B; < y)
=Pty <t,B;>2a—y)=P(B; =2a—Y),
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since 2a —y > a, and [B; > 2a — y] C [t, <1t]. ]
Corollary 7.12.
(i) The distribution of M; is given by

2 [ 2
P(M; >a)=2P(B; > a) =,/ _tf e rdx (a>0). (7.24)
s a
(ii)) The joint probability density function of (M;, B;) is

12
2) t732Q2a — y)e_(z“_y)z/zt fora >0, y<a

fla,y) =" (7.25)
0

otherwise.
Proof.

(i) Apply 7.23 withy = atoget P(M; > a) = P(M; > a,B; <a) + P(M; >
a,B; >a) = P(B; >a)+ P(B; > a).
(ii) Differentiate the integral in (7.23) with respect to y and a in succession (and
change sign).
|

Corollary 7.13. For fixed t > 0, R; := M; — B, has the same distribution as | B;|.

Proof. Since B; has pdf ¢;(x) «/21;76_%’ the distribution of |B;| has pdf
0 (x) + ¢ (—x) = 2¢;(x), x > 0. Computing the joint pdf of (M; — By, M;) as
a linear transformation of (M;, B,) with determinant one, one obtains (Exercise 11)
(%)l/zt’3/2(x + y)e’(”y)z/z’ = —2%¢,(x + y). Integrating with respect to y
therefore yields the marginal pdf of M; — B; as 2¢;(x), x > 0. |

Remark 7.7 (Lévy-Skorokhod Formula). In Chapter 19 of the present text it is
shown that |B|,t > 0, is a Markov process starting at zero with transition
probabilities p(¢; x,y) = ¢:(y +x) + ¢:(y — x), x, y > 0, where ¢; is the mean
zero, variance ¢t Gaussian density. With a bit more work one shows (Theorem 19.3)
that M; — B;, t > O is also a Markov process starting at zero, with the same transition
probability densities as the reflecting Brownian motion |B;|,t > 0. Since B and the
reflection | B| have the same zeroes, it will follow that the distribution of the time
of the last zero in [0, 1] of Brownian motion coincides with the distribution of the
location of the maximum value of Brownian motion on [0, 1]. In Chapter 18 this
arcsine distribution is computed.

In reference to the following corollary, recall that a real-valued random variable
Y with distribution Q on R is said to have a stable distribution with exponent o and

centering constants c,,n > 1, if foreveryn = 1,2,... Q™ ((—oo0, néz +cp]) =
Q((—00, z]) Yz € R or, alternatively, if Yy, Y», ... are i.i.d. with distribution Q,
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then (Y1 +---+ Y, —cn)/ né also has the same distribution Q; here Q*" denotes
the n—fold convolution of the probability Q. Familiar examples are the standard
normal distribution (¢ = 2,¢, = 0,n > 1) and the Cauchy distribution. (¢ =
l,¢, =0,n>1).

Corollary 7.14 (First Passage Time Process for Standard Brownian Motion).
(i) {t4 : @ = 0} is an increasing process with stationary independent increments, and
(ii) the first passage time 7, has the stable law distribution of exponent i centering
constants ¢, = 0, concentrated on [0, co) with probability density function

1 \1/2
gu() =a <2—) ~312p=a?/2t t>0. (7.26)
T

Proof. Let F; ;=0 (B : s <t),t > 0. (i) Let0 < a < b. Since 1, = 1, +?b(Br+,,)
(See (7.21)) 1, — 1, is a function of B;; which is independent of F7,. Note that the
distribution of T (B7,) is that of the first time Brownian motion B, starting at zero,
reaches b — a, i.e., of Tp_4(B). Also, for all a’ < a, one has t,, < 7, and therefore
from the definition of stopping times, one may check .Ffa, C Fr, (Exercise 2). It
follows that 7, — 7, is independent of {t,, : 0 < d’ < a}. In particular, for any
given 0 < a; < ap < - < ai, the random variables t,,, 7o, — T4y, Tays — Tags - - -
Tq, — Ta_, are independent. (ii) Differentiate the right side of (7.24) with respect
to ¢t in order to get (7.26), using the identity [t, < t] = [M; > a]. The stable law
property follows from the observations: (a) In view of (i) the pdf z,, equals g}", and
(b) the pdf of 7, is the same as that of 7,,,/ n2. |

As an application one may obtain an otherwise quite challenging integral
computation (see Exercise 19) of the Laplace transform of 7,, namely, Ee % ) >
0.

Proposition 7.15. Fe™ % = e~1aVk% for all A > 0 for a constant k > 0.

Proof. Without loss of generality, take a > 0. In view of Corollary 7.14 it follows
that t,4p = Taqp — T + T = T4 + Tp With 7, and 75, independent first passage
times to a and b, respectively. Thus, the Laplace transform Ee "% is log-linear in
a. One may obtain +/A up to a positive constant k from the Brownian motion scaling
T, = ¢ %7y, ¢ > 0. Thatis, 7, = inf{t > 0: B, = a} = inf{t > 0 : c_chz, =
a) = inf{t > 0: Ba, = ca} = clzinf{c% > 0: Bpo, = ca} = ¢ >Teq. Thus

Ee~*%a = e““'m, for a constant k > 0 to be determined. | |

2
Remark 7.8. The explicit evaluation of the integral fooo \l/%f%e_“e_%dt is
a non-trivial exercise in calculus. A very simple approach can be achieved via
martingale theory (Chapter 11). However, even the determination of k = 2 presents
a calculus challenge (see Exercise 19). The Laplace transform will be used in
the proof of Proposition 16.3 in Chapter 16; however, it does not require the
determination of k, only the general form e""“/’a A > 0.



84 7 Strong Markov Processes

One may also explicitly obtain the distribution of the escape time t_p ; = T—p A
T4, a, b > 0 using the strong Markov property as follows.

Lemma 1 (First Passage Decomposition). For arbitrary positive a, b and Borel set
C C R, one has

P(t_py <t,B;€C)= f P (B;_, € C) I'(dudy),
[0,¢]xR

where I" is the (joint) distribution of (t—p 4, Br_, ).
Proposition 7.16. The distribution function G (¢) of 7 4 is given by
G(t) = Hy(t) + Hp(t) — {Haqyp (t) + Hagop (1)} + {H3a26 (1) + Hog 35 (1)}
—{Hia+30(t) + H3a14p ()} + {Hsa445(t) + Hag55(0)} — +...

where Hy (t) =2(1 - D (x/ V1), D () being the distribution function of the standard
normal distribution N (0, 1).

Proof. Since B;_,, =aor —b, with probability one, if one takes C = [a, 0o) U
(—00, —b] in the first passage decomposition (Lemma 1), then

P(B; >aor < -—b)

=P(t_pq <t,Bi>a or <—b)

= / P(Bl_,>a or < —b)I(dudy). (7.27)
[0,¢]x{a,—b}

But, at y = a, the last integrand equals

P(BY >a or < —b)

r—u
=P(B,>a)+ P(B, <-Db)
1
= 3 + P(B—y < —a—0>b)
1
=3 + P(Bi—y > a+ D).
At y = —b, the integrand has the same value, since

P(Bf_hu >a or 5—19)
—P (B,__hu <-b)+P (B,__”M > a)

1
=5t PBruzath).
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Hence one has
P(Br>a)+P(B;>b)=P(B;>a or <-—b)

= ./[0 | (% +P(Bi—y = a+ b)) G(du), (7.28)
St

where G(du) = f{a —b) A(dudy) is the distribution of 7, _;. Next, by Corol-
lary 7.12, recalling 7, := inf{t > 0 : B, = x}, one has

P(B; >x) = %P(rx <1t), (x > 0). (7.29)

Using this on both sides of (7.28), and denoting by Hy(du) the distribution of 1,
(and by Hy(t) its distribution function depending on the mathematical context), one
gets

1 1 1 1
EHa(t) + EHb(t) = EG([) + EG * Hoyp (1),
or,
G(t) = Hy(t) + Hp(t) — G * Hyyp(2). (7.30)

Iterating repeatedly, and remembering that H. * H; = H.44 (The process {ty : y >
0} has independent homogeneous increments), we arrive at the assertion. |

Let m; := min{B; : 0 < s < t}and M; := max{B; : 0 < s < t}. Then the
distribution of (m;, M;) readily follows.

Corollary 7.17 (Joint Distribution of Maximum and Minimum of Brownian Motion).

P (M; < a and m; > —b)
=1— Hu(t) — Hp(t) + {Haas5(t) + Hagp (1)} — {H3a126(t) + Hog135(1)}
+ {Haa43p (1) + H3a4p (1)} — {Hsq4p(t) + Hagrsp @)} +—...,  (7.31)
where H, (1) = 2(1 — @ (x//1).
Proof. One has

PM; <aandmy > —b)=1-P(1—pa <t)=1-G(@), (a>0,b>0).

Just as with the random walk Example 1, the following illustrates a use of the
strong Markov property in a similar calculation for Brownian motion.
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Example 3 (Boundary Value Distribution of Brownian Motion). Let {Z; := x +
o B; : t > 0} be a one-dimensional Brownian motion with zero drift and diffusion
coefficient 02 > O started at x € [¢, d] for ¢ < d. The stopping time 7. A Tz denotes
the first time to reach the “boundary” states {c, d}. Define

Y (x) = Py(Zyngy =¢) = Px({Z; : t > 0} reaches ¢ before d), (¢ <x <d).
(7.32)
Fix x € (c,d) and h > 0O such that [x — &, x + h] C (c,d). Unlike the discrete
parameter case there is no “first step” to consider. It will be convenient to consider
T = Ty—jh A Tx4h, 1.8., T is the first time {Z; : ¢t > 0} reaches x — h or x + k. Then
Py (t < 00) = 1, by the simple computation

P(t>t)<P.(x—h<Z;,<x+h)

1 /x+h (y _ )C)2 J
Qra2n 2 |, TP 202

1 hjoNT 22
=W/_h/aﬁexp{—?}dz—>0 ast — 0o. (7.33)

Now,

¥ (x) = Py({Z; : t > 0} reaches c before d)
= P,({(Z]), : t > 0} reaches c before d)
= E(P.({(Z]); : t > 0} reaches ¢ before d | {Z;n; : t > 0})). (7.34)

The strong Markov property now gives that
V(x) = Ex(¥(Zr)) (7.35)
so that by symmetry of the normal distribution,
V) =y —mP(Ze=x—h)+ Y& +h)P(Zs =x+h)

1 1
=1//(X—h)§+1/f(x+h)§- (7.36)

Rewriting (7.36) as LEH=V@) _ JQO-P@=h) _ ( then dividing by &, and letting
h | 0, one gets ¥/ (x) = 0, i.e., ¥ is linear in x. By (7.32), ¥ (x) satisfies the
boundary conditions ¥ (c) = 1, ¥ (d) = 0. Therefore,

_d=x 737
o =5 (7.37)
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An alternative derivation using martingales is given in Chapter 13, Example 2. Now,
by (7.33) and (7.37),

c

Py({Z; : t = O} reaches d before c) =1 — ¥ (x) = Z —
—c

(7.38)

for ¢ < x < d. It follows, on letting d 1 oo in (7.37) and ¢ | —oo in (7.38) that
Py (ty < 00) =1 for all x, y. (7.39)

Consider a Brownian motion {X} = x + o B; : t > 0} with drift © = 0 and
diffusion coefficient o2 > 0, starting at x. One has

P(t} <1t)) = P({X] :t > 0} reaches ¢ before d) (c < x < d)
— P({B] : 1 = 0} reaches g before g), (c < x < d). (7.40)
where
) =inf{r > 0: X; = y}. (7.41)

Thus one has

Proposition 7.18 (Boundary Distribution Under Zero Drift). Letc < x < d. Then

d_
P(rg‘<r;;)=d—x (c<x<d, p=0),
—C
P(rj<rf)=;_c (c<x<d, u=0).
—C

Letting d — +o0 in the first result and ¢ — —oo in the second, one obtains the
following.

Corollary 7.19 (Pointwise Recurrence Under Zero Drift).

P(t} <o00) = P({X; :t = 0}everreachesc) =1 (c <x,u=0),
P(tj <o00) = P({X; :t = 0}everreachesd) =1 (x <d,u=0).

Taken with the strong Markov property these relations imply that a (one-
dimensional) Brownian B motion with zero drift is (pointwise) recurrent in the sense
that B, = x,n =1, 2, ..., for an unbounded, increasing (random) sequence #,, just
as is a simple symmetric random walk.

It is much simpler to show that Brownian motion X with drift is transient in
the sense that, with probability one, |X;| — oo as t — oo, for arbitrarily given
starting state x. In fact, one may use the invariance under time-inversion for standard
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Brownian motion starting at O to obtain the distribution of the time of the last visit
to 0 by a Brownian motion with (nonzero) drift; see Proposition 16.6 of Chapter 16.

Proposition 7.20 (Transience of One-Dimensional Brownian Motion with Drift).
Let x € R. With probability one,

if 0
lim x + ut + B; = oo Hu>
=00 —oo ifu < 0.

Proof. This can be deduced by an appeal to a continuous time version of the strong
law of large numbers, just as in (2.9), (2.10) of Chapter 2. The details are left to the
reader (Exercise 16). |

A proof of the arcsine law is given in Chapter 18, Corollary 18.2, as well.

In anticipation of Corollary 17.6 in Chapter 17, the calculation of the boundary
value probabilities when the drift is a nonzero quantity © can be made as a limit
of the corresponding probabilities for asymmetric random walk. In particular, the
following will be proven in Chapter 17.

Proposition 7.21. Consider the one-dimensional Brownian motion with nonzero
drift u.

1 —exp{2(d — x)u/o?}
1 —exp{2(d — c)u/o?)

P(t} <1p) = (c<x<d,u#0),

x X\ 1 - exp{_z(x - C)M/Oz}
P(t; <t7) = I expl—2d —opjo7) (c<x<d,u#0).

2x —o)p

P(rgc<oo)=exp{— 5
o

} (c<x,u>0); P} <oo)=1(<x,pn<0).
P(rj <o0)=1(x<d,u>0); P(r:l‘ < 00) =exp{2(d—x)u/02} (x <d,u<0).

Remark 7.9. These distributions will also be computed by martingale methods in
Chapter 13.

From Proposition 7.21 one also has (Exercise 15),

Corollary 7.22. For the one-dimensional Brownian motion X° with nonzero drift
w and diffusion coefficient o2 > 0, in the case & > 0, the extremal random
variable —m = —inf;>¢ X? > 0,t > 0, is exponentially distributed on [0, c0)

2u

with parameter =3

,and in the case u < 0, M = Sup;> X? > 0 is exponentially

distributed on [0, co) with parameter L’Zf‘
o

Of course these results also imply that a Brownian motion with a nonzero drift is
transient.
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As the following proof shows, the law of the iterated logarithm® (LIL) is yet
another remarkable and powerful encapsulation of the basic structural properties of
Brownian motion.

Theorem 7.23 (Law of the Iterated Logarithm (LIL) for Brownian Motion). Each
of the following holds with probability one:

Fr Bt . Bt
By oo =1, lim, -t =
700 J2rloglogt =17 [2tloglogt

Proof. Let ¢(t) := /2t loglogt,t > 0. Let us first show that for any 0 < § < 1,
one has with probability one that

— B
im0 —— < 1438. (7.42)
@)

For arbitrary o > 1, partition the time interval [0, c0) into subintervals of
exponentially growing lengths #,, 1| — t,,, where t, = ", and consider the event

B
E, = max ———— > 1].
m<t<tar1 (1 +8)¢(t)

Since ¢(¢) is a non-decreasing function, one has, using Corollary 7.12, a scaling
property, and Feller’s tail probability estimates® for the normal distribution, that

P(E,) < P( max B, > (1 +8)<ﬂ(tn))

0<t<tyyi

14+ 8)e(t
_op (Bl - M)
A/ th+1
2 o _ (4822 tn) 1
< /=l T < e——— (7.43)
w (1 +8)e(ty) n(1+8)?%/a

for a constant ¢ > 0 and all n> > (loga + 1)~!. For a given 8 > 0 one may select
1 <a < (14 8)2toobtain P(E, i.0.) = 0 from the Borel-Cantelli lemma (Part I).
Thus we have (7.42). Since § > 0 is arbitrary we have with probability one that

lim; 00— < 7.44

o = 7
Next let us show that with probability one,

o Bt

lim; 00— > 1. (7.45)

() —

5The LIL for Brownian motion was originally obtained in Khintchine (1933).
6See BCPT p.82.
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. . . . 1 —t
For this consider the independent increments By, ,, — By,,n > 1. For 6 = 23— =
n

@—1 - 1, again using Feller’s tail probability estimate and Brownian scale change,

o

0
P (Bi,,, — By, > 0¢(tn11)) = P <Bl >7 1<,0(tn+1))
n+

C/

>
~ /20 loglogt,4q
¢ -0

T (7.46)

for suitable constants ¢, ¢’ depending on « and for all n? > (log o + 1)~ L. It follows
from the Borel-Cantelli Lemma (Part II) that with probability one,

—0loglog ty4+1

z

B, ., — Bi, > 0¢(ty11) i.0. (7.47)

Also, by (7.44) and replacing {B; : t > 0} by the standard Brownian motion {—B; :
t > 0},

lim, ,  —— > —1, a.s. (7.48)
()
Since t,4+1 = at, > t,, we have
Btﬂ+1 _ Btn+1 - Btn + L Btn
V2t iloglogtuyr  A2tiyrloglogtyyr /e \/2t,(loglogt, + loglog )
(7.49)
Now, using (7.47) and (7.48), it follows that with probability one,
— B, 1 oa—1 1
lim;— oo >—- —=— — —. (7.50)

pltny1) — o Ja
Since @ > 1 may be selected arbitrarily large, one has with probability one that

My 00— > hmnﬁooh > 1. (7.51)
@) ©(tnt1)

This completes the computation of the limit superior. To get the limit inferior simply
replace {B; : t > 0} by {—B; : t > 0}. |

Remark 7.10. An important functional generalization of Khinchine’s LIL (Theo-
rem 7.23) was obtained later by Strassen (1964), stated without proof as follows.

Theorem 7.24. Let {X, : n > 1} be an i.i.d. sequence with mean zero and variance
one. Then , with probability one, the stochastic process on [0, 1] defined by
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Si i
—,t=—({=1,...,n), $,(0) =0,
+/2nloglogn n(l n): 5(0)

and linearly interpolated for ¢+ € [i/n,( + 1)/n], ( = 0,1,...,n), has its
set of limit points (in the uniform topology for C[0, 1]) given by the set of all
absolutely continuous functions f on [0, 1] satisfying f(0) = 0, and such that

Joy 1/ @OPdr < 1.

The ordinary LIL is obtained by taking f(t) = ¢, and f(#) = —t, respectively, or
any absolutely continuous function f satisfying f(0) = 0 and f(1) = +£1. Since
fy = f[o,l] | f/(t)|2dt < 1, it follows that the latter functions lead to the lim sup
and lim inf, respectively, of S, (1), asn — oo.

Sn(t) =

As another illustrative application of the strong Markov property one may derive
a Cantor-like structure of the random set of zeroes of Brownian motion as follows.

Proposition 7.25. With probability one, the set Z := {r > 0 : B; = 0} of zeros
of the sample path of a one-dimensional standard Brownian motion, starting at 0, is
uncountable, closed, and unbounded. Moreover, Z a.s. has Lebesgue measure zero.

Proof. Let Ag = {w € 2 : B;(w) = 0 for infinitely many ¢ in every interval
[0, €], & > 0}. The law of iterated logarithm (Theorem 7.23) may be applied to the
Brownian motion Wy = 0, W, = /tBi,t > 0,ast | 0 to obtain P(Ap) = 1. Since
t — B;(w) is continuous, Z(w) is closed. Applying the LIL as ¢ 1 oo, it follows
Z(w) is unbounded a.s.

We will now show that, for 0 < ¢ < d, the probability is zero of the event
A(c, d), say, that B has a single zero in [c, d]. For this consider the stopping time
T = inf{t > ¢ : B, = 0}. By the strong Markov property, B is a standard
Brownian motion, starting at zero. In particular, 7 is a point of accumulation of
zeros from the right (a.s.). Also, P(B; = 0) = 0. This implies P(A(c,d)) = 0.
Considering all pairs of rationals ¢, d with ¢ < d, it follows that Z has no isolated
point outside a set of probability zero. Alternatively, let Z;(w) denote the set of
zeros of a sample path w of the path r — B;(w) on 0 < ¢t < 1. suppose there is
a subset ' € F such that P(F) = § > 0 and for each w € F there exists an
isolated zero z(w) of Z1(w). Then there exists £ > 0 such that the probability of
the length of an open interval with center z(w), free of other zeros, being larger
than £ has a positive probability. This would imply if (0, 1) is divided into [3/£]
subintervals of equal length, then, with positive probability, one of these intervals
contains isolated zeros of Z. Finally, foreach T > Olet Hr = {(t,w) : 0 <t < T,
B;(w) =0} C [0, T] x §2. By Fubini’s theorem, denoting the Lebesgue measure on
[0, 00) by m, one has

T
(m x P)(Hy) = /0 { /Q l{w:B,@):mP(dw)}dr

T
= / P(B, = 0)dt =0,
0
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so that, m({t € [0, T] : B;(w) = 0}) = 0 for P-almost all w. |

The following distributions can be obtained as a rather direct consequence of the
Markov property for Brownian notion.

Proposition 7.26 (Inverse Trigonometric Laws for First and Last Zeroes of Brown-

ian Motion). Let S :=sup{t < 1: B; =0},and T :=:= inf{t > 1 : B; = 0}.
. 1 1

Then, S has the arcsine pdf FNIEDR 0 <s < 1,and T has pdf /T t > 1.

Proof. Conditionally given B,,u < s < 1, the event [S < s] is equivalent to there

being no zero in the time from s to 1 for the process restarting from B;. So,

P(S <)

=EP(S <s|By,u <5s)
=EPp(to>1—15)

o]

:/ P.(t9 > 1 —5)P(Bs € dx)

—00

_ f T Pty > 1— 5)gs (x)dx

—00

1 S _l _l
= — (1 —1)" 2t 2dt,
T Jo

where g;(x) is the Gaussian density of By having mean zero and variance s, and
79 denotes the first passage time to O for standard Brownian motion started at x
under P,. By symmetry, the distribution of the hitting time at O starting from x
coincides with the distribution of the hitting time of x starting from 0, i.e., with

x2
pdf t — 'Lz‘nt_%e_f,t > 0. The details of the calculus are left as Exercise 12.
Similarly, for the distribution of T one has
P(T >1)
=EP(T > t|B,,u <1)
=EPp (vp >t —1)

o0
= f Pi(tog >t —1g1(x)dx
—00
© 1
= —ds.
./t Tsv/s — 1
| |

Remark 7.11. In anticipation of the previously cited Lévy-Skorokhod formula for
the present context, one may show that S* = argmaxB;, 0 <t < 1 is well-defined
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unique solution to Rgx = Mg+ — Bg+ = 0. So, using the Lévy-Skorokhod formula,
the zeroes of R, are distributed as the zeroes of | B;| which, in turn are also the zeroes
of B;. Thus S* is distributed as S, the last zero of B before r = 1, and therefore has
the arcsine distribution.

The following general consequence of the Markov property can also be useful in
the analysis of the (infinitesimal) fine scale structure of Brownian motion and may
be viewed as a corollary to Proposition 7.6. As a consequence, for example, one
sees that for any given function ¢(¢), t > 0, the event

Dy := [B; < ¢(t) for all sufficiently small ] (7.52)

will certainly occur or is certain not to occur, i.e., for almost every sample path
w € C[0, 00) there is an 7(w) such that B, < ¢(¢) for all + > f. Functions ¢
for which P(D,) = 1 are said to belong to the upper class at the origin;’ see
Exercise 20. Note that by a time-inversion this translates to behavior of Brownian
motion at infinity as well; see Exercise 20 for the corresponding notion of upper
class at infinity.

Proposition 7.27 (Blumenthal’s Zero—One Law). With the notation of Proposi-
tion 7.6,

P(A)=0orl VAeF,. (7.53)

Proof. 1t follows from (the proof of) Proposition 7.6 that F; is independent of
0{Bi4s — By : t = 0} Vs > 0. Set s = 0 to conclude that Fy; is independent of
o(B; 1t = 0) D Fot. Thus Foy is independent of Fp4 so that V A € Fo4 one has
P(A)=P(ANA)=P(A)- P(A). |

Exercises

1. Show that each rg) is a stopping time.

2. (i) If r1, 7 are stopping times show that 71 V 72 and 71 A 75 are stopping times.
(ii) If 7y < 17 are stopping times show that F7, C Fr,.

3. In Example 1 prove that Py (r§” < 00) = 1. [Hint: Condition on o (Sp, S1).]

4. Give a proof of (2.5), followed by a proof of Proposition 2.1, using the strong
Markov property with stopping time T = Ty_1 A Ty4].

5. Consider a random walk {S; : n > 0} on the integers starting at an integer
x, and let N, = ZZOIO 1[S;; = x] denote the number of returns to x counting
Sy = x.

. _1 . . .
7Some authors will refer to £~ 2 ¢(¢) as being upper class in such instances.
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10.

11.

12.
13.
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(i) Show that P(Ny, = k) = pF~'(1 — p),k = 1,2,..., where p is the

probability of eventual return to x. [Hint: Use the strong Markov property to
show N, counts the number of i.i.d. return cycles to x.]

(i) Show p = 1 if and only if P(N, = 00) = 1.
(iii) Show that P(S; = x i.o.) = 1 if and only if ZZOZO P(S; =x) =EN, =

o0

(iv) Show that P(S;; = x i.0.) = 0 if and only if Z;’;O P(S; =x) < o0.
6.

Prove the following for simple asymmetric random walk:

() Ifp < 1, P(z)” < 00) = @p) 1 (2P ify > x,and Pt < o0) =
Qp)lify <x,(r=>1).

Gi) If p > % Px(ry(r) < 00) = (2q)’_1(%)x_y if y < x, and Px(r}(,r) <
00) = (2¢) " Vify > x, (r = 1). [Hint: I x # y, Po(z" < 00) is given

by Corollary 2.2. For r > 1, use induction based on P (ty(r) < 00) =
Px(r‘(r_l) < 00, (S+(,_,))n = y for some n > 1), and the strong Markov
’ Ty

property with stopping time r)(,r_l).]

Complete the indicated details required in the proof of Corollary 7.5.

Verify the continuity of the function ¢ defined in (7.18) as the result of the
Feller continuity condition.

Show that the strong Markov property holds for the compound Poisson process
by verifying the conditions for Theorem 7.7. [Hint: For the Feller property note
that all bounded functions on Z. are continuous, bounded functions for the
discrete topology.]

Suppose that X, Y, Z are three random variables with values in arbitrary
measurable spaces (S;,S;),i = 1,2,3, respectively. Assume that regular8
conditional distributions exist. Show that ¢ (Z) is conditionally independent of
o (X) given o (Y) if and only if the conditional distribution of Z given o (Y) a.s.
coincides with the conditional distribution of Z given o (X, Y).

For standard Brownian motion B starting at zero, fill in the details to show
that M; — By is distributed as | B;|.[Hint: Consider the linear transformation of
(M;, B;) to (M;, M; — B;) and use Corollary 7.11.]

Complete the calculus details for the proof of Proposition 7.26.

In the notation of Theorem 7.10,

(i) Prove that Y := {B;x, : t > 0} is G;,—measurable,

(i) Express B = {B; : t > 0} explicitly as a measurable function of Y and
Bj; , and express W as the same function of ¥ and W;; . [Hint: (i1) Let
C* = {f € C[0,00), f(0) = x}. Fixa > 0. 0On C° x C? define ¢
by ¢(f, &)(1) = f(1) fort < T,(f) and ¢(f, g)(t) = g(t — Ta(f)) for
t > 7,(f). Then B = ¢(Y, B?’a), and W = ¢(Y, Wr‘::). Measurability of ¢

8See BCPT p. 41 for explicit conditions.
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14

15.

16.

17.

18.

19.

follows from lower semicontinuity of Et,(f) as a function from C[0, c0)
into [0, oco] and the relation {¢(f, g)(?) < x} = {To(f) > ¢, f(t) <
x}U{Ta(f) =1, 80 —Ta(f)) < x}]

. Derive the joint distribution of (m;, B;), where m; := min{B; : 0 < s <

t}, and {B; : t > 0} is standard Brownian motion with By = 0. [Hint:

Use Corollary 7.11 and the fact —B is a one-dimensional standard Brownian

motion. ]

Show that the distribution of min,>o X¥ is exponential if {X? : ¢ > 0}

is Brownian motion starting at 0 with drift © > 0. Likewise, calculate the

distribution of max;>o X ? when u < 0.

(i) Use the SLLN to show that the Brownian motion with nonzero drift is
transient.

(i1) Extend (i) to the k-dimensional Brownian motion with drift.

Let X; = Xo + vt, t > 0, where v is a nonrandom constant-rate parameter and
Xy is a random variable.

(i) Calculate the conditional distribution of X;, given X; = x, for s < 1.
(i) Show that all states are transient if v # 0 in the sense that | X;| — oo a.s.
ast — oo.
(iii) Calculate the distribution of X; if the initial state is normally distributed
with mean  and variance 2.
(iv) Repeat the above when v is a random variable, independent of the initial

state Xq.

Let {X; : t > 0} be a Brownian motion starting at 0 with diffusion coefficient
o2 > 0 and zero drift. Define {Y; : # > 0} by ¥; = t Xy, fort > 0 and Yy = 0.
Recall that {Y; : t > 0} is distributed as Brownian motion starting at 0 by the
time-inversion property.

(i) Show that {X; : ¢+ > 0} has infinitely many zeroes in every neighborhood
of t = 0 with probability 1.[Hint: Use the law of the iterated logarithm to

show a.s. limsup,_, ., X; = 400 and liminf;_, o X; = —00.]
(i) Show that the probability that # — X, has a right-hand derivative at t = 0
is zero.

Use calculus, with the aid of integration software, to determine k = 2 in the

formula Ee~*% = e"“'m , A > 0, for the Laplace transform of the first pas-

sage time in Proposition 7.15. [Hint: Consider Etje™ " = —j—AEe’Ml =1 =
. [

‘/lee_‘/z . On the other hand, the substitution s = ¢2 yields

_1 p_l 1
Etie = e 't 2e udt

b

2 o -1 2
= — e e 2ds
\/271/0
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_ J%{ A - erf(ﬁ — )+ eV +erf(ﬁ N
2 V2

. . . . 2 .,
where this last line used Matlab integration, and erf(x) = JL; f v N e ""dt is the
error function.]

20. (Kolmogorov’s Test for Upper Class Functions) Suppose ¢ is a non-negative

. . . . _1 . . .
increasing continuous function such that ¢~ 2 ¢(¢) is a decreasing function.

(i) Show? that for ¢ to belong to the upper class at the origin (7.52), it is

sufficient that

1
f t 2<p(t)exp(—(p—())dt<
0

[Hint: The similarity of the integrand with a first passage time pdf is
not accidental. The general idea for the proof is that convergence of

fol t_%go(t) exp(—%&”)dl < oo yields a (nonrandom) sequence t; >
7p > ..., decreasing to zero, such that 21311 P(maxq <i<g_, By >
©(tk—1)) < oo. Thus, by the Borel-Cantelli lemma Part I, there is a
(random) K such that B; < ¢(¢) for all + < tg. Complete the following

steps to provide the details: (a) For a decreasing sequence t, k > 1, to be
max B max B, max( B;
determined, show that —*= k=1 © < Tk <'<rk L2 < q;:‘) L

1)
(b) Apply the (reflection principle) bound (7 24) on the running max-
imum, together with scaling and Feller’s tail probability estimate for

maxe <i<g_; Br
—ESE > ) < P(My, >

1

2 T, 2

et k=1 7t w(fk 1))

p(w) < 2Ll T < 2 VR, =l L (©
\/ (P(Tk) - o 1

TG e(to1)

the normal distribution to show P(

2
%Y~ ()
wteta K Z
< 2, and using the simple algebraic inequality

Define ©4+1 = 1. Show that t; decreases to 0 as

Th—
k= oo, S0t b =
(d) Use part (c) in part (b), together

a—b Tk

== a,b>0 "+ >1-—
a7 7 Tk-1 ® (fk N’
maxq <<y Br

with the monotonicity hypotheses, to show P( 20 > 1) <
_1
L e . o _—
%]Lefe_ 2 . (e) Finally, again using monotonicities

T ;: Zo(u-n)
and the definition of 7z, check that

9 Although this theorem was first announced by Paul Lévy and attributed to A.N. Kolmogorov, a
proof did not appear until (Sirao and Nisida, 1952).
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o0

1
s 2(0) 1 _1 @ 2g(0)?
/ rffw(r)e*wzr dt = Z/ -7 2¢(1)e” T dt
0+

k=1"Y Tk+1

2
Tk — Th+1 _% _ ()
25 — 7 “p(we T
Tk

k

2
e 1 ey
>3 ‘ :
k

(e T
+ (pz(rk)
(tr; 2o())2+1

Invoke Borel-Cantelli I to complete the proof.]

(ii) Show!? that if ¢ belongs to the upper class at the origin then B; < t(p(%)
for all sufficiently large ¢, i.e., (p(% is an upper class function at infinity
for Brownian motion. [Hint: Use time-inversion invariance of Brownian
motion. ]

(iii) Show that ¢(¢) = ¢? is an upperclass function at the origin for 0 < 6 <
1/2.

10Hs1der continuity of Brownian paths does not extend to exponent @ = 1/2. An important result
of Lévy (1937) shows that the modulus of continuity is only slightly worse, and at resolution & is

given by ¥ (§) := /26 log(%) in the sense that with probability one

limg o |B; — By| = 1. (7.54)

U (8) 0-1ass

In particular, for every € > 0, the function ¥/ (¢) (1 4 €) belongs to the upper class.



Chapter 8 )
Coupling Methods for Markov Chains Qs
and the Renewal Theorem for Lattice
Distributions

The coupling method is a powerful tool of stochastic analysis that has enjoyed
many successes since its original introduction by Doeblin (1938) to prove
convergence to a unique invariant probability for finite state Markov chains.
In fact it was applied in Chapter 5 to obtain an error bound in the Poisson
approximation to the binomial distribution, i.e., the law of rare events. The
convergence to steady state for a class of finite state Markov chains together
with a proof of a related powerful result, the renewal theorem, is presented.
In the latter one seeks to find how much time a general random walk on
the integers with increasing paths, i.e., having non-negative integer-valued
displacements, spends in an interval of length m, say (n,n + m]. Renewal
theory computes the precise amount asymptotically as n — oo. This chapter
is devoted to a cornerstone theorem in the case of integer-valued renewal
times, while the much more general theory is provided as a special topic in
Chapter 25.

The notion of coupling was introduced by Doeblin as a method to prove convergence
to a unique invariant probability for irreducible aperiodic finite state Markov chains.

Definition 8.1. A Markov chain on a countable state space S and transition
probabilities p;;,i, j € S is irreducible if for every i, j € § there is a positive
integer n such that pg?) > 0, where p denotes the n-step transition probability

matrix. If the greatest common divisor (g.c.d.) d of the set {n > 1 : pl.(:’) > 0} is

one for all i € S then the Markov chain is said to be aperiodic. If on the other hand
d > 1foralli € S, then the chain is said to be periodic with period d.

The long-time behavior of Markov chains is a subject of great interest to theory
and applications. Before consideration of Doeblin’s ideas, let us record some of the
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most basic properties of an irreducible, aperiodic Markov chain X = {X,, : n > 0}
on a denumerable state space S with one-step transition probabilities p;;,i, j € S.

Definition 8.2. A state j € S is said to be recurrent it P;j(X, = ji.0.) =1, and
transient if Pj(X, = ji.0.) =0.

The successive return times to the state j are defined by

tj(p) =0, r}l) =inf{n > 0: X, = j}, r}r) = inf{n > t;r_i)  Xn=j},
(8.1)

) — oo if there is no n > r/(.r_l) for

for r = 1,2, ..., with the convention that t;r
which X,, = j. Write '

pij = Pi(X, = jforsomen > 1) = P,-(r](.]) < 00). (8.2)

Using the strong Markov property for discrete parameter Markov chains (Theo-
rem 7.2), it follows that

—1 .
P; (r}r) < o0) = P,'(‘L'j(.r ) < 00 and XTJ(.FUJF" = j for some n > 1)
=E; (I[T;H)@o] Px ) (X, = j for some n > 1))
J
-1
=E; (1[1:/(.’71)<oo])’0jj = Pl'(-,;;r ) < OO)pjj. (8.3)
Therefore, by iteration,
1 _ _

Pi(r;’) <00) = P,»(r} ) < o)l = pypl r=2.3,..0). (8.4)

In particular, with i = j,

Pi(r)) <o0)=pl;  (r=123 ... (8.5)
Now
Pi(Xn = jio) = P00, [t" <ool) = lim Pi(z" <o0)=] )} Hrij=1
g R =1 r—o0 /2] 0 ifpj; <L
(8.6)

Further, write N (j) = Y 2 1{x,=j] for the number of visits to the state j by the
Markov chain {X,},>0, and denote its expected value by

GG, ) =ENG) =Yy p?. (8.7)
n=0
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G (i, j) is also referred to as the (discrete parameter) Green’s function of the Markov
chain. Also, if i € S and pi(;.') > ( for some n > 1, denoted i — j, then we say that
Jj is accessible from i. Now using (8.4)

o0 o0 o0
ENG) =Y PNG)>r) =8+ P <o0)=8;+pj ). pl
r=0 r=0 r=0
(8.8)

where §;; is 1 or 0 according as i = j ori # j. Thus,

8ij ifi A j,ie,p; =0,
GG, j)= 8ij +pij/(1 —pjj) ifi — jand p;; <1, (8.9)
00 ifi > jand pj; = L.

This calculation provides two useful characterizations of recurrence. One is in terms
of the long-run expected number of returns and the other in terms of the probability
of eventual return.

Theorem 8.1.

a. Every state is either recurrent or transient. A state j is recurrent iff p;; = 1 iff
G(j, j) = o0, and transient iff p;; < 1iff G(j, j) = (1 — ,ojj)_l <oo.If jis

y

b. If i is recurrent and pl.(’.l) > (O for some n > 1, denotedi — j, then j is recurrent,
and p;; = pj; = 1. In particular, if for every i, j € S,i — jand j — i, then
either every state is recurrent, or every state is transient.

c. Let i be recurrent, and S(i) := {j € S : i — j}. Let ¥ be a probability
distribution on S(i). Then

transient p..” — O asn — oo forall i.

P; (X, visits every state in S(i) i.0.) = 1. (8.10)

Proof. Part (a) follows from (8.6), (8.7), (8.9). For part (b), suppose i is recurrent
andi — j(j #i). Let A, denote the event that the Markov chain visits j between
the r-th and ( + 1)st visits to state i. Then under P;, A,(r > 0) are independent
events and have the same probability 9, say. Now 6 > 0. Forif & = 0, then P; (X, =
j forsome n > 1) = Pi(J,~Ar) = 0, contradicting i — j. It now follows from
the second half of the Borel-Cantelli Lemma that P;(A, i.0.) = 1. This implies
G(i, j) = oo and hence, by (8.9), pj; = 1. Hence j is recurrent. Also, p;; >
P; (A, i.0.) = 1. By the same argument, p;; = 1. Note that G(j, j) =1+ p;; /(1 —
pjj) =1/(1 — pj;) for transient states j € S.
To prove part (c) use part (b) to get for arbitrary i € S(j),

Pz (X, visits i i.0.) Z 7k P (X, Visits i 1.0.) Z Ap=1. 8.11)
keS(j) keS(j)
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Hence

P; ﬂ [X, visits i i.0.] | = 1. (8.12)
ieS()

Consider a Markov chain on a (countable) state space S having a transition
probability matrix p such that there is a probability & on S such that

w;j=Y mpij. VjeS. (8.13)
jes

Then = is referred to as an invariant probability for the transition probabilities p
and/or for the Markov chain X.

Note that if 7z is an invariant probability for p, thenthen7; =}, ¢ 7; pl.(}l), n=
1,2, ....Moreover, if X has initial distribution &, then (X, X1, ...) is a stationary
process as defined in Definition 1.2, (Exercise 2).

Corollary 8.2. Suppose X has an invariant probability = on S, such that 77; > 0 for
all j. Then X is recurrent.

Proof. Assume 7r; > 0 but j is transient. This immediately leads to a contradiction
since E;N(j) = ), pl.(;.l) < oo implies pl.(;)

O<nj:2iesn,-pi(j'.’)—>0asn—>oo. u

— 0 as n — o0, and therefore

Remark 8.1. If  is an invariant probability for an irreducible p, then 7; > 0V j.

For if 7; > 0 for some j, the relation 7 = Y ;¢ 7 pi(;?/)
i > 0.

> njp;';?‘v’n implies

Construct a probability space (£2, F, P) on which are defined two Markov chains
{X ,ﬁ‘) :n > 0} and {X,(,z) : n > 0} with initial distributions @ and y, respectively.
Define

T :=inf{n > 0: XV = xP}, (8.14)
and

XV i T >,

(8.15)
xP i T <.

Since T is a stopping time for the Markov process on S x S defined by {X, :=
xV, xP) - n = 0}, (wrt the filtration F, := o{X; : 0 < j < n},n > 0), it
follows that the coupled process defined by {¥,\" : n > 0} has the same distribution
as {X,(ll) :n > 0} (Exercise 1).
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Definition 8.3. Let Z|, Z; be two random maps defined on probability space
(£2, F, P) with values in the measurable space (S, S). A coupling of Z| and Z,
or a coupling of their respective distributions Pz, and Pz,, is any bivariate random
map (X1, X@) with values in (S x S, S ® S) whose marginals coincide with Pz,
and Pz, , respectively.

In particular, the pair {(X ,(11) , X ,(,2) ) : n > 0} constructed above defines a coupling
of (the distributions of) Markov processes with transition probabilities p having
respective initial distributions px and y, i.e., a coupling of the distributions P,,

P,. This coupling is used to define the coupled process {Yn(]) : n > 0} having
distribution P,,. Other couplings are illustrated in the exercises.

Lemma 1 (A Coupling Lemma).
|Py (X, € B)y—y(B)| < P(T >n),n>0. (8.16)
Proof. Since Y,fl) = X,(,Z) forn > T one has, forall B C S,

IP(X\DeB)—Px? eB)=|PYY eB) - PXP e B
<PV eB,n>T)—PX? e B,n>T)|
1 2
+1PY\V e B,T >n)—P(X? € B, T >n)
=1PYV eB, T>n)—PXPeB,T>n)
< P(T > n).

Definition 8.4. If T < oo a.s. one says that the coupling is successful,

It follows from the coupling lemma that if the Markov chain has a unique invariant
probability 7, then the distribution of X ,(,l) converges in total variation distance to
m,as n — oo if the coupling can be shown to be successful. In particular, if u = §;
(and T < oo a.s.) one has

Mip —mjl— 0 asn— . (8.17)

jes
Indeed, one can prove a stronger result, if 7 < oo a.s. To state this let Q" denote
the distribution (on (§°°, S®>)) of the Markov process (X\")* := {X,(lngm tm >

0} and Q that of X®® = {Xf,z) :n > 0}. Here S is the class of all subsets of S and
8® is the product o —field on the set S* of all sequences in S. Then one has

sup |Q™(A) — 0z (A) — 0 as n — oo. (8.18)
AecS®»
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To prove this simply replace X, ,(11), X ,(12) in (8.17) by the after—n processes (X ,(11))+,
(X ,(12) )T, respectively, and replace B € S by A € S®*. The following result makes
use of a successful coupling. We use the same notation as above.

Theorem 8.3 (Convergence of Irreducible Aperiodic Markov Chains). Let p be an
irreducible aperiodic transition probability matrix on a countable state space §. If
p admits an invariant probability & then (8.18) holds for the distribution Q™ of
the after—n process, whatever the initial distribution w. In particular (8.17) holds for
every i, and the invariant probability is unique.

First we need a couple of simple but useful lemmas.

Lemma 2. Let p be an irreducible aperiodic transition probability matrix on a
countable state space S.

a. Then, for each pair (7, j) there exists an integer v (i, j) such that pl.(;.') > 0 for all
n>v(,j).
b. If S is finite there exists vg such that p”

ij >0Vi,j,ifn > v
Proof.

a. LetBjj ={v=>1: pl.(;) > 0}. For each j, Bj; is closed under addition, since

p;;"HZ) > p;;') p;.;?). By hypothesis, the greatest common divisor (g.c.d.) of B;

is 1. We now argue that, if B is a set of positive integers closed under addition,
and has g.c.d. 1 then the smallest subgroup G of Z (a group under addition) that
contains B is Z. Note that G equals {u — v : u, v € B}. If G does not equal Z,
then 1 € G, so that G = {rn : n € Z} for some r > 1. But, since B C G, this
would imply that the g.c.d. of B > r, a contradiction.

We have shown that 1 € G, i.e., there exists an integer » > 1 such that
b + 1, b both belong to Bj;. Let v; = (2b + 1)2. If n > vj, one may write
n =¢q(2b+1)+r,where r and g are integers,0 <r < 2b+1,andg > 2b+ 1.
Then n = q{b+b+1}+r{b+1-b} = (¢—r)b+(g+r)(b+1) € B.Thus b > 0

for all n > v;. Find k = k;; such that pl.(]]f) > 0 then pl.(;“k) > pi(;()p;';) > 0 for
alln > v;. Now take v(i, j) = k;; + v;.
b. If S is finite, let vo = max{v;+k;; : i, j € S}. Then, forall i, j, one has pl.(;?) >0

provided v > vy.
[ |

Lemma 3. Letp = ((p;;)) be an irreducible aperiodic transition probability matrix
on a (countable) state space S, which admits an invariant probability &. Then the
Markov chain X = (X1, X®) on S x § formed by two independent Markov chains
X = (X :n >0},i = 1,2, each having transition probability p, is irreducible,
aperiodic and has an invariant probability & x . In particular, X is recurrent.
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Proof. The transition probabilities of X are given by

.. .. 1 2 1 2
PG G = P (X = X = XD =i XD =)
= pijpPi'j’ (@i, (,j) eSxS).

It is simple to check that = X 7 is an invariant probability for X. Also, by Lemma 2,
there exist integers v(i, j) such that p(n) > 0 for all n > v(i, j). Since for all
n > max{v(i, j), v(i@’, j)} = v(, l ; J, j)), say, the n-step transition probability
r (@, i); (j, j")) is at least pl(] Dy )j, > 0, the Markov chain X is irreducible and
aperiodic. By Corollary 8.2 and Remark 8.1, X is recurrent. ]

Proof of Theorem 8.3. Using the notation of Lemma 3, let X = (X(), X®) denote
the Markov chain on § x S, with XV and X independent each with transition
probability matrix p, but X(), having an (arbitrary) initial distribution x and X®
having the invariant initial distribution 7. By recurrence of X = (X, X®), the
first passage time 7(; j) of X to (j, j) is finite a.s., for every j € S. Therefore,
defining 7" as in (8.14)

T <7(,j) <ooas. (8.19)

As argued earlier, (8.17), (8.18) follows from (8.19). |

We now turn to another important application of coupling, namely for a proof of
the renewal theorem for lattice random variables. Consider a sequence {Y,, : n > 1}
of i.i.d. positive integer-valued random variables, and Yy a non-negative integer-
valued random variable independent of {Y,, : n > 1}. The partial sum process
So = Yo, Sk = Yo + - - + Y (k > 1) defines the so-called delayed renewal process
{N, :n>1}:

N, :=1inf{k > 0: S > n} (n=0,1,...), (8.20)

with Y as the delay and its distribution as the delay distribution. In the case Yy = 0,
{N, : n > 0} is simply referred to as a renewal process. This nomenclature is
motivated by classical renewal theory in which components subject to failure (e.g.,
light bulbs) are instantly replaced upon failure, and Y1, Y>, . .., represent the random
durations or lifetimes of the successive replacements. The delay random variable
Yy represents the length of time remaining in the life of the initial component with
respect to some specified time origin. For a special context, again consider a Markov

chain {X,, : n > 0} on a (countable) state space S, and fix a state y such that the

first passage time 1, = r}( ) to state y is finite a.s., as are the successive return times

(k) to y (k > 1). By the strong Markov property, Yy := ‘L'(O) Y = ty(k) r)(,k b
(k > 1), are independent, with {Y; : k > 1} i.i.d. The renewal process (8.20) may
now be defined with S = ry(k) (k = 1), the kth renewal occurring at time ry(k) if

y(o) =0, i.e., y is the initial state.
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It may be helpful to think of the partial sum process {Sx : k > 0} to be a point
process 0 < Sp < S < S» < --- realized as a randomly located increasing
sequence of renewal times or renewal epochs on Z, = {0,1,2,---}. By the
definition (8.20) the processes {Sx : k& > 0} and {N, : n > 0} may be thought
of as (approximate) inverse functions of each other on Z_ . Another related process
of interest is the residual (remaining) life process defined by

R, := Sy, —n = inf{Sx —n : k suchthat Sy —n > 0}. (8.21)

Remark 8.2. The indices n for which R, = 0 are precisely the renewal times,
including the delay. In general Sy,—1 < n < Sy, and when the renewal process

is viewed at time n, R, is the residual time until the next renewal; also see
Exercises 11, 12.

Proposition 8.4. Let f be the probability mass function of Y;. Then the following
hold:

a. {R, : n > 0} is a Markov chain on S = Z, with the transition probability matrix
p = ((pi,j)) given by

poj=fG+1 forj>0, pjj1=1 forj=>1 (8.22)

b. If © = EY; < oo, then there exists a unique invariant probability m = {7 : j >
0} for {R,, : n > 0} with probability mass function given by the tail probability
distribution function for f:

mi= Y fO/n (G=0.1,2,-). (8.23)

i=j+1

c. fEY; = oo, then®; = Z?ijﬂ f(@) (j = 0) provides an invariant measure
7w = {7 : j > 0} for p, which is unique up to a multiplicative constant.

Proof.

a. Although the result is clear informally (Exercise 7), here is a formal argument.
Observe that {N,, : n > 0} are {F; : k > O}-stopping times where F; = o{Y; :
0 < j < k}. We will first show that V,, := Sy, (n > 0) has the (inhomogeneous)
Markov property. For this note that if Sy, > n then N,,y1 = N, and Sy,

SN, and if Sy, = n then N4y = N, + 1 and Sn,,, = Sy, + Yn,+1. Hence

n

SNyt = SN, sy, =n1 + (SN, + YN, + D18y, =n]
= SN, Lisy, >n] + (S;Gn)ll[an:n], (3.24)

where S+ is the after—N, process {(S+ W = Sn,+k kK = 0,1,2,...}.
It follows from (8.24) and the strong Markov property that the condltlonal
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distribution of V1 = Su,,,, given the pre-N, o—field G, = Fy,, depends
only on V,, = Sy,. Since V,, is G,—measurable, it follows that {V,, : n > 0} has
the Markov property, and that its time-dependent transition probabilities are

gnn,n+j)=PVyr1=n+j|Va=nm)=PM1=/)=f0), j=1,
gn(m,m) =1, m > n. (8.25)

Since R, = V, —n (n > 0), {R, : n > 0} has the Markov property, and its
transition probabilities are P(R,4+1 = j | Ry = 0) = P(Vpqp1r =n+ 14 |
Vi=m)=fG+D (G20, P(Rupi=j— 1 Ri=j)=PVoy1 =n+j|
Vo =n+j)=1( = 1). Thus {R, : n > 0} is a time-homogeneous Markov
process on S = Z with transition probabilities given by (8.22).

b. Assume u = EY; < oco. If m = {7; : j > O} is an invariant probability for p,
then one must have

oo

Ty = Zﬂjlﬂj,o = 1o po,0 + w1 p1o = mo f(1) + 7y,
=0

o0
T = Zﬂ'jpj,i = 70p0,i + Tit1Pi+1,i =wofE +1) +mipr @ =1).
Jj=0

Thus
mi =iy =mof(E +1) @ >0). (8.26)

Summing (8.26) overi =0, 1, ..., j — 1, one gets myp — 7; = 7o Z{zl f@),or,
T =g Z?iH] f(@) (j = 0). Summing over j one finally obtains myp = 1/u,
since 3720 (1 — F(j) = p, with F(j) = 3/ f (D).

c. If ¥ = {7; : j = 0} is an invariant measure for p, then it satisfies (8.26), with
7; replacing 7r; (i > 0). Hence, by the computation above, 7 ; = wo(l — F(j))
(j = 0). One may choose ( > 0 arbitrarily, for example, 7o = 1.

Thus the residual lifetime process {R,, : n > 0} is a stationary Markov process if
and only if (i) u = [EY; < oo and (ii) the delay distribution is given by & in (8.23).
Proposition 8.4 plays a crucial role in providing a successful coupling for a proof
of the renewal theorem below. Define the lattice span d of the probability mass
function (pmf) f on the set N of natural numbers as the greatest common divisor

(ged)of {j =1:f(j) >0}

Theorem 8.5 (Erdos-Feller-Pollard Renewal Theorem). Let the common pmf f of
Y;on N (j = 1) have span 1 and u = EY; < oo. Then whatever the (delay)
distribution of Yj one has for every positive integer m,
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m

lim E(Npim — Ny) = (8.27)
n—oo

Proof. On a common probability space (§2,F, P) construct two independent
sequences of random variables {¥o, Y1, Y2, - - - } and {Yp, Y1, Y2, - - - } such that (i) Y
(k = 1) are i.i.d. with common pmf f and the same holds for Y (k > 1), (ii) Yo
is independent of {Y; : k > 1} and has an arbitrary delay distribution, while Yy is
independent of {Yi : k > 1} and has the equilibrium delay distribution & of (8.23).
Lgt {Sx : k = 0}, {Sk : kK = 0} be the partial sum processes, and {N’,L: n > 0},
{N,n > 0} the renewal processes, corresponding to {Y; : k > 0} and {Y} : k > 0},
respectively. The residual lifetime processes {R, := Sy, —n : n > 0} and
{R, == S,\N,n —n : n > 0} are independent Markov chainson Z; = {0, 1,2, - - - } each
with transition probabilities given by (8.22). Since the span of f is one, it is simple
to check that these are aperiodic and irreducible (see the proof of Lemma 2 and
Exercise 8). Hence by Lemma 3, preceding the proof of Theorem 8.3, the Markov
chain {(R,, R;) : n = 0} on Z; x Z is recurrent, so that

T :=inf{n > 0: (R, Ry) = (0,0)} < o0 ass. (8.28)
Define
R, ifT
R ={"m NE=m (8.29)
R, ifT <n.

Then {R), : n > 0} has the same distribution as {R, : n > 0}. Note also that

n—+m n+m
Notm =No= D Lii=op, Nowm = Na= D Liz,_qps (8.30)
j=n+1 Jj=n+1
n+m
E(Npym —No) = ) P(Rj =0)=mmo=m/p. (8.31)
j=n+1
Now
E(Nner - Nn)

= E(Nner - Nn)l[T>n] + E(ﬁner - ﬁn)l[Tfn]
= E(Nn+m - Nn)1[T>n] - E(ﬁn+m - ﬁn)1[T>n] + E(ﬁner - ﬁn)

Since the first two terms on the right side of the last equality are each bounded by
mP(T > n) — 0asn — oo, the proof is complete. ]
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Corollary 8.6. If f has a lattice spand > 1 and u = EY] < oo then, whatever the
delay distribution on the lattice {kd : k = 1,2, ...},

. md
lim E(Nng+md — Nud) = 7 m=1,2,--). (8.32)

n—oo

Proof. Consider the renewal process for the sequence of lifetimes {Yx/d : k =
1,2, ---}, and apply Theorem 8.5, noting that EY,/d = u/d. ]

For another perspective on renewal theory, by conditioning on Y; and noting
that S, — Y1, n > 1 is also an ordinary renewal process with the same inter-arrival
distribution f, it follows that if S, = Z?:() Yj,n=0,1,...isanordinary (Yo = 0)
renewal process, then the renewal measure defined by

u(k)=ZP(Sn=k)EEZI[S,,=k], k=0,1,..., (8.33)
n=0 n=0

solves the equation

k
u(k) = o(k) + Y f(Hutk —j).k=0,1,2,..., (8.34)
j=0

where f(j) = P(Y1 = j),j =0,1,2,... (Exercise 6). The equation (8.34) is a
special case of the so-called renewal equation

k
v(k):g(k)+Zf(j)v(k—j), k=0,1,2,..., (8.35)
Jj=0

where ¢ = {gk) : k =0,1,...} € b, and f = {f(j) : j =0,1,...}is a
probability mass function.

Exercises

1. (a) Suppose p is an irreducible periodic transition probability matrix on a
countable state space S (of period d > 1). Then the Markov chain
X, = (X,(ll), X@) :n > 0} with {X,(,i) :n > 0},i = 1, 2, independent
Markov chains each with transition probability p, then {X,, : n > 0} is not
irreducible, and has d equivalence classes.
(b) Example:
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(d=2)

S ON= O
ORI—= O =
—_— O NI= O
ov— O O

2. (a) Show that if m is an invariant probability for p, then 7; =
Yics mpi(]'.l), Vn=1,2,....
(b) Show that if X has initial distribution & then (X¢, X1, ...) is a stationary
process as defined in Definition 1.2.

3. Show that the product probability measure P x Q always provides a trivial
coupling of two distributions P,Q on (S, S).

4. (Monotone Coupling) Let X1 and X, be Bernoulli 0 — 1-valued random
variables with P(X; = 1) = p;,i = 1,2 with p; < p;. Let U be a uniformly
distributed random variable on [0, 1]. Let ¥; = 1jy<p,;], i = 1, 2. Compute the
distribution of (Y7, Y») and check that (Y1, Y») is a coupling of (X1, X») such
that Y1 < Y».

5. (Maximal Coupling)' Suppose that j11, j1o are probability measures defined on
the power set of a finite set S. Let C denote the set of all couplings (X1, X7) of
1. . Show that |1 — pall7y = infex, xpec P(X1 # Xa). where | - [|7y
denotes the total variation norm.2[Hint: Show that the infimum is achieved
by the coupling (X7, X3) defined as follows: Let S| = {x € § : uj(x) >
u2(x)}, $2 = 8§, pf = erS; |1 — m2l, p* = pj + p;. With probability
p*, choose a value X] = X5 = x from the distribution # w1(x) A ua(x) or,

with probability 1 — p* choose a value X} from the distribution I_Lp*(,u,] (x) —
u2(x)), x € Sy, and independently choose a value X3 from the distribution
ﬁ(uz(x) — 1(x)), x € Sp. Check that (X7, X3) € C and P(X* # X3) =
1 —p*=|lur — w2llrv.]

6. Verify the solution to the equation (8.34).

7. Give an informal argument to prove Proposition 8.4(a). [Hint: Given R,, = 0,
Ry y1 = j means that Yy,,, = j + 1 given Sy, = n. The other part of (a) is
obvious.]

8. Prove that the residual renewal process {R,, : n =0, 1,2...}, i.e., its transition
probability, is aperiodic and irreducible if the probability mass function f has
unit span.

9. Let X1, X3, ... be an i.i.d. Bernoulli 0 — 1 sequence with p = P(X| = 1).
Define S = 0, So = inf{fn > 0 : (X, X;+1) = (1, D}, S1 = inf{n > Sy :
(Xn, Xn+1) = (1, D}, ..., Sy = inf{n > Sp—1 0 (X, Xn41) = (A, D},m >
1.

1 A more general version of this result for probabilities on Polish spaces is given in the monograph
Lindvall (1992). This provides a proof of the maximality of the coupling used for the Poisson
approximation in Chapter 5.

2BCPT p. 136.
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(a) Show that Sp, S1, ... is a delayed renewal process.

(b) Show that E(S,, — S;,—1) = 4,m > 1, and ESy = 5.[Hint: For the
latter write ESy = ESo1[x,=0) + ESol[x,=1,x,=0] + ESol[x,=1,x,=1] and
condition each term accordingly.]

(c) Generalize this example to an arbitrary fixed pattern (61, ..., 6) € {0, 1}k,

10. (Generalized Fibonacci Sequences) Fix a positive integer k > 2. The general-
ized Fibonacci sequence is defined? byx, =0,n <0,x, =1,1 <n <k,
X, = Zle Xn—i,n > k. The standard Fibonacci sequence is obtained in the
case k = 2.

(a) Show that there is a unique number ¢ in (0, 1) guch that Z];=1 qj =1.

(b) Define a probability distribution f(j) = ¢/,j = 1,...,k, f(j) =
0, j > k + 1, on the positive integers for the i.i.d. times between renewals
Yi,Yo.... Let §, = 21}:1 Y; be the corresponding ordinary renewal
process, and N(n) = sup{j > 0:S; <n}.

(i) Show that P(Sy(n) = n) = q"xu41. [Hint: Note that P(Sy) = 0) =
Landforn = 1, P(SNy = 1) = 32 (j, . jmellody™, S0 ji=n—lm=1
P(Yy = ji,..., Y = jm). Check that foreachn > 1, ¢, = | U3,
{1y ooy jm) €41, ..., k)™ Zle Ji = n—1}| obeys the generalized
Fibonacci recursion, i.e., x, = ¢, Vn.]

(i) Show that u(n) = P(N(n) = n) satisfies the renewal equation u(n) =

. . _ 1—g)2
Z;l'zl u(m—j)f(j),andq" 1Xn g m asn — 0.

(c) Compute the rate g for the standard Fibonacci sequence, i.e., k = 2.

11. Consider that Sy,—1 < n < Sy,. For an ordinary renewal process, the age
of a renewal ,is A, = n — Sy,—1,n > S1 = Yi, and the lifespan is L, =
R, + A, = Sn, — Sn,—1,n > §1 = Y1,, where R, is the residual (remaining)
life defined by (8.21), i.e., R, := Sy, —n,n = 1,2, .... Fix positive integers4
r,a, £ > 1. Assume that the span of the renewal distribution is # = 1 with mean
0<pu < oo.

(a) Show that P(R, = r),n > 1 satisfies a renewal equation with g(n) =

f+r),n>1,andlim, P(R, = r) = M

(b) Show that P(A, = a),n > 1 satisfies a renewal equation, g(n) =
F )1 c0)(n) and limy, 00 P(A, = a) = £ 302, f(n).

(c) Show that P(L, = ¢£),n > 1 satisfies a renewal equation with g(n) =
O, n=0,1,...,and lim, oo P(L, =€) = L8,

(d) Show

3This was introduced by Miles (1960). The analysis via renewal theory was inspired by Christensen
(2012).

4The formulae can be a bit different for integer renewal times than for continuously distributed
renewals.
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P(Ap=a,L, =10

f) ifa=n,¢>n
=\P(Sy=n—aforsomem)f() ifa<n,{>n

0 otherwise.

[Hint: If a = n, £ > n then [A,, = n] occurs if and only Y| = k for some
k > n, and, in particular also for [L, = £] to occur, k = £.Ifa < n, € > n,

then A, = a if and only if there is a renewal at n — a, an event with
probability P(S,, = n — a for some m) independently of the next renewal
time. ]

12. (Waiting Time/Inspection Paradox) The waiting time paradox, or inspection
paradox, refers to the counterintuitive experience of longer average waits
for arrivals (renewals) relative to arbitrarily fixed times; e.g., occurrences of
defectives on an assembly line. To examine how it may happen in the case of
integer renewal times with unit span, assume IEYI2 =02 4 u? < 0o, and show

that in steady state’ (a) ER, = %((Z—i + Du — 1), where Z—z is the squared
coefficient of variation® of Y, and (b) %((Z—z + Du — 1) > p if and only

if 02 > p? + . [Intuitively, for a system in equilibrium if there is a lot of
variability in production then to achieve the mean p many intervals will be
short to compensate for the long intervals, so it is more likely the inspection is
made during a long window between arrivals than a short one].

SMore generally one may use (i) of the previous exercise to compute lim,_, oo ER,,.

5The precise form of the mean residual time for integer renewal times differs a bit from that of
arrivals having a density, see Chapter 25, Exercise 4.



Chapter 9 )
Bienaymé—Galton—Watson Simple Qs
Branching Process and Extinction

The Bienaymé—Galton—Watson simple branching process is defined by the
successive numbers X, of progeny at the n-th generation, n = 0, 1,2, ...,
recursively and independently generated according to a given offspring distri-
bution, starting from a non-negative integer number of initial X progenitors.
The state zero, referred to as extinction, is an absorbing state for the process.
In this chapter a celebrated formula for the probability of extinction is given as
a fixed point of the moment generating function of the offspring distribution.
The mean p of the offspring distribution is observed to play a characteristic
role in the determination of the behavior of the generation sizes X, as
n — oo. The critical case in which & = 1 is analyzed under a finite second
moment condition to determine the precise asymptotic nature of the survival
probability, both unconditionally and conditionally on survival, in a theorem
referred to as the Kolmogorov—Yaglom—Kesten—Ney—Spitzer theorem.

The (discrete parameter) Bienaymé—Galton—Watson simple branching process {X,, :
n = 0,1,2,...} describes the successive sizes of generations resulting from an
initial number of X individuals as follows. Let {Lg”) ti,n=1,2,...} be a family
of i.i.d. random variables with distribution f(k) = P(L;") =k),k=0,1,2,
..., referred to as the offspring distribution. If the initial generation is comprised
of Xo > 1 individuals, then the first generation has size X| = Z['Xzol Lfl), while
if Xo = 0, then one defines X; = 0. This random replication rule is extended
to successive generations by the stochastic recursion for the number of n + 1-st
generation offspring as:

© Springer Nature Switzerland AG 2021 113
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Fig. 9.1 Extinction Probability for Subcritical and Supercritical Branching

bl

Xy 5+l .
Xpp1 = {Zi=1 Lot Xzl o 010 ©.1)
0 if X,=0

The state space is S = {0, 1,2, ...} and the boundary state i = 0 is absorbing
(permanent extinction). Write p;o for the probability that extinction eventually
occurs given Xo = i. Also write p = pjo. Then p;9p = ,oi since each of the i
sequences of generations arising from the i initial individuals has the same chance
p of extinction, and the i sequences evolving independently must all be extinct in
order that there may be eventual extinction, given Xo =i.

If f(0) = 0, then p = p1p = 0 and extinction is impossible. If f(0) = 1, then
p10 > P(X1 =0] X9 = 1) = 1 and extinction is certain (no matter what Xy is).
To avoid these and other trivialities we assume, unless otherwise specified,

0< f(0) < 1. 9.2)

As will be seen the extinction probability depends on the mean number of offspring
as depicted in Figure 9.1. The case in which u < 1 is referred to as subcritical,
w = 1as critical, and u > 1 as supercritical.

Theorem 9.1. Assume 0 < f(0) < 1. For the Bienaymé—Galton—Watson simple
branching process with u = Y 2, kf(k) < oo, Xo = i, the probability
P(lim,— o X, = 0) of eventual extinction is p’ and p = pjg is the smallest fixed
pointoff(t) = Z,fiotkf(k), 0 <t < 1.Moreover p = 1iff u < 1.

Proof. First let us consider the case f(0) + f(1) < 1. Introduce the probability
generating function of f:

f@=) WO =fO+Y f(Hz! <. 9.3)

j=0 =1
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Since a power series can be differentiated term by term within its radius of
convergence, one has

o]

f)= d%f(z) =Y ifM Uzl < D). (9.4)

j=1

If the mean u of the number of particles generated by a single particle is finite, i.e.,
if

p=y_Jf() < oo, 95)

j=1
then (9.4) holds even for the left-hand derivative at z = 1, i.e.,

w=f'Q. (9.6)

Since f'(z) > 0for0 < z < 1, f is strictly increasing. Also, since f”(z) (which
exists and is finite for 0 < z < 1) satisfies

2 o0
@)= jpﬂz) = ém —~Df(H2>0  for0<z<1, (97

the function f is strictly convex on [0, 1]. In other words, the line segment joining
any two points on the curve y = f (z) lies strictly above the curve (except at the
two points joined). Because f(0) = f(0) > O and f(1) = Y52, f(j) = L. the
possible graph of f is as depicted in Figure 9.1, accordingly.

The maximum of f ’(z) is u, which is attained at z = 1. Hence, in the case
u > 1, the graphof y = f(z) must lie below that of y = z near z = 1 and, because
f(O) = f(0) > 0, must cross the line y = z at a point zg9, 0 < zo < 1. Since the
slope of the curve y = f (z) continuously increases as z increases in (0, 1), zg is the
unique solution of the equation z = f (z) that is smaller than 1.

Incaseu <1,y = f (z) must lie strictly above the line y = z, except at z = 1.
For if it meets the line y = z at a point zo < 1, then it must go under the line in the
immediate vicinity to the right of z¢, since its slope falls below that of the line (i.e.,
unity). In order to reach the height f (1) = 1 (also reached by the line at the same
value z = 1) its slope then must exceed 1 somewhere in (zp, 1]; this is impossible
since f'(z) < f'(1) = u < 1 for all z in [0, 1]. Thus, the only solution of the
equation 7 = f(z) isz=1.

Now observe

p=pio=y PXi=jl|Xo=Dpjo=Y f()e'=[p), 9.8)

j=0 j=0



116 9 Simple Branching Process and Extinction

thus if u© < 1, then p = 1 and extinction is certain. On the other hand, suppose
u > 1. Then p is either zg or 1. We shall now show that p = zg (< 1). For this,
consider the quantities

Ggni=PX,=0Xo=1 (=12..). (9.9)

That is, g, is the probability that the sequence of generations originating from a
single particle is extinct at time n. As n increases, g, 1 p; for clearly, [X,, = 0] C
[X;, = 0] for all m > n, so that g,, < g;,,. Also

o0
[lim X, =0] = U[X” = 0] = [extinction occurs].

n—oo

Now, by independence of the generations originating from different particles,

PX,=0|Xo=j)=gq] (j=0,1,2..),

dnt1 = P(Xpp1=0[Xo=D)=PX; =0 Xo=1)

oo
+Y P(X1=j. Xap1 =0 Xo=1)
j=1

o0
=fO)+)Y PXi=j|Xo=DPXpp1=0|Xo=1,X1 =)
j=1

= O+ > f(ai = flgn) (=12 9.10)

j=l1

Since g1 = f(0) = f 0 < f (zo) = zo (recall that f (z) is strictly increasing in z
for 0 < z < 1), one has using (9.10) withn =1, g» = f(ql) < f(z()) = 70, and so
on. Hence, g, < zo for all n. Therefore, p = lim,—, o gn < z0. This proves p = zg.
If £(0)+ f(1)=1and0 < £(0) < 1, then f”(z) = O for all z, and the graph of
f(z) is the line segment joining (0, £(0)) and (1, 1). Hence, p = 1 in this case. W

Let us now compute the average size of the nth generation. One has

Xll
E(Xp41 | Xo=1)=E (Z L ‘ Xo = 1)

i=1
Xll
) []E (ZL}”*” X,,) ‘ Xo = 1]
i=1

=E[uX, | Xo=1]=pEX, | Xo=1. (O.1)
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Continuing in this manner, one obtains

E(Xnt1 | Xo=1) = pE(X, | Xo = 1) = p’E(X,—1 | Xo = 1)
= = uW'EX; | Xo=1) = p"*. (9.12)

It follows that
E(X, | Xo=j)=ju". (9.13)

Thus, in the subcritical case (i < 1), the expected size of the population at time n
decreases to zero exponentially fast as n — oo. In particular, therefore,

(0.¢]
PXy>0|Xo=1=) PXp=j|Xo=1<EX,|Xo=1)=pu"
Jj=1
9.14)
goes to zero exponentially fast if uw < 1. In the critical case (u = 1), the expected
size at time n does not depend on 7 (i.e., it is the same as the initial size).

Finally in the supercritical case (u > 1), the expected size of the population
increases to infinity exponentially fast. These processes are examined further in
Chapter 14. However, we will conclude this chapter with a classic result on the
decay of processes in the critical case. In particular we prove the following

Theorem 9.2 (Kolmogorov—Yaglom—Kesten—Ney—Spitzer). If p=1 and o2:=
Y ey k(k — 1) f(k) < oo, then
a. lim,_ oo nP(X, > 0) = 012

b. limy o0 P(32 > x|X, > 0) = ¢~

2x

o2 x>0.

The proof is given below following a preparatory example and comparison lemma.
Notice that if # = 1, then the variance o2 = Z,fil (k — p)? f (k) of the offspring

distribution coincides with the second factorial moment 2 = Z,fil k(k — 1) f k).

Remark 9.1. In this generality Theorem 9.2 is often referred to as the Kesten-
Ney-Spitzer theorem. However, due to earlier versions of these results which were
originally proved! under stronger (finite third moment) assumptions, the first result
is often called Kolmogorov’s probability decay rate and the latter® is Yaglom’s
exponential law.

Let g(s) = > p0p skg(k) = EsX1 be the generating function of X1,0 < s < 1.
Denote the generating function of X,, by . Note that, due to the independence

Kolmogorov (1938).
2Yaglom (1947).
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of X,_1 and the i.i.d. sequence {LE”) i =1,2,...}, for n > 1, the generating
function of X,, = lez"l_l L;") is given by

Xn— n
Es*n = BE(sZ L X, 1)
= Eg(s)X1 = g(g" D (s)). (9.15)

That is, one has the useful property that g is the n-fold composition of g.
The proof of Theorem 9.2 will be based on a comparison of the general case to
the following explicit example.

Example 1 (Geometric Offspring Distribution: Explicit Calculations). In the
important special case of (critical) geometric offspring distribution g(0) = p =
1—gq,gk) = quk’l, k = 1,2..., this result may be proven by an explicit
computation. Note that Y 72, kg(k) = 1, and 0% = Y 72, k(k — 1)g(k) = 2p/q.
This particular form of the critical “geometric distribution” is selected to afford
some flexibility with the size of second factorial moment o> which will be
exploited in the proof of Theorem 9.2 below. In the case of this example one
has g(s) = Y.o2,gk)sk = %;Sq)s and the generating function of X, is
defined by the composite function g°"(s) inductively given by g°(s) 1= §(s),
gD () := g(8°"(s)). One then has

80 (5) = w (9.16)
q +np —nps
as can be easily verified by mathematical induction (Exercise 5). Therefore, taking

s =0,

nq 2
— — asn — oo. 9.17)
q +np

nP(Xy > 0) =n(l - g (0) = ;
o

Similarly, taking s = e''/” the conditional distribution of %X n given X, > 0 has

characteristic function
go(n)(eit/n) _ go(n)(o) qeit/n

itXy/ _ —
E('"*/" X, > 0) = 1= 2o (0) (= p— eit/n))‘ (9.18)

In particular, using L’Hospital’s rule,

. 1
lim E("*/"|X, >0)= ——— teR. (9.19)
n—00 1—it%

Hence, by the continuity theorem, the conditional distribution converges weakly to
the exponential distribution.



9 Simple Branching Process and Extinction 119

To proceed with the general case it is sufficient to establish that the equality in (9.18)
for each n and all s € [0, 1) can much more generally be replaced by a limit as
n — oo which is uniform in s. This will be accomplished with the aid of the
following lemma.?

Lemma 1 (Spitzer’s Comparison Lemma). Suppose that f and g are mean one
probability mass functions on the non-negative integers having probability generat-
ing functions f(s) = 320 s/ f(j) and g(s) = 3_72 s/ g(j), respectively. Assume
that

faH=¢an=1 f'a7)<g'a) <oo.
Then there exist integers k and m such that
Forth gy < gotm (o) forall se[0,1], n=0,1,2,....

Proof. For simplicity, we prove the lemma under the stronger assumption that the
radius of convergence of f is larger than one here, and provide steps for the proof
under the state hypothesis in Exercise 2. One may then expand f (s) in a Taylor
series up to second (or third) derivatives around s = 1 to conclude from the
assumptions on derivatives at 1, that for s close to one, say on [sq, 1], f (s) < g(s),
since (1) = 2(1), f/(1) = &'(1), and (1) < g"(1). Using monotonicity, one
has f”(”)(s) < 2°™(s) on [sg, 1] for all n > 1, (see Exercise 2(iv)). Since for
s € [0, 1] one has both f"(")(s) — 1 and g°™(s) — 1asn — oo, there is a
non-negative integer k such that so < f () (0), and then one may select m > k such
that f"(k) (sg) < gz"(m) (0). Thus, for 0 < 5 < 50 one also has

so < foR0) < o (s) < FoB(s) < g2 (0) < §°U (s).

So the assertion holds on 0 < s < so as well. This proves the lemma under the
stronger assumption made at the outset of the proof. For the proof under the stated
hypothesis we refer to Exercise 2. |

Proposition 9.3. Assume f(1) < 1.Let f(s) = SR fUSKIEY 2 kf (k) =1
and 02 = Y 22, k(k — 1) f (k) < oo, then

1 1 1 o? ,
- = - } = — uniformly in s as n — oo.
nl— fome) 1-—s 2

Proof. Take g(0) = p = 1 —q, g(j) = ¢*p/~',j = 1,.... Then g(s) =
p=(2p=Ds

= ps satisfies the hypothesis of Spitzer’s comparison lemma for p € (0, 1)

selected such that g”(17) = lz__pp = (14 €)o? > 2. Thus one has k < m such that

3This result, often attributed to Frank Spitzer, appears in Kesten et al. (1966).
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[0ty < g0 (s), s el0,1], n=0.
Therefore

(1= fortbenT -9 <1 =gt —1—5""
2
— (i +mplg = +m)l +e)%.

2

On the other hand choosing p such that lZ__pp = (1 — €)o? < o2, one has for some

k' < m’ that
o 2 A ’
K +m—e)— < (U= fUe)™ —d=97", Vn=1.
Since € > 0 is arbitrary the asserted limit follows. |

Proof of Kolmogorov—Yaglom—Kesten—Ney—Spitzer Theorem. Part (a) now follows
since P(X,, > 0) =1— f ) (0). The part (b) also follows essentially just as in
the case of the geometrically distributed offspring since, using Laplace transforms
in place of characteristic functions,

_ fO ety — f(0)
1=

[2(1 = F® )]
[n(1 - f(n)(e—r/n))]—l’

Letting n — oo and using the uniformity of convergence in the preceding
proposition, one calculates from this using L’Hospital’s rule that

E(eilx"/” | Xy > 0)

=1- > 0.

2
2
lim E(e”"*"/"|X, > 0) = 1 — lim o/ ]
n— o0 n—00 02/2 + T
a?/2 1

Ry, R P
1+ =5

But this is the Laplace transform of the asserted exponential distribution, and the
result follows by the continuity theorem® for Laplace transforms.

4Feller (1971), p. 431.
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Exercises

1. Let {X, : n = 0,1, ...} be the simple branching process on § = {0, 1,2, ...}
with offspring distribution f such that u = > 72 kf(k) < 1. Show that all
nonzero states are transient and 0 is an absorbing state and, therefore, recurrent.

2. (Spitzer’s comparison lemma) Complete the steps below to prove Spitzer’s
comparison lemma under the stated hypothesis.

(i) Show llmml [6) )25 = 2f”(l_)

(i) Show that f”(l ) — f (s) ; can be expressed as the obviously non-
negative, albelt quite clever serles

k—1j—1

f”( —)—L Zf(k)ZZ(l—s>>0(0<s<1>

j=2i=1

Note that the left side considers the difference between f (s) and the
sum of the first three terms in a formal Taylor expansion about s =
1 divided by (1 — s5)?. However, such an expansion is not generally
permitted under the assumed moment conditions. So the right side r(s) :=
Yores f(k) Z];;]z Yola —:vi )>0 isAa quite Slever series deriv?d from the
(scaled) difference between f(s) and f(1)+ f/(17)(s—1)+ %f”(l_)(s -
1)2. [Hint: Use (1—5) Y_5_| s/ = s—s* noting EL = 1, E(L—1)(L—2) =
EL(L-1)= % f ”(17), and rather extensive algebraic simplifications.]

(iii) Show that f(s) = s + @(1 — 52— (1 —5)%r(s),r(s) >0,0<s < I.
Similarly for g(s). [ Hint: r(s) | Oass 1 1.]

(iv) Show that there is an sg € [0, 1) such that sg < s < f(s) < g(s) for 5o <
s < 1, and hence, using monotonicity and induction, f om(g) < g"(”)(s)
on [sg, 1] foralln > 1.

(v) Show that the proof of Spitzer’s comparison lemma can be completed from
here by the same arguments in the proof given there.

3. Under the conditions of Theorem 9.2 show that E(X,|X,, > 0) ~ %zn asn —
oo. [Hint: E(X,| X, > 0)P(X,, > 0) = 1.]

4. Suppose that p = Y 72 kf (k) < ooand o2 = 3 70 1 (k — w)? f (k) < oo. Show
that given Xo = 1,

o?u =D/ =1 ifu#1

no? if u=1

Var X,, =

5. (a) Provide the induction argument to prove (9.16).
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(b) Suppose that the offspring distribution is given by the (critical) geometric

distribution g(0) = p = 1 —q, gk) = ¢*>p* ',k =1,2... where 0 <
p < 1. Check that

o8]

U k _p—(p—qs
i) g(s) == kzos gk) = PR,
np +(q —np)s

(i) g°™(s) = where the composite function g™ (s) is
q+np(l—s)

inductively defined g°1 (s) := §(s), 82"V (s) := §(g°™ (s)).



Chapter 10 ®
Martingales: Definitions and Examples Qs

Martingale theory is a cornerstone to stochastic analysis and is included in this
book from that perspective. This chapter introduces the theory with examples
and their basic properties. For some readers this chapter may serve as a review.

Statistical independence is long recognized for its dominant role in classic proba-
bility, especially the limit theorems, and is the single notion that has distinguished
probability theory as a distinct mathematical discipline set apart from real analysis
and measure theory. Martingale theory, pioneered by Doob (1953), has taken this
paradigm to the next level, as a more general form of statistical dependence under
which much of classic probability is subsumed. Much of the classical theory of sums
of i.i.d. random variables such as laws of large numbers and central limit theorems
may be viewed more generally as consequences of martingale structure.

If, for example, Z;, Z», ... is a sequence of independent integrable mean zero
random variables on (£2, F, P), then the sequence X,, = Z1 + --- + Z,, n > 1,
enjoys the seemingly simple but quite more general property,

EXp+1lo (X1, ..., Xn) =Xp, n=>1, (10.1)

having far-reaching consequences.

As usual, (£2, F, P) will continue to denote the underlying probability space
on which all random variables introduced in this chapter are defined, unless stated
otherwise.

Let T be a linearly ordered parameter set, e.g., T = Zy = {0,1,2,...},
{1,2,..., N}, [0,00), or T = [0, 1]. The parameter sets Z; and N = {1,2, ...}
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are interchangeable by a unit shift. A family of o-fields {#; : t € T} is said to be a
filtration if () F; C FVt, and (ii)) Fy C F; Vs < t. A family of random variables
{X; : t € T}, with values in a measurable space (S, S), is said to be {F; : t € T}-
adapted if X, is F;-measurable V¢ € T.

Definition 10.1. A family {X, : t € T} of integrable real-valued random variables
is a {F; : t € T}-submartingale with respect to a filtration {F; : t € T} if itis
{F; : t € T}-adapted and

E(X, | Fs) > X5 as. Vs<t. (10.2)

If (a.s.) equality holds in (10.2) Vs < ¢, then {X; : t € T}isa {F; : t € T}-
martingale. If the inequality in (10.2) is reversed, then {X; : t € T}isa{F; : t €
T }-supermartingle.

By taking successive conditional expectations, in the case 7 = Z4 or N the
requirement (10.2) is equivalent to

E(Xy+1 | Fu) = Xn as. Von, (10.3)
with equality, if {X,};2 | is a {F,},2 |-martingale. In particular, taking expectations
one sees that submartingales have monotonically non-decreasing expected values
while martingales have constant expected values.

Convention. Unless otherwise stated we will always assume that T has a smallest
element.

A {F; : t € T}-martingale (submartingale) is always a {.7-',X : t € T}-martingale
(respectively, submartingale) where ]-'tX = o{Xs : s < t}, but often the process
{X; : t € T} arises in a broader context with its martingale property with respect
to a larger filtration. Some of the examples in this chapter illustrate this, as does
Proposition 10.1. Larger filtrations than {]-',X 1t € T} may also arise, e.g., by letting
F = .EX VA=o0(G UA), where A (C F)is a o-field independent ofa(Ut}',X).

In our statements the prefix {F; : t € T}-attached to the term martingale (or
submartingale) is sometimes suppressed when the particular filtration is either clear
from the context or its specification is not essential to the discussion.

If {Z, : n € Z,} is a sequence of integrable {F,, : n € Z,}-adapted
random variables such that E|Zy| < oo and E(Z,+1 | Fn) = 0Vn > O,
then {Z, : n € Z.} is said to be a {F, : n € Zi}-martingale difference
sequence. In this case X, := Zo+ Z1 + --- + Z, (n > 0) is easily seen to
be a {F,}° ,-martingale. Conversely, given a {F,}7° ,-martingale {X,}° , one
obtains the {,}7° ,-martingale difference sequence Zo = Xo, Z, := X, — X1
(n > 1). One may similarly define a {;}7° ,-submartingale (or supermartingale-
) difference sequence {F,}>°, by requiring that {Z,}5° be {F,}° -adapted,
E|Zy| < 00, E(Z,41 | Fr) = 0 (respectively, < 0) Vn > 0.

In gambling language, a {F,};° -martingale {X,} >, may be thought to rep-
resent a gambler’s fluctuating fortunes, as time progresses, in a fair game. The
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gambler designs the n-th play based on past information (embodied in F,_1) and
receives a payoff Z, = X, — X,_1. But no matter what strategy is followed,
E(Z, | Fo—1) = 0, Similarly, a submartingale represents fortunes in a game
favorable to the gambler, while a supermartingale corresponds to an unfair game. In
pedestrian terms the martingale property conveys weather forecasts for which given
the historical weather record, the expected weather tomorrow is the weather you
see today! The following examples are easily verified using familiar properties of
conditional expectation and, therefore, left as exercises.

Remark 10.1. Let {X,, : n > 0} be a square-integrable martingale, and {Z, =
X, — Xu—1 : n = 1} the corresponding sequence of martingale differences.
The martingale property implies (and is equivalent to) the lack of correlation:
EZ,Y,—1 = 0, where Y,_; is any J,,_i-measurable square-integrable random
variable, whereas independence of Z,, and F,_1 means Ef(Z,)Y,—1 = Ef(Z,) -
EY,_1 for any f such that Efz(Zn) < 00, 1.e. f(Z,) and Y, are uncorrelated.

Example 1 (Random Walks, Processes with Independent Increments). Let {Z, :
n € Z4+} be a sequence of independent random variables satisfying E|Zg| < oo
and EZ, = 0Vn > 1. Then the random walk S, = Zo+ Z1 + -+ Z, (n >
0) is a {G,};° ,-martingale where G, = o {So, S1, ..., Sy}, or equivalently G, =
o{Zo,.Z1,....Zy}, (n > 0).If EZ, > 0Vn > 1, then {S,}7°, is a {G,};2 -
submartingale. In continuous time, one may similarly consider a process {X; : t €
[0, o)} with independent increments. If E|Xo| < co and E(X; — X)) =0Vs < ¢,
then {X, : t € T}isa{G, : t € T}-martingale with G, := o{X; : s < t}. If
E(X; — X;) >0Vs <t,then{X, :t € T}isa{G, : t € T}-submartingale. For
such a process {X; : t € T} the mean-adjusted process Y; := X; —EX; (t > 0) is
a {G; : t € T}-martingale. Compound Poisson processes and Brownian motion are
important examples.

Example 2 (Conditional Expectations). Let X be an integrable random variable
and {F, : n € N} an arbitrary filtration. Then the sequence

X, =EX | Fy) n=>1) (10.4)

is a {F,,},2 |-martingale.

Example 3 (Independent Products). Let{Y, : n > 1} be a sequence of independent
random variables such that E|Y|| < oo and EY,, = 1 forn > 2. Write X,, =
Wr.. . Yy, Fon=o{Yy, ..., Yy} Then {X,,}77 | is a {F,};2 |-martingale.

Example 4 (Critical Branching Processes). Let Xo, X1, X2, ... denote the suc-
cessive generations of a Bienaymé—Galton—Watson Simple Branching process with
mean-one offspring distribution, i.e.,

X LY i x, > 1

i=1

10.5
0 ifX, =0, (10.5)

Xn+1 =
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forn = 0,1,..., where {L;") : i,n > 1} is a collection of i.i.d. mean-one
non-negative integer-valued random variables, independent of Xy, then {X,}7°,
is a martingale. Similarly in the supercritical and subcritical cases defined by
EL™ > 1 and EL™ < 1, respectively, these are examples of supermartingale
and submartingale structure.

Example 5 (Likelihood Ratios from Statistics). Let Uy, Us, ..., be i.i.d. S-valued
observations from a distribution f (u; 0)v(du), where v is a measure on a measur-
able space (S, S). Here 6 is a parameter. Under a certain hypothesis H?, 6 has value
6p. Under an alternative hypothesis H!, 6 has value 6. The likelihood ratios

Xy =[] FW;:00/fWj560) (n=1)

j=1

are a.s. finite under H® and form a {.Fn};’lil-martingale with 7, := o {U;, Ua, ...,
Uy, }. This is a special case of Example 3 with Y; = f(U;;01)/f(U;; 6p) (j = 1),
since, under H 0,

fu; 61)

B = | b

f(u; Go)v(du) = / fu; 0nv(du) = 1.

Example 6 (Exponential Martingales). Let {Z,}°2, be an {F,}° -adapted

sequence. Let S, = Z; + - - - + Z,,. Assume that for some & # 0, Eexp{§Z,} < oo
for all n. Define

on(€) :=E(expl Z}|Fas1), X := expl£S,) / [Tex®.
k=1

Assume X, are integrable for all n. Then, noting ]_[Zi} ok (&) is JF,-measurable,
{Xn}52, is a {F,};2 -martingale. The integrability conditions are satisfied if, in
addition to the finiteness of E exp{£ Z,,} for all n, either (i) Z,, is bounded for every
n,or (i) Z,, n > 1, are independent.

Instead of real £ one may take imaginary i and let ¥,,(§) = E(exp{i&Z,} |
Fn—1). Then X, := exp{i&S,}/ ]_[Z=1 Y (&) is a complex martingale, i.e., the real
and imaginary parts of X,, are both martingales, provided E|X,| < co Vn.

The following proposition provides further important examples of submartin-

gales which arise under transformations of martingales.

Proposition 10.1. (a) If {Xn}fl‘;1 is a {F, ?;l-martingale and ¢(X,) is a convex
and integrable function of X,,, then {go(Xn)};'zo:1 is a {F, ;’loz |-Submartingale. (b)If
{Xn}flo:l is a {Fn};’lil-submartingale, ¢(X,) a convex increasing and integrable
function of X, then {¢(X,)};2 , is a {F,};° -submartingale.

Proof. (a) Assume that ¢ is convex and differentiable on an interval /. Then
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() > o) + W —uwe' () Wm,vel)), (10.6)

i.e., the tangent line through any point (u, ¢ («)) on the graph of ¢ lies below the
graph of ¢. Letting v = X1 and u = E(X,,4+1 | F»), (10.6) becomes

¢(Xnt1) = QEXnt1 | Fa)) + X1 = EXpp1 | F)) - @ (X1 | Fi)).
(10.7)
Now take conditional expectations of both sides, given F,, to get

E(@(Xnt0) | Fn) = 9(E(Xn11 | Fa)) = 9(Xn). (10.8)

If ¢ is not differentiable everywhere on I, then one may replace ¢’ () in (10.6) by
the left-hand derivative of ¢ at u.

(b) If {X,};2, is a {F,}72 -submartingale, then instead of the last equality
in (10.8) one gets an inequality, E(o(X,+1)|F) = ¢(EXp+11Fn)) = ¢(X,), since
E(Xp+11Fn) = X, and ¢ is increasing. | |

As an immediate consequence of the proposition one gets
Corollary 10.2. Suppose {X; :t € T}is a {F; : t € T}-submartingale.

a. Then, for every real c, {Y; := max(X;, c)} is a{F; : t € T}-submartingale. In
particular, {X,Jr = max(X,,0)}is a {#; : t € T}-submartingale.

b. If {X; :t € T}is a {F; : t € T}-martingale, then {|X; —c|}isa{F; : ¢t € T}-
submartingale, for every ¢ € R.

Proposition 10.3 (Discrete Parameter Doob—Meyer Decomposition). Let {X,}°°
be a {F,}° ,-submartingale. Then X,, = M, + A, (n > 0) is the sum of a {F;,}7° -
martingale {M,}°°, and a non-decreasing process {A,}7°,, with Ag = 0, which
is predictable, i.e., A, is F,—1-measurable V n. Moreover such a decomposition of
{Xn}52 ) is unique.

Proof. Write Z, := E(X, — Xn—1 | Fuz1) (n > 1), Ay = Y 01 Zm, Ao = 0.
Then the submartingale property makes {A,}°° , non-decreasing and the conditional
expectations make it predictable. Now observe that M,, := X,, — A, (n > 0)isa

{fn};'l‘;o-martingale since for eachn > 1,
E(Mnu:n—l) = IE(Xn|-Fn—l) - An == Zn + Xn—l - Zn - An—l = Mn—l-

If X, = M, + A, = M), + A}, are two such decompositions, then M, — M),
(= A, — A,) is F,—1-measurable, implying M,, — M, = E[M, — M, | F,_1] =
M,_1 — M), _,, which may be inductively iterated to M, — M, = My — Mj = 0.1

n

Definition 10.2. Suppose that {X,,}7° | is a martingale with EX ,% < 00. Then the
predictable part A, in the Doob—Meyer decomposition of the submartingale {X ,%} is
called the quadratic variation of {X,,}°° | and denoted A, = (X,,).
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Example 7 (Random Walk Revisited). Let S, = Z1 + ---+ Z, (n > 1) with

Z;’s independent mean zero random variables, ]EZJ2. = 02 < oo. Then S, is a

J
martingale and S? — P 012 is a martingale. Since 3, 0]2 is non-decreasing
non-negative process, this is the quadratic variation of S,. The special form of

(Sp) = Z’;:l 012, n > 1, in this case is due to the independence of the summands.

The next result is useful in proving L!-convergence and in other contexts. To
state it define a martingale or a submartingale {X; : t € T} to be closed on the right,
or right-closed, if T has a maximum, i.e., a largest element b. In particular, taking
Y = Xp € L', onehas X, = E(Y|F,),t € T, if {X; : t € T} is such a right-closed
martingale.

Proposition 10.4.

a. If {X; :t € T} is aright-closed {F; : t € T}-submartingale, then {max(X;, ¢) :
t € T} is uniformly integrable for every ¢ € R.
b. A right-closed {F; : t € T }-martingale is uniformly integrable.

Proof. (a) Since max(X;, c) = ¢ + max(X; —c,0) = ¢ + (X, — ¢)*, it is enough
to prove the uniform integrability of the submartingale {¥; := (X, — ¢)™}. Let tg
denote the largest element of 7. Then the inequalities

E(Y,) E(Y,
/ Y,dP < / YiodP, P(Y,> ) < Ed) < E,) (10.9)
[Yi>A] [Y;>A] A A

prove that {Y; : t € T} is uniformly integrable.
(b) If {X; : t € T} is a martingale, {|X;| : t € T} is a non-negative right-closed
submartingale, and (a) applies with ¢ = 0. |

It may be shown that the criterion for uniform integrability given above is optimal
(i.e., essentially necessary) in the sense that if {X;, : t+ € T} is a uniformly
integrable martingale (or, submartingale), then it is closeable; that is, there exists an
integrable Y which may be used as the last element (to the right) of the martingale
(submartingale); see Example 2.

Proposition 10.5. If a {F,}-martingale {X,} converges in L' to a random variable
X, then the martingale is closed by X.

Proof. Fix € > 0 and m. Let nc > m such that || X,, — X||; < € forall n > n.. Then

1 Xm — EXIFllt = [[E(Xn | Fm) — EX|F)ll1 < [|Xn, — X]| <€ u

Remark 10.2. Tt follows from Proposition 10.5 and Theorem 12.2 of a forthcoming
chapter that a uniformly integrable martingale converges almost surely and in L to
a random variable X. Hence a martingale is closeable if and only if it is uniformly
integrable.

Among the most remarkable consequences of Doob’s martingale theory is the
control over extremes in terms of moments as illustrated by the following.
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Theorem 10.6 (Doob’s Maximal Inequality). Let {X1, X2, ..., X,} be an {F :
1 < k < n}-martingale, or a non-negative submartingale, and E|X,|” < oo for

some p > 1. Then, for all A > 0, M;, := max{| X1/, ..., |X,|} satisfies
P(M, > < ! / | X,|PdP < 1IE|X |P (10.10)
"ETE Sea —oa '
Proof. Let A1 =[|X1]| = Al, Ak = [1X1] < A, .. | Xi—1] < A, [ Xkl = A1 (2 <

k < n). Then Ay € Fi and [Ag : 1 < k < n] is a (disjoint) partition of [M, > A].
Therefore,

n n

n
1 1
P(My 2 3) =3 P(A) =) —EalXel") < 3 — ELa Xul”)
k=1 k=1 k=1
E|X,|?
=L X, 1rdp < Xl
AP J v, = AP

One may note that Kolmogorov’s classic maximal inequality for mean zero
random walks having square-integrable increments is an easy consequence of
Doob’s maximal inequality, (Exercise 7).

Corollary 10.7. Let {X1, X2,...,X,} be an {F; : 1 < k < n}-martingale

or nonnegative submartingale such that E|X,|? < oo for some p > 2, and

M, = max{|Xi|,...,|X,|}. Then EM! < p?E|X,|?, where g is the conjugate
1 1 _

to p, » + 7= 1.

Proof. A standard application of the Fubini—Tonelli theorem provides the second
moment formula

o0
EM! = p/ P~ P(M, > x)dx.
0

Noting that p — 1 > 1 to first apply the Doob maximal inequality (10.10), one then
makes another application of the Fubini—Tonelli theorem, and finally the Holder
inequality, noting pg — g = p for the conjugacy % + é = 1, to obtain

EMfip/
0

1
< p(E[X,| P~V 7 EME) .

o8]

E (|X,1|P*11[anx]) dx = pE <|Xn|1”1M,,)

1 1
Divide both sides by (E|M,|?)? and use monotonicity of x — x7,x > 0, to
complete the proof. |
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A so-called L”-maximal inequality (p > 1), or maximal moment inequality,
was also obtained by Doob with a smaller constant g” < p? when p > 2, using a
somewhat more clever estimation than in the above proof as follows.

Theorem 10.8 (Doob’s L?-Maximal Inequality). Let{X1, X2, ..., X,}bean {Fj :
1 < k < n}-martingale, or a non-negative submartingale, and let M, =
max{| X1, ..., |Xu|}. Then

1. EM, < ;4 (1 +E[X,|log* | X,1).

e—1
2. If E|X,|? < oo for some p > 1, then EM} < ¢PE|X,|?, where g is the

conjugate exponent defined by % + % =1,ie,q = %.

Proof. For any non-decreasing function 7 on [0, o) with F1(0) = 0, one may
define a corresponding Lebesgue—Stieltjes measure 1(dy). Use the integration by
parts formula' for a Lebesgue—Stieltjes integral to get

EF(My) = /[O )P(Mn > y)Fi(dy)

1
s/ [—/ |Xald P]F1 (dy)
[0,00) Y J[M,>y]
1
=/ |Xn|(/ —Fi(dy))dP, (10.11)
22 [0,M,] y

where the inequality follows from Theorem 10.6 (with p = 1). For the first part,
consider the function Fi(y) = y1{1,00)(y). Then y — 1 < Fi(y), and one gets

1
E(M, —1) < EF1(M) < f |Xn|(/ —dy)dP
Q [1,max{1,M,}] ¥
= / | X,| log(max{1, M,})d P
2
:/ | X, |log M,dP. (10.12)
(Mp=1]
Now use the inequality (proved in the remark below)

b
alogh <alogta+ =, a,b>0, (10.13)
e

to further arrive at

EM,
EM, < 1+E|X,|log" |X,| + —=. (10.14)
e

I'See BCPT, Proposition 1.4, p. 10.
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This establishes the inequality for the case p = 1. For p > 1 take Fi(y) = y”.
Then

EM) < E(|X,| pyP~2dy)
[0,M,]

= E(|Xn|ﬁM,f‘l)

1 1
< P _@®ix,7r @MP V)
p—1
1 1
= q(E|X,|")7 (EMY)4. (10.15)

1
The bound for p > 1 now follows by dividing by (EM/)¢ and a little algebra. M

Remark 10.3. To prove the inequality (10.13) it is sufficient to consider the case
1 < a < b, since it obviously holds otherwise. In this case it may be expressed as

b
logh <loga + —,
ae

or

b b
log— < —.
a~ ae

log x
X

1

PR

But this follows from the fact that f(x) =

, X > 1, has a maximum value

Corollary 10.9. Let {X; : t € [0, T]} be a right-continuous non-negative {F;}-
submartingale with E|X7|? < oo for some p > 1. Then M7 := sup{X;:0 <s <
T} is Fr-measurable and, for all A > 0,

1 1
P(Mr > )) < —/ XPdp < —EX?. (10.16)
A Jipaag T aw T
Proof. Consider the non-negative submartingale {Xo, ..., Xyijp-n,..., X7}, for

eachn =1,2,..., and let M,, := max{X;7,-» : 0 <i <2"}.ForA > 0,[M, >
Al ? [MT > Al as n 1 oo. In particular, M7 is Fr-measurable. By Theorem 10.6,

1 1
P P

[Myy>A]

Letting n 1 oo, (10.16) is obtained using Proposition 10.4. |

The final notion to be introduced in this chapter is that of a martingale reversed
in time. First consider a finite filtration /1 C F, C --- C JF,; and a {F, :
n = 1,2,...,m} martingale {X,, : n = 1,2, ..., m}. Then denote the reversed
sequence by Ry := Fp, R2 = Fu—1,.--» Rm = F1,and Y1 := X, Yo =



132 10 Martingales: Definitions and Examples

Xm—1,..., Yy :=X1.Then{Y, :n=1,2,...,m}iscalleda{R, : 1 <n < m}-
reverse martingale, in the sense that (i) {R,}2, is a decreasing sequence of
o-fields, (ii) Y, is R,-measurable V n, and (iii) E(Y, | Fu+1) = Yu41 Y n. More
generally, {Y,},>1 is called a {R,},>1-reverse martingale if (1)—(iii) hold for a finite
or an infinite sequence of indices {1,2,...,m} or N = {1,2,...}. In particular
an infinite sequence {Y,}° | is a reverse martingale if and only if the reversal in

time of every finite segment of it (for example, reversal of the random variables
Yi,Yjt1,....Yjqrand o-fields R, Rj11, ..., R4k, say) is a martingale.

Example 8 (Conditional Expectations Revisited). Let X be integrable and {R,, :
n € N} a decreasing sequence of sub o-fields of . Then Y, :=E(X | R,) (n € N)
is a {R, : n € N}-reverse martingale.

Exercises

1. Let f be a real-valued step function on [0, co) (into R) : f(¢) = f(t;) fort; <
t<tiy1 (i =0,1,2,...)where0 =19 <t) <tp <---.Let{B;:t >0} bea
standard Brownian motion and define the stochastic integral X, = |, 0[ f(s)dBs =

Y F(t)(Byyy — By) + f(tw)(Bi — By,) for t € (tm, twy1].

(a) Show that {X; : 0 <t < oo} isa {F; : 0 <t < oo}-martingale with
Fri=0{Bs;:0<s <t}(t>0),and

(b) the {/; : 0 < t < oo}-submartingale {th : t > 0} has the Doob-
Meyer decomposition: X,2 = M; + A;, where A, = fé fz(s)ds =
Y7o £ty — 1) + f2(tn)(E — tw) for t € (tm, tur1] Ag = 0, and
M; = X?> — A; (t > 0)isa {F; : 0 <t < co}-martingale.

(c) Extend (a), (b) to the case of a (random) nonanticipative locally bounded step
function, i.e., f(t;) is F;-measurable Vi and |f(#)| < Cr forO0 <t < T,
and Cr are nonrandom constants for all 0 < ¢ < oo.

2. (Exponential Martingale) Let {B; : t > 0} be a standard one-dimensional
Brownian motion starting at zero, F; := o {B; : 0 < s <t}.

(a) Show that for each pair x, § € R, X, := exp{x + B, — (52/2)t} (t=0)is
a{F; :0 <t < oo}-martingale.

(b) For the stochastic integrals in Exercise 1, prove that X; := exp{x +
Jo £()dBs — 3 [ f2(s)ds} (t = 0)isa {F; : 0 <t < co}-martingale.

3. (Likelihood Ratios) Let PY, P! be two probability measures on (£2, F) and
{Fn : n € N} afiltration. Let f,?, fn1 be the densities of P, P!, respectively, on
JF, with respect to a measure v, (e.g., vy is the restriction of PO+ Plon F).
Show that { f,} /£ : n > 1} is a {F,,}°> ,-martingale under P°.

(For example, P! may be the distribution of a stochastic process {¥; : n > 1}
under the hypothesis H (i =0, 1) and F;, := o {Y1,..., Y.}, n > 1.)
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4. (a) Show that the sum of two {F,}°° -martingales (or submartingales) is a
{Fn}o2 -martingale (resp., submartingales),

(b) Give an example to show that the sum of a {F,}°2,-martingale and a
{Gn )02 | -martingale, with G, C F, Vn, is not, in general, a {F,}}° -
martingale. [Hint: A {G,}7° -martingale is not necessarily a {F,}° -
martingale].

5. (Exchangeable Martingale Differences) Let {Qg : 6 € @} be a family of
probability measures on (R', B') such that J xQq(dx) = 0 for each 6. Suppose

@ is a Borel subset of R¥, and 7 a probability measure on (@, 5(P)). Consider

an experiment in which a value of 6 is chosen at random according to 7 (d6) and

then, conditionally given 6, an i.i.d. sequence {Zy ,} is chosen having common
distribution Qg.

(a) Show that {Zy , : n > 1} is an exchangeable sequence, i.e., its distribution
is invariant under any permutation of the indices n.

(b) Show that {X, := >/ Zg j,n > 1} is a {F,};° | -martingale, where F,, =
o{0,Zo1,....Zgn).

6. Let {X,}02, be a {F,} 2 -supermartingale. Prove that if ¢ is concave and
increasing on the range of X, (n > 1), and ¢(X,,) is integrable, then {(p(X,,)}lcq’O:1
is a {F,,},2 |-supermartingale.

7. Suppose that S, = X1+ -+ X,;, n > 1, where X1, X», ... arei.i.d. with mean
zero and finite variance. Use Doob’s maximal ineqélality to prove Kolmogorov’s

E|S,|
2

maximal inequality P(maxi<j<p |Sj| > 1) < 2 A > 0.



Chapter 11 ®
Optional Stopping of (Sub)Martingales e

The development of martingale theory is continued for discrete time mar-
tingales with a focus on the use of stopping times in their analysis. An
application to the ruin problem in insurance is included as an application.

In this chapter we consider discrete parameter processes. Extensions to the con-
tinuous parameter martingales and submartingales are given in Chapter 13. Since
every martingale is a submartingale and versions of some theorems apply to both,
we sometimes refer to (sub)martingales to include both, possibly with equalities
replaced by inequalities.

Recall that a random variable t with values in Z U {oo} is a {F,}°2 | -stopping
time with respect to a filtration {F, };’le if [t <n] € F, foralln € Z,. Since F,
are increasing, 7 is a {F,},2 |-stopping time if and only if [t = n] € F, for all
n € Z. Informally, 7 is a {F,};2 | -stopping time if whether or not to stop at time n
depends only on the past and present information as embodied in F,.

Events depending only on times up to a stopping time T comprise the so-called
pre-t o-field, defined more precisely as follows.

Definition 11.1. Let t be a {F,}° ,-stopping time. The pre-to-field F; comprises
all F e F satisfying FN [t <n] e F, foreveryn=0,1,2,....

It is clear from this definition, by taking F = [t < m] (m € Z), that
T is Fr-measurable. To get an intuitive feeling for F;, consider a sequence of
random variables {X,,}°°, with values in some measurable space (S, S), and let
T be {F,,} 2 |-stopping time with F;, := o{Xo, X1, ..., X, }. One may check in this

case that F7 is generated by the stopped process {Xp, : n =0, 1,2, ---}, which is
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the process {X n};’lil observed up to time 7. In other words (Exercise 1),
Fr=0{Xepn:n=0,1,2,---}. (11.1)

More generally, for a {F,};° -adapted process {X,}>°, (with values in some
measurable space (S, S)), one has, for every {F,}°° |-stopping time 7, the relation
(Exercise 1)

Feoo{Xemn:n=0,1,2,...1} (11.2)

Also, if 71 < 1 are two {F;,}°C ,-stopping times, it is simple to check from
Definition 11.1 that (Exercise 2)

Fr CFgy. (11.3)
In the case T < oo a.s., we will often write X; for X;1{; <o), Which is easily

seen to be F;-measurable (Exercise 2).

Theorem 11.1 (Optional Stopping Theorem). Let 11 < 15 be two a.s. finite
{Fn}i2 -stopping times and {X,}°°, a {F,}°  -submartingale. Assume that (i)
E|X| < oo (i =1,2), and (ii) limy— o0 E| X, L[z, >m]| = 0. Then

E(Xr, | Fr) > X, as, and EX,, > EXy,. (11.4)
In the case {X,,};’lo=1 is a {fn},‘zil-martingale, the inequalities in (11.4) become
equalities.
We first prove a simple lemma.
Lemma 1. Let Ty < 1 be two a.s. finite {F,}>° ,-stopping times and {X,} 7| a
{Fu},2-submartingale. Then conditions (i) and (ii) are equivalent to

Xeam —> Xo, in L' as m — o0 (i =1,2). (11.5)

Proof. Assume (i), (ii). Then E[Xpam — Xo| = El(Xm — X)) lnom| =<
ElXn1zs>m)| + El X5 1[r;5m)| = 0asm — oo, by (i) and (ii). Also, E|X ¢ am —
Xr1| =E[(Xm — th)l[t1>m]| = E|Xm1[t1>m]| +E|Xr11[r1>m]| = IE|Xm1['52>m] +
E|X 7 1{¢;>m)| = 0asm — oo. Conversely, suppose (11.5) holds, which obviously
implies (i). As to (ii),

IE:||Xm1[r2>m]| = ]El(szAm - sz)l[r2>m] + szl[t2>m]| — 0

by (11.5) and (i). |

Proof of Theorem 11.1. First assume 71 and 7o are bounded a.s., i.e., 7o < m a.s.
for some integer m. Fix F € F7, and an integer j, 0 < j < m. Then, writing
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Zi=X;—Xj-1(G=zDand X, = X;+Zj41 +---+ Z, for j > r, one has
EXo,1rnrn=j1 = EXjlin=j1Fn[r =)

m
+ Y EXj+Zjp+ -+ Z)=rlram=j  (11.6)
r=j+l1

=E (X121 + Zjs1linzj+11 + -+ Zndinzm) Vram =j1-

Since [tp > r] = [1p < r — 1] € Fr—1, and E(Z,|F,—1) = 0 for a {]-'n}ff:l-
submartingale, we get

EZ 1it,>111Fn =1 = Elpg = 1Fne =1 E(Z, | Fr—1) > 0. (11.7)

Using (11.7) in (11.6), and noting that [t > r] N [7; = j] = [ty = j] a.s., one
obtains

EXo1rnm=j1 = EX L= jilrnin =1 = EXv 1> jilFpg =)
= EX¢ 1Fn[e =] (11.8)
Now sum over j to get the desired result
EX,,1p > EX; 1z forall F € Fy,. (11.9)
For a {F,}7° | -martingale {X,}72 |, E(Z,|F—1) = 0 a.s. for every r, so that one
has equalities in (11.7)—(11.9).

For the general case, apply (11.9) to the stopping times 7; A m (i = 1, 2), and
note that if F' € F¢, then F N [t1 < m] € F¢, am (see Exercise 2(b)) to get

EX o amlrnrei<m) = EXoamlFnim<m)  (F € Fr). (11.10)
By the lemma, it now follows, letting m — oo in (11.10), that EX, 17 > EX; 1F
(F € Fy,), with equality if {X,,}7° | is a martingale. |

Corollary 11.2. Let {X,};°, be a {F,}7° -submartingale, and suppose 7| < 1
are two {F,}°° |-stopping times. If 75 is bounded a.s., then the conclusions of
Theorem 11.1 hold.

The technical conditions (i) and (ii) of Theorem 11.1 can also be verified under

the hypothesis of the following version of the result.

Corollary 11.3. Let {X n};’f: | bea{F, ;’f: |-submartingale, and suppose 1| < 1 are
two a.s. finite {F,}°° | -stopping times. Assume that the sequence Z,, := X, — X,
satisfies the two conditions: (a) there exist constants ¢, such that E(|Z,| | Fn—1) <
cpas.on[rp>nl(n=1,2,...)and (b) E(ci +c2+ -+ c)1[,>1] < 00. Then
the conclusions of Theorem 11.1 hold.
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Proof. Assumption (i) of Theorem 11.1 follows from the relations

2]
E|Xr,| < ElXo| +E (Z |zr|1[fzzu> :

r=1

123 00 n
E |:<Z |Zr|1[rzzl]>] = Z]E |:Z |Zr|1[r2:11]]
r=1 n=1

r=1
o o0
=Y ElZ iz = Y E[ljn=nE(Z ] | Fro1)]
r=1 r=1

o0

=< ZE [l[rzzr]cr] =E (Cl teot+-+ CTZ) Li=1y < 0o,

r=1

where we have used the fact [1o <r]=[rp <r —1]° € F,_;.
To verify assumption (ii) of Theorem 11.1, note that for all k < n,

m
ElXmliry=m) < E(Xol +1Z11 4+ 1 ZkD Uryzm) + Y EIZr 1,2
r=k+1

m
<E(Xol +1Z11 4+ 1Zk) Lzysm] +1E( > Crl[r22r1)~
r=k+1

Hence, for each k, noting that in the second sum [7; > ] implies [ty > k + 1],

o0
limsup B[ Xy 1z >m) < E Z crlin>r < Eer + -+ + cp)lm>k+1]s

m—00 r=k+1

which goes to zero as k — oo. |

It may be noted that if {X,,};° , is a {F,};° ;-supermartingale, then {—X,,} 7 | is
a {F,};2 |-submartingale, and vice versa. Hence Theorem 11.1 and Corollaries 11.2
and 11.3 apply to supermartingales with the inequality in (11.4) reversed.

The following proposition and its corollary are often useful for verifying the

hypothesis of Theorem 11.1 in examples.

Proposition 11.4. Let {Z, : n € N} be real-valued random variables such that for
some ¢ > 0, § > 0, one has

P(Zy41>€|1Gy)>6,as. Yn=0,1,2,...
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or
P(Zyy1 <—¢|Gy)>8as. VYrn=0,1,2,..., (11.11)
where G, = o{Z1,...,Z,} (n 2 1), Gy = {0, 2}. Let S;, =x+Z1 +---+ Z,

(n>1),8) =x,and leta < x < b. Let 7 be the first escape time of {S;} 7, from
(a,b),ie, v =infln >1:S; € (a,b)‘}. Then T < 0o a.s., and

1 1
sup Ee'? < oo for |z] < — |log , (11.12)
no 1 — 6o

{x:a<x<b}

where, writing [y] for the integer part of y,

no:l:b_a:|+1 8o = 8. (11.13)
&

Proof. Suppose the first relation in the proposition holds. Clearly, if Z; > &V j =
1,2,...,np, then S,’fo > b, so that t < ng. Therefore, P(t < ng) > P(Z; >
& ..., 2y, > €) > §", by taking successive conditional expectations (given
Gno—1> Gng—2. - - - » Go, in that order). Hence P(t > ng) < 1—4§"0 = 1—-4§. For every
integer k > 2, P(t > kng) = P(t > (k — Dno, © > kng) = E[1[z>x=1)ne) P(T >
knolGuk—1yny)] < (1 = 8p)P(r > (k — 1nyp), since, on the set [t > (k — Dngl,
P(t < knolGk—1yng) = P(Zk—1yng+1 > &5 -+ Zikng > €lGxk—1yng) = 8™ = o.
Hence, by induction, P(t > kng) < (1 — 80)¥. Hence P(r = 00) = 0 and, for all
z>0,

00 o) kng
Ee*t = Ze”P(t =r) < Zezk"" Z P(t=r)
r=1 k=1 r=(k—1)no+1
oo o0
< ZeZk"OP(t > (k — Dng) < ZeZk"O(l — §p)k !

k=1 k=1

= e™0(1 = (1 = 89)e™) ™" if e™(1 = 8p) < 1.

An entirely analogous argument holds if the second relation in the proposition
holds. |

Corollary 11.5 (Stein’s Lemma). Let{Z, :n =1,2,---}beani.i.d. sequence such
that P(Zy =0) < 1. LetS) =x+Z1+---+Z,(n>1),55 =x,anda < x < b.
Then the first escape time 7 of the random walk from the interval (a, b) has a finite
moment generating function in a neighborhood of 0. In particular, there is a constant
cp > 0 such that P(S, < b) < e ",
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Proof. Finiteness of the moment generating function is an immediate consequence.
The remaining assertion follows from the bound P(S, < b) < P(tr > n) and the
estimates given in the proof of Proposition 11.4. ]

Example 1 (Wald’s Identities). Consider a general random walk {S; := x + Z; +
-+ Z,}52 , asin Corollary 11.5. Assume EZ; = p is finite. Then {S; —nu}isa
{Fn}i2 -martingale, where F,, = 0 {Zy, ..., Z,} (n > 1), Fo = {#, 2}. Let T be a
{Fn}o2 -stopping time such that Er < oo. Then E[|S} —nu — (Sy_, —(n — Dul |
Fu1l =ElNZ, —ul | Fue1l = E|Z,, — u| = c, say, is finite. Hence, the hypothesis
of Corollary 11.3 is satisfied: E(c; +c2 + - - +¢¢)1[z>1] < Ect = cEr < oo, with
c¢j =c, 11 =0, o = 7. This yields

Wald’s First Identity: If Et < oo and Zy has a finite mean, then

E(SY — ) = E(S)) =x, e,
ESY = x + uEr. (11.14)

Next write ) =0, S, = Sy —x—npu = Zy—pu+---+Z, —p (n > 1). Assume
02 := VarZ; < oo. Hence {X,, := (S,Q)2 —no?:n>0}isa {Fn}o2 | -martingale.
If Tis a {F,}32 | -stopping time such that (i)’ Er < oo, (ii)’ ]E(S;)2 < 00, and (iii)’
E(S,/n)zl[bm] — Q0 asm — oo, then, by Theorem 11.1, one obtains EX,; = EXg =
0. Equivalently,

Wald’s Second Identity: If conditions (i) —(iii) hold, then

E(S.)? = o°Er. (11.15)

As a special case, let a < x < b and assume Z; is bounded a.s., Var Z; > 0.
Define 7 to be the first escape time of {S,; : n > 0} from the interval (a, b). By
Corollary 11.5, ET < oo and (i)'—(iii)’ above are easily verified. Hence (11.14)
and (11.15) both hold.

Example 2 (Symmetric Simple Random Walk: Boundary Distribution and Expected
Hitting Time). Let

T =min{n : S, = —a or b}, (11.16)
where a and b are positive integers, and then using Stein’s lemma, one has P(t <

o0) = 1. Note that |S;| < max{a, b}, so that E|S;| < max{a, b}. Also, on the set
[t > m], one has —a < S,;, < b, and therefore

|E(Sm1[r>m])| < max{a, b}El[r>m]

= max{a, b}P(t > m) — 0 asm — oo. (11.17)

Thus the optional stopping Theorem 11.1 applies with 11 = 0 < t = 1, and
therefore
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0=ES; = —aP(t_qg < 1) +bP(1_¢ > 1p)
=—a(l — P(t—q > 1)) + bP(1—4 > 1p), (11.18)

which may be solved for P(t_, > t3) to yield

a
P(t_y > 1) = pEyE (11.19)

More generally, starting the random walk at x € (a, b), one has
Y(x)=P(ty <tp) =0 —2x)/(b—a) a<x<bh. (11.20)

Recall that this was obtained from a discrete boundary value equation as Propo-
sition 2.3 by conditioning on S, and in Chapter 7, Example 1, using the strong
Markov property. Note that the optional stopping of martingales also yields the
expected time to reach the boundary {a, b} from Wald’s second identity (Exercise 4)
as

Eyt=Gx—a)b—x) a<x<b. (11.21)

Example 3 (Asymmetric Simple Random Walk: Boundary Distribution and
Expected Hitting Time). Consider the asymmetric simple random walk starting
at an integer x, ie., S, = S, = x4+ Z1 + -+ Z, (n = 0) with
P(Z, = +1) = pand P(Z, = —1) =g =1—-p (0 < p < 1). Write
X, = (q/p)> (n = 0), Fy = o{Z1,....Zs} (0 = 1), Fo = {£2,0}. Then
E(Xut11Fa) = (q/p)>Elq/p)* | Fal = (q/p)Elg/p)?+' = (q/p)>",
since E(q/p)*+' = p(g/p) + q(q/p)™" = g + p = 1. Hence {X,}°2,
is a {F,} 2 -martingale. Now let a and b be two integers, a < x < b, and
t = inf{n > 0 : S, € {a, b}}. The hypothesis of Theorem 11.1 holds, so that
EX; =EXo = (¢/p)*. That is, writing v (x) for the probability {S,}°° ; reaches a
before b starting from x,

(q/p)* = (q/p) ¥ (x) + (q/p)P (A — ¥ (x)).

This yields

(q/p)* — (q/p)’

P({S¥} hits a before b) = =
(15,1} hits @ before b) = ¥ (x) (¢/p)* —(q/p)’

(a <x <b),

(11.22)
which was also derived earlier as Proposition 2.1 (also see derivation by an
application of the strong Markov property in Exercise 4 of Chapter 7). If one now
uses the martingale S, = S, —n(p — ¢g) (n > 0), then (11.14) leads to

X+ (p—Er =ES; =ay(x) +b(1 =y (x)) = b — (b — )y (x),
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so that

b— b —
E.t = o ( a)w(x), a<x<»b, (11.23)
P—q P—q

where 1 (x) is as in (11.20).

Example 4 (Gambler’s Ruin). The calculations (11.20)—(11.23) may be viewed in
the context of the gambler’s ruin problem, in which a gambler has an initial capital
of So = x dollars, x > 0. Ateach play the gambler may win 1 dollar with probability
p or lose 1 dollar with probability ¢ = 1 — p. The gambler’s objective is to increase
an initial asset to b dollars (b > x) and then quit. The gambler is ruined if all x
dollars are lost, i.e., when the asset is reduced to zero before attaining the objective.
In this case Z, is the gambler’s gain on the n-th play, with P(Z,, = +1) = p and
P(Z, = —1) = g, and S, represents the gambler’s asset, or fortune, after n plays.
The relations (11.13) and (11.22) give the probabilities for the gambler to be ruined
before reaching the goal of increasing the initial assets to b, when p = % and when
p # %, respectively. The relations in (11.20) and (11.23) provide the corresponding
expected durations of the game.

Example 5 (Necessity of Technical Conditions for Stopping). To underscore the
role played by the technical conditions (i) and (ii) of Theorem 11.1, consider again
a simple symmetric random walk starting at x, and let a < x < b. Letting b 1 oo
in the expression for v (x) in (11.20), one obtains the result that P(t, < co) = 1,
where 7; := inf{n > 0 : S, = y}. Similarly, letting a | —o0, one gets P(1, <
00) = limg)_oo(1 — ¥(x)) = 1. In other words, the simple symmetric random
walk is recurrent. But it follows from (11.20) that Et, = oo. If one formally applies
Theorem 11.1 with 71 = 0, 2 = 1}, one arrives at the absurd identity b = x. Note
that condition (i) of Theorem 11.1 holds, but condition (ii) fails to apply. On the
other hand, (11.14) (or (11.4)) does apply to 7} for the simple random walk with
% < p < 1. In this case 1, < oo a.s. (by the SLLN, or by letting a | —oo in
1 — ¢ (x) from (11.22)). One may check the hypothesis of Corollary11.3 in this
case, withc, = E|Z1|+u =14+ (p — q) = 2p for all n, and Etp is shown to be
finite by letting @ | —oo in (11.20) (using the monotone convergence theorem),

b
Et, = o= (x <b; p> %). (11.24)
pP—q

Of course, (11.24) is just (11.14) in this case.

The following corollaries of Theorem 11.1 are often referred to as optional
sampling theorems as well.

Corollary 11.6 (Optional Sampling). If {X,}°° | is a {F,} 2 -martingale or a
submartingale, and 7 is a {F,}7° | -stopping time, then {W, := X x,} is a {F})2 -
martingale or a submartingale, accordingly.
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Proof. First note that W,, := Z:;,:() Xm1ir=m) + Xy1[z>n) is Fy-measurable. If
{X»u};2, is a submartingale, apply Theorem 11.1 with 7; = tAn and 72 = tA(n+1)
to get

E (Wn+l|-/—"n) =E []E(Wn+l|frAn)|fn] > E(Wnlfn) =W, (1125)

with equality in the case {X,}7° , is a martingale. Note that for the second equality,
we have used the fact F;,, C F;, (see (11.3)). [ |

Corollary 11.7 (Optional Sampling). Let {1,}°° | be an increasing sequence of J,-
stopping times and {X,}°° | a {F,}°° |-(sub)martingale. If, for each n, 7, < co a.s.,
ElX.,| < oo, and E|X,;1[7,>m]| — 0 asm — oo, then {W, := X, }is a {F¢,}-
(sub)martingale.

Proof. Take 11 = 1, and 7 = 1,41 in Theorem 11.1. |
We close this chapter with an application from actuarial mathematics.

Example (Risk, Ruin, and Reinsurance). Insurance risk is a historically important
area for the development of probabilistic theory and methods. The compound
Poisson process provides a basic model in insurance where premiums are collected
at a constant rate ¢ and in the course of time i.i.d. (strictly positive) claim amounts
X1, X2, ... occur independently of the homogeneous Poisson process N = {N(¢) :
t > 0} with intensity parameter A > 0 that counts the arrivals of claims. In particular,
the inter-arrival times of claims are exponentially distributed with mean A~! > 0
in this model. For a company with an initial risk reserve amount U (0) = u, their
capital at time ¢ is then given by

N(t)
Uty=u+G(t) :=u+ct— Y X;, t=0. (11.26)
j=0

This model is referred to as the Cramér—Lundberg model in insurance.

The Sparre—Andersen model is a more general model in which one assumes
successive times T4, Tz, ... of claim arrival times such that the inter-arrival times
Aj = T; —Tj_1,j = 1, are i.i.d., not necessarily exponentially distributed. In
addition, one assumes EA; = A~! < oo (Tp = 0).

Remark 11.1. Applications to hydrology involve dual models for reservoir storage
by a change of signs for the claims and premium rate, in which case c is the
withdrawal rate and X1, X»,... are random inputs from rainfall/runoff events,
assumed to occur according to i.i.d. inter-arrival times, independently of the input
amounts. Similarly for charities, the X, X5, ... are donations, and c is a spending
rate.

The probability of ruin for the general Sparre—Andersen model is defined by
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n n n
v(u) = P(ZXj >u +cZAj for some n) = P(ZZj > u for some n),
j=1 j=1 j=1
(11.27)
where

Zj:Xj—CAj, j=1,2,.... (1128)

The common distribution of the i.i.d. Z1, Z3, ... is assumed to satisfy the Net Profit
Condition (NPC):

(NPC) EZ; =EX, —cA; <0. (11.29)

Note that if EZ; is finite and EZ; > 0, then by the strong law of large numbers
Y(u) = 1 for all u. To avoid the trivial case ¥ (1) = 0 for all u > 0, one also
assumes

P(Z, > 0) > 0. (11.30)

The ruin probability provides a risk measure amenable to analysis for the Sparre—
Andersen model via martingale optional stopping theory in the case of an infinite
time horizon T = oo, assuming the so-called light-tailed claim size distribution,
that is, assuming

Ee?X! < 0o for some ¢ > 0. (11.31)
Under this light-tailed assumption, there exists 0 < 2 < oo such that

0<m(q)=Ee?% <00 0<gq <h, %m(q) = 0. (11.32)
q

Proposition 11.8 (Classical Lundberg Inequality for the Sparre—Andersen Model).
Under the above net profit condition (11.29), non-degeneracy (11.30), and light-
tailed claim assumption (11.31) for the Sparre-Andersen model, there is a unique
positive solution to m(q) = 1, denoted ¢ = R > 0. Moreover,

Y (u) <exp{—Ru}, forallu > 0. (11.33)

Proof. Note that m(0) = 1, m'(0) = EZ; < 0 (or, m’'(07) < 0if m(qg) = oo
forall ¢ < 0), m"(q) = EZ}exp{qZ} > O forall ¢ > 0, and m(q) — oo
as ¢ 1 h. Hence m(q) decreases from m(0) = 1 to a minimum at g € (0, 00),
before increasing strictly to infinity as ¢ 1 h. It follows that there exists a unique
q = R > O such that m(R) = 1. To prove (11.33),lett = inf{n > 1 : S, > u},
where S, =Z1+---+Z, (mn=1,2,...),So = 0. Then 7 is a stopping time with
respect to the filtration 7, = o{Z; : k= 1,...,n}forn > 1, Fy = {§2, ¥}, and
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Y (u) = P(t < 00). (11.34)

Next write W, = u — S,(n > 1), Wy = u. Then U, = {exp(—RW,) :n > 0}isa
JF-martingale. Since m(R) = 1, one has

E(Un+11Fn) = E(Uy exp{RZ, 41} Fn)
= U,E(exp{RZ,+1}) = Uym(R) = Uy,. (11.35)

By the optional sampling theorem, one then has

exp{—Ru} = EUy = EUr A,
> E(Ur/\nl[rfn])
= E(U1[z<y) for all n. (11.36)

Noting that U; > 1 on the event [T < oo], it follows from (11.36) that exp{—Ru} >
Elj; <) = P(r < n) for all n. Letting n 1 0o, one arrives at (11.33). |

Remark 11.2. 1t will be shown in Chapter 26 that the exponential rate provided
by (11.33) cannot in general be improved upon. The true asymptotic rate will be
shown to be given by ¥ (#) ~ d exp{—Ru} as u — oo, for some constant d < 1.
Here ~ means that the ratio of the two sides converges to one as u — 0.

The parameter R is referred to as an adjustment coefficient. The larger R the
smaller the bound on the risk of ruin for a given initial reserve u. Its use in mitigating
risk can be given through considerations of reinsurance as follows. The purchase
of reinsurance will reduce the company’s profit, and however it can increase the
company’s security as measured by the risk of ruin. Suppose for simplicity that in
the absence of reinsurance, a company has a risk reserve process given by the classic
Cramér—Lundberg model above:

Ny
U(f)=u+G(t)=u+ct—ZXk, t>0.
k=0

A reinsurance policy is defined by a function p, which pays p(x) on a claim amount
x subject to the feasibility condition 0 < p(x) < x, and p(x) < x if x > 0. For
example, the familiar excess of loss policy with deductible b is given by pp(x) =
(x —b)T = max(x — b, 0), x > 0. On the other hand, the proportionate loss policy
atratey € (0,1]1is p)(x) = yx, x > 0. The reinsurance relative security loading
factor & =&(p, c,) is defined by

p
1+ 8&(p,cp) = Ep(X)

)



146 11 Optional Stopping of (Sub)Martingales

where X is distributed as a claim size random variable, and ¢, > 0 denotes the
reinsurance premium rate. The adjusted risk reserve under a reinsurance policy p is
given by

Ut)=u+G(), t>0,

where

Ny
G(t)=(c—cp)t — Y (Xi — p(Xp)). 120 (11.37)
k=0

The following result provides a sense in which excess of loss policies are optimal
from the point of view of risk reduction among all feasible reinsurance policies for
the same premiums and relative security loads.

Theorem 11.9 (Optimality of Excess of Loss Reinsurance). Assume the Cramér—
Lundberg model (11.26) for insurance capital. Let R, denote the adjustment
coefficient on the risk reserve under the excess of loss policy p, with deductible b.
Then for any other reinsurance policy p with risk reserve adjustment coefficient R
for equivalent premiums ¢, = ¢,, and the same relative security loads £(p, ¢,) =
&(pp, cp,), one has R < Ryp.

Proof. The risk reserve process for any policy p subject to the conditions of the
theorem has adjustment coefficient given by the positive solution ¢ = R to

A+ (c—cp)g = AReIX=PX), (11.38)

To see this note that under the risk reserve process, the effective premium paid by
the insurance company is ¢ — c,, and the effective size is x — p(x). Hence the
function m(q) in Proposition 11.8 becomes E exp{g(X — p(X))} — (c — cp)A} =
mﬂie_q("_pm). Setting this equal to one yields (11.38).

Since the affine linear map g — A + (¢ — ¢p)q,q > 0, on the left side of this
equation is invariant under p under the conditions of the theorem, by monotonicity
of the functions g — AEe?(X—p (X)) g > 0, it is sufficient to show EedX—p (X)) >
Ee?X=ro(X) for g > 0. By convexity of the exponential function, one has the line
of support inequality e"? > "9 "tre q/(q — ¢’) for r > 0 and non-negative ¢’, g.
Thus using feasibility, one has r := x — p(x) > 0, and taking ¢’ := q% for
fixed x > 0, one has for g > 0,

exp{q(x — p(x))} = exp{g(x — pp(x))} + g expig (x — pp(x))}(op(x) — p (X)),
(11.39)
ifx —p(x) > 0.If x — p(x) = 0, then (11.39) is trivial. Observe that by definition
of the excess of loss policy p, and non-negativity of p, one has

x — pp(x) < b, and x — pp(x) = bif pp(x) > p(x).
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Thus

explg(x — p(x))} > exp{q(x — pp(X))} + qe?’ (pp(x) — p(x)), x> 0.

Apply this sample-pointwise to the random variable (function) X, taking expec-
tations and noting that Ep(X) = Epp(X) by the relative security loading and
premium constraints. This completes the proof that Ee?(X—r(X)) > Feq(X—pr(X))
for g > 0, as desired. |

Remark 11.3. An alternative approach to mitigating! risk of ruin involves invest-
ment of the surplus, i.e., premiums collected minus claims, into a portfolio of
a non-risky bond and a risky investment in stocks as described in Chapter 23.
Also, other efforts in actuarial/financial mathematics to standardize the concept of
“Value at Risk” among international institutions worth mention involve definitions
based on quantiles in the profit/loss distribution (see Exercise 9). If one considers
U(t),0 <t < T over a time horizon of length T (possibly infinite), then the risk
reserve u = u(r) at a given level of insolvency risk, say r, may be viewed in terms
of a quantile of the distribution of

N N@)

Vr = min A — X

r OsrsT(CZ; ! 2(:) 7
Jj= Jj=

via the condition that
PVr < —u) =r.

More specifically, the (1 — r)-th quantile of the distribution of V7, namely —u =
—u(r), defined by P(Vr > —u) = 1 — r, is a form of the Value at Risk over the
horizon T, often denoted VaR, (T).

Exercises

1. Let {X,, : n € Z4} be a sequence of measurable functions on (§2, F) into

(S, S).

(a) LetG = o0{Xo, X1, X2,...}.IfG, = 0{Xp, X1, , X} (n > 0),and 7 is
a{Gn},—-stopping time, show that G; ={A € G: AN[t =m] € Gy, m =
0,1,...} =0{Xtpn:n ez}

For example, see Albrecher et al. (2012) and references therein.
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(b) Let {F,};2, be a filtration such that {X,}7° is adapted to it, and 7 is a
{fn};’l"zo—stopping time, then show that 77 D o{Xan : n € Z4}. Give an
example to show that the containment “2>” may be proper, i.e., strict.

2. (a) If 7y < 1 are two {F,}2 -stopping times, and {X,}7° is a {F,}}2 -
adapted sequence of functions with values in a measurable space (S, S),
show that F, C F,.
(b) Show that, with the above notation, X;1[; <] iS Fr-measurable for every
{Fn}o2 | -stopping time 7.

3. Let 71 and 1 be {F,}-stopping times. Show that (i) 7] A 72 and 71 V 17 are {F,}-
stopping times. (ii) Show F;; N Fy, C Fyar. [Hint: If G € F;; N Fp,, then
(GN[rr =nhDUGN[rr <n]) =GN[r A <n] € F,.] (i) Use (ii) to
show that G N [1; <m] € Fr, (i =1,2).

4. Give the details for the calculation of the expected time to reach the bound-
ary (11.21).

5. (Martingale Strategy; Double or Nothing) Suppose a gambler bets 1 dollar in
the first play and quits if a win (one dollar). If a loss then the bet is doubled to
2 dollars, with the same strategy of quit on a win and double bet to 4 dollars on
a loss, etc. Thus the gambler quits after the first win, and bets 2"~! dollars on
the n-th game if the first n — 1 plays are losses (n = 1, 2, ...). Assume that the
outcomes of the plays are independent events, and the probability of winning (for
the gambler) is p in each play.

(a) Show that with probability one, the gambler comes away with an overall gain
of 1 dollar, unless p = 0.

(b) Compute the expected duration of the game.

(c) Let{Z, : n > 1} be an independent sequence with P(Z, = 2"~!) = p and
P(Z,=-2"1=¢g=1-p (0 < p < 1). Consider the (inhomogeneous)
randomwalk S, = Z|+Zy+-- +Z, (n > 1), F, =o{Zy,..., Z,} (n > 1),
and let T = inf{n > 1 : Z,, > 0}. Consider the martingale X,, = §,, — ES,
(n > 1) and t as defined here. Calculate the distribution of 7.

(d) In(c), calculate E|X,, |1[r~mn] and show that it goes to zero as m — oo if and
only if p > %

6. (Optimal Strategy for Gambler) In Exercise 5 the gambler must have unlimited
assets to cover losses as they may accrue. A more realistic assumption is that the
gambler has an initial capital of x dollars (x > 0), and at no stage of the game she
can bet more than her current asset or capital. Suppose the gambler’s objective is
to increase her initial capital to b (> x) dollars. Suppose 0 < p < % A feasible
strategy for the gambler is the specification of the amount Y¥,,, 1 <Y, <b—S,_1
on the event [S,—1 > 0], as her bet (using past information if necessary) for the
n-th play. Then her gain Z,,, say, on the n-th play is £Y,,, so that E(Z, || F,—1) =
(p — @)Y, < 0 (for the standard filtration with Fy = {2, @}).
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(a) Show that regardless of the (feasible) strategy S, == x + Z; +--- + Z,
(n = 0)is a {F,};2 |-supermartingale, and 7 := inf{n > 0: S, € {0, b}}isa

{Fn}o2,-stopping time.
(b) Show that if

r(x) > pr(x+y)+qrix —y),¥x > 1,

where r(x) = Py (tp < 10), then r(S,;) = Ps,(tp < 10),n =0,1,2,...,1s
a supermartingale

(c) In a bold strategy,* she does not bet any more than she needs to reach b
dollars, and she quits the first time she accumulates b dollars or she loses all
her capital. In the case p = %, prove that the probability that the gambler
reaches her objective is no more than x /b.

(d) Assume p = 1/2. Show that an optimal strategy (for maximizing this
probability) is the timid strategy of betting 1 dollar in each play until the
stopping time t is reached. [Hint: Note that under the timid strategy, the
capital evolves according to the simple symmetric random walk on [0, b]
with absorbing barriers at 0, b, for which P(rlgl) < r(gl)) = x/b satisfies
the supermartingale inequality above (as an equality). Modify an arbitrary
feasible strategy by adapting the timid strategy from the n-th step forward,
n = 1,2,.... Use the supermartingale property for the timid strategy to

show E Pyo) (tb(") < ré")) < Px(rb(l) < ‘L’él)). Let n — 00.]

7. Let {X, : n > 1} be a non-negative {F,},° -submartingale and 7 an a.s. finite

{Fnu fjozl—stopping time. Assume EX,; 1z~ — 0 asm — oo. Give a direct
proof (without using Theorem 11.1) that EX; > [EX;, with equality for the
martingale case. [Hint: EX; = limy— oo D ny E[Xy(Arsn—1] — Liz=n))] >
limy— oo [EX| —EX,; 1[r>m)] = EX 1, with “="in place of “>" for martingales.]
. Show that Theorem 11.1 holds for supermartingales with the inequalities
in (11.4) reversed.

. Consider the Sparre—Andersen model under the net profit condition and light-
tailed claim assumptions. Give an upper bound on the value at risk VaR, (co)
over an infinite time horizon 7 = oo in terms of the risk level r and the

adjustment coefficient R.

2For a detailed analysis of the bold strategy, see the interesting article Billingsley (1983).



Chapter 12 ®
The Upcrossings Inequality and Qs
(Sub)Martingale Convergence

Doob’s intriguing and delicate upcrossing inequality is derived in this chapter.
One of its consequences is the (sub) martingale convergence theorem, which
in turn leads to a proof of the strong law of large numbers and a derivation
of DeFinetti’s representation of exchangeable (symmetrically dependent)
sequences of random variables. Other applications include regularity of
sample paths of continuous parameter stochastic processes to be derived in
Chapter 13.

Recall that submartingales {Y,};2 | have monotonically non-decreasing expected
values. Thus, trivially, if the numerical sequence {E|Y,|}7°, is bounded, then
lim,_,» EY, will exist. The remarkable fact to be proven in this chapter is
that submartingales having bounded absolute means (or slightly less), and such
“bounded” martingales and non-negative supermartingales, will a.s. converge to a
finite limit!

Consider a sequence {Y,, : n > 1} of real-valued random variables such that Y, is
JFn-measurable for a given filtration {F,}7° ;. Leta < b be an arbitrary pair of real
numbers. An upcrossing of the interval (a, b) by {Y,,}72 , is a passage to a value > b
from an earlier value < a, while a downcrossing of (a, b) is a passage to a value
< a from an earlier value > b. It is convenient to look at the corresponding process
{Xp == (Yo —a)"}02,, where (Y, —a)* = max{(Y, — a), 0}. The upcrossings
of (a, b) by {Y,,}72 | are the upcrossings of (0, b — a) by {X,};2 . The successive
upcrossing times 1, (k =0, 1,...) of {X,,}72 | are defined by

no =1,
n :=inf{n > 1: X, =0},
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m :=inf{n > n; : X > b —a},

Mak+1 := inf{n > ny : X = 0},

Nok+2 = inf{n > mopy1: Xy 2 b —a}, k =2 0. (12.1)
Then each ny is a {F,}7° | -stopping time. Fix a positive integer N and define

T ;=g AN =min{ng, N}, (k=0,1,...). (12.2)
Then each 74 is also a stopping time. Also, Ty = N for k > N, so that X, = Xy
fork > N.

Let Uy = Un(a, b) denote the number of upcrossings of (a, b) by {¥,};° | by

time N, i.e.,

Un(a,b) :=suptk = 0:n < N}, (12.3)

with the convention that the supremum over an empty set of 0. Thus Uy is also the

number of upcrossings of (0, b — a) by {X,,}7° | in time N.
Since X, = Xy for k > N, one may write
[N/2]+1 [N/2]+1
Xy — X = Z (Xeyey — Xy o) + Z (Xeye — Xoy 1) - (12.4)
k=1 k=1

To relate (12.4) to the number Uy, let v denote the largest k such that n; < N, i.e.,
v is the last time < N for an upcrossing or a downcrossing. Notice that Uy = [v/2].
If viseven,then X;,, — X1, | > b—aif2k <v,andis Xy — Xy =0if 2k > v.
Now suppose v is odd. Then X, — X, | > b—aif 2k —1 < v, and is O if
2k —1 > v,andis X;,, —0 > 0if 2k — 1 = v. Hence in every case

[N/2]+1

Y (X = Xuyy) = [v/21(b — @) = Uy (b — a). (12.5)
k=1

As a consequence,

[N/2]
Xy — X; > Z (Xey ) — Xey o) + (b — a)Uy. (12.6)
k=1

Observe that (12.6) is true for an arbitrary sequence of random variables (or,
real numbers) {Y,}°° . Assume now that {Y,,}7° | is a {F,} 2 |-submartingale. Then
{Xn};2, is a {F};2  -submartingale by Proposition 10.1(b). By optional sampling
(Corollary 11.6), {X, : k > 1} is a submartingale. Hence EX, is non-decreasing

in k, so that
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[N/2]
El DY (Xeyo, — Xey) | 2 0. (12.7)

Applying this to (12.6) one obtains the following truly remarkable bound on the
mean number of upcrossings.

Theorem 12.1 (Upcrossing Inequality). Let {Y,}7° | be a {F,};2 -submartingale.
For each pair a < b the expected number of upcrossings of (a, b) by Y1,...,Yn

satisfies the inequality

E(Yy —a)t —E( —a)* _EYy +lal _ElYy|+]a|
b—a -~ b-a ~ b-a

EUn(a,b) =
(12.8)
As an important consequence of this result we get

Theorem 12.2 (Submartingale Convergence Theorem). Let {Yn};’f:l be a sub-
martingale such that E(Y,j‘ ) is a bounded sequence. Then {Y;, }ff:l converges a.s.
to a limit Yoo. If K := sup, E|Y,| < oo, then Y is a.s. finite and E| Y| < K.

Proof. Let U(a, b) denote the total number of upcrossings of (a, b) by {¥,};2 .
Then 0 < Un(a, b) 1 U(a, b) as N 1 oco. Therefore, by the monotone convergence
theorem

EYY + |a
-~ ||<oo

EU(a,b) = lim EUy(a, b) < sup (12.9)
N*too N b—a
In particular U (a, b) < oo almost surely, so that
P (liminfY, <a < b < limsupY,) = 0. (12.10)

Since this holds for every paira, b = a + % with rational number a, and a positive
integer m, and the set of all such pairs is countable, one must have liminfY, =
lim sup Y, almost surely. Let Y, denote the a.s. limit. By Fatou’s Lemma, E|Y5| <
limE|Y,|. |

Theorem 12.2 and Doob’s L”-maximal inequalities imply the following powerful
result.

Theorem 12.3 (L?-Convergence of Submartingales). Let{X, : n > 1} be a {F,}-
submartingale. (a) If sup, E| X, |log™ |X,| < oo, then X, converges a.s. and in L!
to arandom variable X. (b) If sup, E|X,|? < oc for some p > 1, then X,, converges
a.s. and in L? to a random variable X.

Proof. In both (a) and (b), almost sure convergence follows from Theorem 12.2.
Doob’s maximal inequalities (Theorem 10.8) imply that in (a) {X,} is uniformly
integrable and in (b) | X, |” is uniformly integrable (Exercise 8). |
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An immediate consequence of Theorem 12.2 is

Corollary 12.4. (a) A non-negative martingale {Y,}7° | converges almost surely to
a finite limit Y. Also, EYs < EYj. (b) A non-negative supermartingale {Yn}flo:1
converges almost surely to a finite limit Y.

Proof. (a) For a non-negative martingale {Y,}7° |, sup, E|Y,| = sup, EY, = EY;.
So the assertion follows from Theorem 12.2. (b) For a non-negative supermartingale
(Y302, {(—Y,}52, is a submartingale bounded above by zero, i.e., (=Y,)" = 0
and therefore, sup, E(-Y,)™ = 0. Hence, again by Theorem 12.2, lim, Y, =
—lim, (—Y,) > 0 exists and is almost surely finite. |

It follows from the Corollary that the martingales {Y,, := ]_[;'»=1 X} converge
almost surely to an integrable random variable Y, if {X,};2 | is an independent
non-negative sequence with EX,, = 1 for all n. In the case {X,,}7°, is i.i.d. and
P(X1 = 1) < 1,itis an interesting fact that the limit of {¥,};° | is 0 a.s., as shown
by the following corollary.

Corollary 12.5. Let{X,}>, be ani.i.d. sequence of non-negative random variables
with EX; = 1. Then {Y, := ]_[?21 X} converges almost surely to 0, provided
PXi=1)<1.

Proof. Firstassume P(X; = 0) > 0. Then P(X,, = 0 forsomen) =1—-P(X,, >0
forall n) = 1, since P(X; > Ofor1 < j <n) = (P(X; > 0))". Butif X,,, =0,
then Y,, = O for all n > m. Therefore, P (Y, = O for all sufficiently large n) = 1.

Assume now P(X; > 0) = 1. Consider the i.i.d. sequence {log X,,}Zozl. Since
x — logx is concave one has, by Jensen’s inequality, Elog X; < logEX; = 0.
Since P(X; = 1) < 1, log X is not degenerate (i.e., not almost surely a constant).
Hence the Jensen inequality is strict. Therefore, Elog X,, < 0. By the strong law of
large numbers,

1 1
“log¥, =~y logX; % Elog X| <0. (12.11)
n n 4
Jj=1
Therefore, log ¥,, - —o00, a.s.,and ¥;, — 0 a.s. |

Another application of Corollary 12.4 to a multiplicative process is the following.

Example 1 (Bienaymé—Galton—Watson Branching Process). Consider a simple
branching process in which the total number X, of individuals in the n-th generation
evolves as follows. Each individual is replaced by a random number of offspring in
the next generation. The sequence of random numbers Ll("), i,n > 1, of offspring
produced in this manner throughout the generations are i.i.d. with common
probability mass function (pmf) f. Assume 0 < p = Z,fio kf(k) < oo. Let
Fni=0{X1,..., X,}. Then {X,}7° | is a Markov chain and

E(Xn-H | Fn) = IE(Xn+1 | o(Xy)) = nXy. (12.12)
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Define
Y, = pu"X,. (12.13)
Then
E Vi1 | F) =p " TOuX, = u™X, =Y, (12.14)

Hence {Y,}72, is a non-negative martingale, which converges a.s. to a finite
integrable limit Yoo, EYs < EY; = 1. One may then express the size X, of the
n-th generation as

Xn = p1"Yn = 1" (Yoo + o(1)), (12.15)

where o(1) — 0 a.s. as n — o00. Suppose u < 1. Then (12.15) implies that
X, — 0 a.s. (and exponentially fast). Since X, is integer valued, this means that,
with probability one, X, is O for all sufficiently large n, so that Yo, = 0 a.s. That is,
in case u < 1, extinction is certain (and the population size declines exponentially
fast). As already shown, extinction is certain in the critical case © = 1. As a
consequence of this and (12.15), one may deduce that Y, = 0 (a.s.) for the case
u < 1. To complete this picture consider the following natural property associated
with the evolution of Bienaymé—Galton—Watson branching processes.

Definition 12.1. A property of Bienaymé—Galton—Watson trees is said to be inher-
ited if every finite tree has the property, and all subtrees rooted at descendants of the
root of a tree having this property also have this property.

Importantly, extinction is an inherited property.

Theorem 12.6 (Zero-One Law for Inherited Properties). The event that a
Bienaymé—Galton—Watson process with non-degenerate offspring distribution
has a particular inherited property has conditional probability zero or one given
nonextinction.

Proof. Let G denote the event that a Bienaymé—Galton—Watson tree with k offspring
of a single progenitor root possesses a given inherited property, and let G1, ..., G
be the events that the respective descendent subtrees of the root have this property.
Then, for arbitrary k,

PGILYY =k) < P(GINGan---NGLY = k) = P(G).

In particular, denoting the probability generating function (pgf) of the offspring by
@, one has

P(G) < E(P(GNL = p(P(G)).
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Let p denote the extinction probability. Then, as has been previously shown, p is
a fixed point of ¢. Since every finite tree has the inherited property, i.e., under
inheritance, extinction implies G, one has ¢(p) = p < P(G). Recall that ¢ is
strictly convex, non-decreasing, and has at most two fixed points p and 1 in [0, 1].
Moreover, ¢(x) > x,0 < x < pand p(x) < x,p < x < 1, with ¢(1) = 1.
Thus, P(G) € {p, 1}, so that if P(G) = p < 1, then P(G|nonextinction) =
%);p = 0. On the other hand, if P(G) = 1, then P(G|nonextinction) =
1 — P(G€|nonextinction) = 1 — 0 = 1. |

Since [Ys = 0] is an inherited property one immediately arrives at the following.

Corollary 12.7. For any finite, positive mean offspring (1, one has conditionally on
nonextinction Yo, = 0 or Yo, > 0 almost surely, i.e., P(Y = 0) is either zero or p.

Radon-Nikodym derivatives provide an essential “change of measure” tool of
both probability theory and analysis. The next application of martingale conver-
gence provides a natural conceptual interpretation (see Exercise 7).

Corollary 12.8 (Lebesgue Decomposition). Let m, q be finite measures on a mea-
surable space (S, F) and assume that m is non-trivial (i.e., not identically zero) and
q is normalized to a probability. Suppose that F,,,n > 1 is a filtration such that
m << g on each F,, with Radon-Nikodym derivative Q,, = dm/dq on JF,,. Define

Qoo(x) =limsup Q,(x), x € S.

n—oo

Then
m(A) = / Qoo (X)q(dx) + m(AN[Qx =o0]), A€ F.
A

In particular

am<<gq < Qs <oom—ae < E;0,=m(S)
b.mlqg & Qx=00m—ae. < E;0,=0.

Proof. First observe that the sequence {Q, : n > 1} defined on the probability
space (S, F, q) is a non-negative martingale with respect to the filtration F,, n > 1
since for any bounded F,,-measurable, and hence F,,1-measurable, function G on
S one has

AGE(QH+1|In)dq =Eq(GQn+l):/SGQn+1dq ngGQndC] =/;de

That is, E(Qp+1]Fy) is a version of dm /dq on F,, and hence agrees with Q,,. Thus
it follows from the martingale convergence theorem that O, = lim, Q, < oo a.s.
with respect to g. Assume without loss of generality that m is a probability; else
replace m by its normalization to a probability in what follows. A standard trick to
find measures A, to dominate (in the sense of absolute continuity) both m,, := m| £,
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and g, := q|F, is to define

An:’""Tqu" and X:mTJrq'

Then m, << A,,and g, << X, on F, and A, coincides with the restriction of A to
Fn. Now

d d
M and R, = 9n

M =
" dag, dy

define non-negative bounded martingales {M,, : n > 1} and {R, : n > 1} on the
probability space (S, F, 1), which may be checked along the same lines as above
(Exercise 6). Thus the following limits exist a.s. with respect to A:

My := lim M, R :_hmR

n—oo

Moreover one has (Exercise 6)

Thus O, = M, /R, and therefore O~ = Mo/ R0 a.s. with respect to A. Note that
M[Ms = Rx = 0]) = 0since M,, + R, = 2 for all n. Thus we have arrived at

m(A) = /—dk_/ Mood

= —1 [Roo>0] Ood)\,—l-/ M I[Rw_o]d)\,

A Roo
=/ Qoodq+/ 1{r=01dm
A A
Now notice that since Q,R, = M, for each n, 1jg_—0] = 1[g,=c0] a.s. With

respect to m, completing the proof of the decomposition. The various equivalent
conditions for absolute continuity and/or mutual singularity can be directly read off
of this representation (Exercise 6). |

Corollary 12.9. Let Y be an integrable random variable on a probability space
(82, F, P) and {.7-",,}” | an increasing sequence of sub-o-fields of F. Then {Y, :
E(Y | F)},2, is a {F,}52 | -martingale and {Y,} 7 | converges almost surely, and
in L', to Yoo := E(Y | .7-'00), where Foo = \/,, Fin = 0 {U2, Fu).
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Proof. The martingale property is clear. Also, by Jensen’s inequality applied to the
function x — |x| one obtains |Y,| = |E(Y | F,)| < E(Y]| | Fu), so that

E|Y,| <E|Y| forall n. (12.16)

Therefore, by Theorem 12.2, {¥,,}°°, converges almost surely to an integrable

random variable Y, say. In order to show that {Yn};’lo:1 converges to Yo, in L,

we need to prove that {Y,,}7° | is uniformly integrable. This follows from

/ |Ynld P =/ IECY | Fo)ld P 5/ E(Y[ | Fn)dP
[1¥|>2] [1¥|>2] [1¥|>2]

= / |Y|dP.
[1¥,]>2]

Now

sup P(|Y,| > 1) < supE|Y,|/2 = E[IE(Y | F)I] < E[E(Y] | F)1/A = EY|/A.

(12.17)
Therefore, f[\Yn|>/\] |Y,|d P — 0 (Exercise). Now, for any given m, EY14 = EY, 14
for all A € F,, provided n > m. Letting n — o0, one gets EY14 = EY,,14 for all
A € Fy,. Since m is arbitrary, the last equality holds for all A € U>°_, F,. |

Another useful convergence result related to martingales is

Proposition 12.10 (Convergence of Reverse Martingales). Let {F, : n =
0,1,2,...} be a decreasing sequence of o-fields C F,andlet{Y, : n =0,1,...}
be a {F,}°2 | -reverse martingale, i.e., E(Y,, | Fn11) = Yyy1 (n > 0).

a. Then {Y,}°2 | converges in L' to E(Yy | Fao) Where Foo = N2 o Fn-

b. In particular, given Yy integrable, E(Yq | F;,) converges in L' to E(Yo | Foo).
c. The convergence in (a), (b) is a.s.

Proof.

a. Note that ¥,, = E(Yy | F,) (n > 1). This is easy to check directly, or use the fact
that {Y;,, Y,,—1, ..., Yo} is a martingale with respect to the increasing family of o -
fields {F,, Fu-1, ..., Fo}. It follows that {Y,, : n € Z,} is uniformly integrable,
using (12.17) (with Yy in place of Y) and Chebyshev’s inequality exactly as in
the proof of Corollary 12.9. Hence there exists a subsequence Y, Yy,, - -+ (n] <
ny < ---) which converges in L! to some random variable Yo, say. Clearly, Yoo
is Foo-measurable. Also, by the definition of conditional expectations,

f Yod P :/ Y. dP VYn>1, YAcFn, (12.18)
A A
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since A € F, for all n. Letting n — oo through the subsequence {n;} one gets
JaYodP = [, Yood P forevery A € Foo, proving that E(Yy | Foo) = Yeo. Since
the limit Y is independent of the subsequence n; < ny < ---, the proof is
complete.

b. Given Yy integrable, {E(Yy | F,) : n > 0} (with Fo = F, say) is a {F,,}02 ;-
reverse martingale, so that (a) applies.

c. The proof of a.s. convergence is almost the same as in the case of a submartingale
(Theorem 12.2). If Uy = Up (a, b) is the number of upcrossings of (a, b) by the
martingale {Y_y, Y_n41, ..., Y1}, then EUxn(a,b) < (E|Y1| + |a])/(b — a),
by (12.8) (relabeling the random variables Y_y as Y7, ..., Y] as Yy). The rest of
the proof is the same as that of Theorem 12.2.

Corollary 12.11 (Strong Law of Large Numbers—SLLN). Let {Z, : n > 1} be an
i.i.d. sequence of integrable random variables. Then S, /n — EZ; a.s. and in L' as
n—oo,where S, =21 +---+2Z,(n>1).

Proof. Let F, := o{S;, : m > n} (n = 1,2,---). Observe that the distribution

of the sequence (Z1, Z2, ..., Zn, Su, Su+1, - .. ) is the same as that of the sequence
(Zx(1ys Zn2)s - -+ » Zr(n)s Sns» Su+1, ...) for every permutation 7 (1), ..., 7 (n) of
1,2,...,n. In particular,

EZj| Fo)=EZ | F) (1 =j=<n). (12.19)

Averaging (12.19) over j = 1, ..., n, one has
Sn
E(=|F)=EZ | F) (=D. (12.20)
n

But E(S,/n | ) = S,/n. Now apply Proposition 12.10 to the sequence Y, :=
E(Z) | Fu) (n = 1) to get S,/n converges a.s. and in L' to E(Z, | Foo) Where
Foo = Myp>1F,. However, since liminf S, /n is measurable with respect to the tail
o-field of {Z,, : n > 1}, it follows from Kolmogorov’s zero-one law that the limit is
a constant a.s., namely, £Z;. | |

To conclude this chapter we consider an application of martingales to arbitrary
“symmetrically dependent,” or exchangeable sequences.

Example (Exchangeable Sequences of Random Variables and DeFinetti’s Theo-
rem). Recall that a S-valued sequence of random variables {X, : n > 1} is
exchangeable if its distribution is permutation—invariant, i.e., for any given n € N
the distribution of (X1, X2, ..., X,) is the same as that of (X (1), Xz2), .-, Xz@))
for all permutations (7 (1),...,w(n)) of (1,2, ..., n). One way to construct such
sequences is to first pick at random a probability measure Qy on (S, S) from a
family {Qg : 6 € ®}, with the random parameter having a distribution @ (d6) on
a measurable space (©, A). Given 0, let X{, X5, ..., be an i.i.d. sequence with
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common distribution Qg. The (unconditional) distribution of {X,, : n > 1} is then
permutation invariant. Remarkably, the following theorem asserts that essentially all
exchangeable sequences are of this form.

Theorem 12.12 (DeFinetti’s Theorem). Let {X, : n > 1} be exchangeable
with values in (S, S). Define F,, to be the o-field of events invariant under the
permutation of X1, ..., Xy, Foo = N0 Fy.

a. (SLLN) if g is a measurable real-valued function on § such that E|g(X )| < oo,
then (1/n) Z?:] g(X ;) converges a.s. and in L' to E(g(X1) | Foo)-

b. {X;, : n > 1} isi.i.d., conditionally given F, i.e., for arbitrary k and bounded
measure gi, ..., gy on S one has, a.s.,

E []‘[g;-(X,-) | foo] =[] Elgi (X)) | Fool = [ [ Elgi (X1) | Fool.

i=1 i=1 i=1

(12.21)
c. If Sis Polish, S = B(S), then the distribution y of (X1, X2, ..., ...) is a mixture
of product measures O on (S, S®), i.e.,
v(A) = / 0% (A)vdQ) (A e 8%%), (12.22)
P(S)

where O — Q%(A) is, for each A € S®, a measurable map on the space
P(S) of all probability measures (on S) endowed with the Borel o-field under
the weak topology.

Proof.

a. The {F,} 2 -reverse martingale E[g(X1) | F,] converges a.s. and in L' to
Elg(X1) | Fools by Proposition 12.10. By symmetry, E[g(X1) | Fu]l =
(1/n) Z'}zl g(X ), as in the first part of the proof of Corollary 12.11.

b. Fix n > m. For every permutation (7 (1), ..., w(m)) of (1,2, ..., n) taken m at
a time, one has

E |:H 8i(Xi) | fn:| =E |:1_[ & Xniy) | .7:”1| a.s. (12.23)
i=1 i=1

The average of the right side over the (n),, = n(n — 1)---(n —m + 1)
permutations 7, as n — 00, is (Exercise 4)

m n m—1
[T &) ;o) s, (12.24)

(M)m (M)m

i=1 | j=1

which converges a.s. to [/ E[g(X1) | Fool as n — 00, by (a). Since the left
side of (12.23) converges a.s. to E[]_[:”zl gi (Xi) | Fxol, by Proposition 12.10, the
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first and third terms in (12.21) equal. Now use E[g; (X1) | Fool = E[gi(X;) |
Fool a.s., due to exchangeability (e.g., it is true with Fo, replaced by J,, where
n > j;now letn — 00).

c. Since S is Polish and S its Borel o-field, given Fo, regular conditional
distributions Q1 (w), say, of X; and Q12 . m(w) of (X1, ..., Xp) exist (m > 1),
and Q1 2, m(w) is the m-fold product probability Q1 (w) x Q1(w) X - - x Q1(w)
(m > 1), outside a P-null set. Hence a regular conditional distribution Qs (w),
say, exists for (X, Xp,...) (given F) and it is given by the infinite product
probability Q{°(w), on (5%, 8%%). Since y(A) = E(Q{°(w)(A)), (12.23)
follows with w — Q$°(w) a map on (§2, F, P) into P(5°°) having distribution
v, say.

Exercises

1. Prove that a non-negative {,}7° ,-supermartingale {X, : n € N} converges a.s.
to a random variable X, satisfying EX, < EX. [Hint: Apply Theorem 12.2,
noting that EX,, < EX| Vn.]

2. Let 2 = 1[0, 1), F = B[0, 1), and P = Lebesgue measure on [0, 1]. Suppose f
is integrable on (£2, F, P).

(a) Suppose 0 = x9 < x1 < --- < xx = 1 1is a partition of [0, 1), and F is
the o-field on [0, 1] generated by {[x;, xj+1) : i = 0,1,...,k — 1}. Prove
that E(f | F)(x) = f; for x € [x;, xiy1), where f; = f[xi’xm),f(x)dx
(=0,1,---,k—1).

(b) Let 0 = x(()") < x%n) < o< x,En) 1 denote a sequence of partitions

TTn {x(n) . l(+)1

x™ 0 <i <k,,—1} — 0 asn — oo. Prove that E(f | F,) =

l

Zk”_l fl(")l e @) = f(x) as. () and in L' as n — oo, and

Z knt1 f(n)(xl(i)l (n)) N f[()l]f(x)dx Here f(rl) f[x(”) (n) f(x)dx
(c) State and prove proper extensions of (a), (b) when X is replaced by an
arbitrary probability measure on [0, 1).

n)} such that 7, C m,4+1 V n and 8, = max{x

3. Let {X, : n € N} be a uniformly integrable {F,}>° -submartingale.

(a) Show that X, converges a.s. and in L! to a random variable X, say, and
E(Xs | Fn) = X, for all n, a.s.

(b) If, in addition, {X,}72 , is a {F,}°2 |-martingale, show that E(X | F,) =
X, a.s. for all n.
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4. Show that

(a) the average of the right side of (12.23) over the (n),, permutations m (of
(1,2,...,n) taken m at a time) is of the form (12.24). [Hint: The number
of terms in the expansion of the product [[;L,{3}_; &:(X;)} which have

repeated indices j is of the order on" 1]
(b) Write out this average over (n),, permutations, with the leading term given
in (12.24) followed by terms with repeated indices.

5. Consider an exchangeable sequence of Bernoulli O — 1 valued random variables
X1, X2, ....

(a) Use deFinetti’s theorem to show that there is probability measure v on
[0, 1] such that for any €; € {0,1},1 < j < n, Z’}:l € =k, P(X| =
€l,...,. Xn=1¢,) = f[(),l] x5(1 = x)"*u(dx).

(b) Use the Riesz representation theorem to provide an alternative proof to
(). [Hint: Starting with x% = 1,ex™) = PX; = 1,...,X, =
1),n > 1, construct a well-defined bounded linear functional on C[0, 1]
using Weierstrass approximation and the inclusion-exclusion formula.]

6. In reference to the Lebesgue decomposition Corollary 12.8

(i) Show that {M,}>, and {R,}°°  define non-negative bounded martingales
whose respective limits M, and R, exist a.s. with respect to A.

(i) Show that My, = dm/d) and R = dgq/d)\. [Hint: Use dominated
convergence to argue that m(A) = [ 4 Mood) on the m-system U, F;, which
generates J and apply the m — A-theorem. The argument is the same for
Roo.]

(ii) Prove the asserted equivalent conditions for absolute continuity and mutual
singularity in Corollary 12.8.

7. (Radon—Nikodym Derivatives) This exercise provides a conceptual representa-
tion of Radon—Nikodym derivatives based on the Corollary 12.8. For a given
integer b > 2 consider successive partitions of the unit interval S = [0, 1)
into subintervals Ay, = [kb7", (k + Db™"),k = 0,1,...6" — 1). Let
Fn = 0(Akn + 0 < k < b" — 1. Suppose that u, v are two positive finite
measures on the Borel o-field of S with & << v. Define a sequence of piecewise
constant functions on S by the ratios p,(x) := w(Ak.n)/v(Ak ) for x € Agp.
Show that ps = limy,—, o pp exists v-a.e. and du/dv = pso.

8. Under the hypothesis of Theorem 12.3(a), show that { X},} is uniformly integrable.
[Hint: |X,| < M, 1 M almost surely, and by the monotone convergence
theorem, EM < sup, IE|X,1|10gJr |Xn|oo.] Similarly, prove that, under the
hypothesis of Theorem 12.3(b), {|X,|”} is uniformly integrable. [Hint: Note
| X, |P < MP for all n, and EM? < oo, by monotone convergence.]



Chapter 13 )
Continuous Parameter Martingales Qs

In this chapter some of the main theorems for discrete parameter martingales
obtained in previous chapters are extended to continuous parameter martin-
gales. A central point is the use of martingale theory for the regularization of
sample paths of stochastic processes.

Ihe index set T here is an interval contained in {0, co); most often, T = [0, 00).
T denotes the closure of T in [0, oo], which may be thought of as a one-point
compactification of [0, 00).

Theorem 13.1. Let {X, : t € T} be a right-continuous non-negative {F; : t € T}-
submartingale, with E|X,|? < oo for some p > 1. Then M; := sup{X; : s < t}is
J;—measurable (t € T'), and

(a) forall A > 0,

1 )4 1 P
PM; >\ < — X, < —EX/; (13.1)
AP M, > AP
(b) if E| X;|? < oo for some p > 1, then
M)l := EMD)YP < qlIX, ], (13.2)

where g is the conjugate of p,i.e., (1/p) + (1/q) = 1.

Proof. (@) Lett1, < try < -+ <tg,n=tbeinT,{t;, : 1 =< j < k,} 1 with
respect to inclusion as n 4, and U7 \{t;, : 1 < j < k,}densein{s € T : s < t}.
Write M; p, = max{X;,, : 1 < j < ky}. For A > 0, [M;,, > A] 1 [M; > A] as
n 1 0o, by right-continuity of {Xs : s € T}. In particular, M; is F;—measurable.
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Also, by Theorem 10.6,

1 1
P(Myy > 2) < — / XPdp < LEX?. (13.3)
AP J My > AP
Letting n 1 oo, one obtains (13.1).
(b) is obtained similarly from Theorem 10.6(b). |

To state the optional stopping and optional sampling theorems we need to define
{F: : t € T}-stopping times. The intuitive idea of T as a stopping time strategy is
that to “stop by time ¢, or not,” according to t, is determined by the knowledge of
the past up to time ¢, and does not require “a peek into the future.”

Definition 13.1. Let {F; : t € T} be a filtration on a probability space (§2, F, P),
with T a linearly ordered index set to which one may adjoin, if necessary, a point
“o00” as the largest point of T U {oo}. A random variable T : 2 — T U {oo} is a
{F: 1 t € T}-stopping timeif [t <tle F;VteT.If[t <t] e Fforallt €T,
then 7 is called an optional time.

Most commonly, T in this definition is N or Z*, or [0, 00), T = [0, C] for 0 <
C < 00, and 7 is related to a{.F; : t € T}-adapted process {X; : t € T}.

Example 1. Let {X, : t € T} be a {F; : t € T}-adapted process with values in
a measurable space (S, S), with a linearly ordered index set. (a) If T = N or Z+,
then for every B € S,

g :=inf{r > 0: X; € B} (13.4)

is a {F; : t € T}-stopping time. (b) If T = R = [0, 00), S is a metric space S =
B(S), B is closed, and t — X, is continuous, then tp is a {F;};er-stopping time
(Exercise 2(1)) (c) If T = R4, S is a topological space, t — X is right continuous,
and B is open then [tp < t] € F; forall t > 0, i.e., Tp is an optional time
(Exercise 2(ii)).

Definition 13.2. Let {F; : t € T} be a filtration on (£2, F). Suppose that t is
a {F;}—stopping time. The pre-t sigmafield F; comprises all A € F such that
AN[t <t]le FforallteT.

Heuristically, F; comprises events determined by information available only up
to time t. For example, if T is discrete with elements 1 < 1, < ---, and F; =
o(Xs:0<s <t)CF,Vt, where {X; : t € T} is a process with values in some
measurable space (S, S), then F; = 0 (X¢a; : t € T); (Exercise 8). The stochastic
process {X. s : t € T} is referred to as the stopped process.

The F;—measurability of 7 is easy to verify. Also if 71, 7 are two {F; : t € T}—
stopping times and 11 < 12, then it is simple to check that (Exercise 1)

Fey C Ty (13.5)
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Suppose {X; : t € T}isa{F; : t € T}—adapted process with values in a measurable
space (S,S), and t is a {F; : t € T}-stopping time. Unlike the discrete parameter
case, the joint measurability (¢, ) — X;(w) is needed for many purposes.
Suppose {X; : t € T}is a {F;, : t € T}-adapted process with values in a
measurable space (S, S), and t is a {F; : t € T}-stopping time. For many purposes
the following notion of adapted joint measurability of (¢, w) — X;(w) is important.

Definition 13.3. A stochastic process {X; : t € T} with values in a measurable
space (S, S) is progressively measurable with respectto {F; : t € T}if,foreacht €
T, the map (s, w) — X, (w) is measurable with respect to the o —fields B[0, 1] ® F;
(on [0, t]x £2) and S (on S). Here B[0, t] is the Borel o —field on [0, ¢], B[O, 1] Q F;
is the usual product o —field.

Proposition 13.2. (a) Suppose {X; : t € T} is progressively measurable, and 7 is a
stopping time. Then X; is F;—measurable, i.e., [X; € B] N[t < t] € F; for each
B € Sandeacht € T. (b) Suppose S is a metric space and S its Borel o —field. If
{X; : t € T} isright-continuous, then it is progressively measurable.

Proof. (a) Fix t € T. On the set £2; := [t < t], X is the composition g of the
maps (i) f(w) = (t(w), w), on £2; into [0, t] x £2¢, and (ii)Ng(s, w) = X;(w) on
[0, ] x £2; into S. Now f is ]-}—measural)le on £2;, where F; is the trace o —field
{ANS2; : A e F;}on §2, and B[O, t] ® F; is the o —field on [0, ¢] x £2;. Next, the
map g(s, w) = Xs(w) on [0, t] x §2 into S is B[O, t] ® F;—measurable. Therefore,
the restriction of this map to the measurable subset [0, ] x £2; is measurable on the
trace 0~—ﬁeld {AN([0,t] x ;) : A € B[O, 1] ® F;}. Thgrefore, the composition
X is F;—measurable on £2;,i.e.,[X; € B]N[t <t] € F; C F;.(b)Fixt € T.
Define, for each positive integer , the stochastic process {X;" : 0 < s < t} by

X" =Xy, for (j—127"r<s<j2 (1<j<2", X" =X,
(13.6)
Since {(s, ) : X{"() € B} = V3L ([j — D271, j27"1) x | : Xjpn(w) €
BH U ({t} x {w : X;(w) € B}) € B[0,t] ® F;, {X,(") : t > 0} is progressively
measurable. Now X ,(")(a)) — X(w) for all (¢, w) as n — 00, in view of the right-
continuity of t — X;(w). Hence {X; : t € T} is progressively measurable. |

Remark 13.1. 1t is often important to relax the assumption of ‘right-continuity’ of
{X; : t € T} to “as. right-continuity”. To ensure progressive measurability in this
case, it is convenient to take F, F; to be P—complete, i.e.,if P(A) =0and B C A
then B € F and B € F;Vt. Then modify X; to equal Xy V¢ on the P-null set
N = {w : t - X;(w) is not right-continuous}. This modified {X; : t € T},
{F: : t € T} satisfy the hypothesis of part (b) of Proposition 13.2.

Theorem 13.3 (Optional Stopping). Let {X; : 0 <t < oo} be a right-continuous
{F; 1 t € T}—submartingale and 71 < 12 two a.s. finite {#; : t € T }—stopping times
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such that X, o, — X, in L' (i = 1,2), as m — oo (or, equivalently, E| X.| < 0o
(i =1,2)and E(|X,,|1{r;>m]) — 0as m — oo). Then

E(Xr, | Fr) = X, as., (13.7)

with equality if {X, : # € T} is a {¥; : t € T }-martingale.

Proof. Define, for each positive integer n, and each i = 0, 1, the stopping time

k k—1 k
t™ .=~ on [ <r,-§2—n] k=0,1,...). (13.8)

Then r,.<”) is a {F; : t € T}-stopping time, 7; < t.(”) <t +2"foralln (i =1,2).

i
()

Since ;" is a stopping time with respect to the discrete parameter family {Fjp-» :

k=0,1,2,...}, for each positive integer n, so is rl.(") A m for each positive integer

m, Theorem 11.1 may be applied (or, use Corollary 11.2) to obtain, in the martingale
case,

E (X, 14) =E (X0, 14) (A€ Fom). (13.9)

Here we have used the fact 7o C }—r(") A’ For each m, we will now show that
{Xr,(") PO 1,i = 1, 2} is a uniformly integrable family. Consider for this the
two—element martingale {X £ A X, } with o —fields .F_L_i(n) A’ Fm (Theorem 11.1).
It follows from the submartingale property of {| X £ Am [, | Xim|} that

E )Xt;")Am

1[|Xz(">Am|>“ < EIXmllnxr(,,) Am|>A]s
1 1
P (eri(wAml > x) < E ’Xr;n)m‘ < ZElXal (13.10)

proving the desired uniform integrability. Now, since X o), —~— Xgam as. as
1

n — oo, by right-continuity of {X, : t € T}, this convergence is also in L'
Therefore (13.9) yields

E (Xeyam - 14) =E (Xeiam - 14) A€ Frim- (13.11)
By hypothesis, X;;am — X4, in L' as m — oo. Hence taking A = BN [t1 < m]
with B € F, (so that A € F¢ A;m), one obtains from (13.11), in the limit as m —
OO,

EX,1p =EX, 13 V BeFy, (13.12)

completing the proof for the martingale case.
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For the case of a submartingale {X; : t+ € T}, consider for each ¢ € R, and given

n and m, the two-component submartingale {X; , := max(Xr(mAm, c), Xop 1=
1
max(XT(n)Am, ¢)} (Theorem 11.1 and Corollary10.2). Then the equality in (13.9)
2

becomes an inequality “>" with X; , in place of XT@Am (i =1,2). Since {X; , :
n > 1,i = 1,2} is uniformly integrable (Look at the two—element martingale
{Xin, Xm = max(X,, c)} for each i = 1,2.), one obtains in place of (13.11) the
inequality EX>14 > EX 1, with X; := max(Xyam,c) ( =1,2),A=BNJ[7 <
m], B € F;,. Letting m — o0, and by hypothesis, one obtains EZ>1p > EZ;1p
where Z; := max(Xy,c),V B € F;. Now let ¢ | —oo and use the monotone
convergence theorem to get the desired relation EX;,13 > EX; 13V B € ;. R

The equivalence of the conditions (a) X, nn — X4; in Llasm — co (i = 1,2),
and (b) E|X,| < co (i = 1,2) and E|X,,;|1[5,>m] — 0 as m — oo, is proved in
exactly the same manner as the lemma following the statement of Theorem 11.1.

Definition 13.4. A stochastic process {Y; : t € T} is said to be a modification or
version of a stochastic process {X; : t e T}if P(Y; = X;) = 1V¢t,and {Y; : t € T}
is an indistinguishable version of {X; :t e T}if P(Y; = X; V1) = 1.

Note that if {Y; : t € T} is a version of {X; : ¢ € T}, then the finite-dimensional
distributions of {X; : t € T} and {Y; : t € T} are the same.

Remark 13.2. 1t follows from Remark 13.1 that if F, F; are P—complete and
{X; : t € T} is an a.s. right-continuous {F; : ¢t € T}—(sub)martingale, then
it has an indistinguishable right-continuous version which is a {F; : t € T}-
(sub)martingale, and Theorem 13.3 applies to this version. But, in fact, the proof
of the theorem remains valid, if one replaces “right-continuous” by “a.s. right-
continuous” in the statement, provided X 1[;,<c0] is assumed JF;—measurable
(i = 1,2). Indeed, (13.12) (with inequality for the submartingale case) holds even
without this assumption of F;,—measurability of X,.

Corollary 13.4. 1If {X; : 0 < t < oo} is a right-continuous {F; : t € T}-
(sub)martingale, and 7 is a {F; : t € T}-stopping time, then {X;5; : + > 0} is
a {F; : t € T}—(sub)martingale.

Again, as indicated in Remark 13.2 above, one may assume a.s. right-continuity
in the corollary provided X »; is J;—measurable Vz.

Example 2 (Hitting by Brownian Motion of a Two-Point Boundary). Let {B} :t >
0} be a one dimension standard Brownian motion starting at x, and let ¢ < x < d.
Let 7 denote the stopping time, T = inf{t > 0 : B} = cord}. Then EB; = EBj =
x, or writing ¥ (x) := P({B; };>0 reaches d before c), dyr(x) + c(1 — ¥ (x)) = x,
or,

X —C

d—c

Yx) = c<x<d. (13.13)



168 13 Continuous Parameter Martingales

Applying Theorem 13.3 to the martingale X, := (B — x)% —t, one gets EX, = 0,
or (d — x)2¢y(x) + (x — ¢)®2(1 — ¥ (x)) = Et, so that Er = [(d — x)? — (x —
1Y () + (x = ¢)?, or

Et = —x)(x —c¢). (13.14)

Consider now a Brownian motion {Y;* : ¢+ > 0} with nonzero drift u and diffusion
coefficient 62 > 0, starting at x. Then {¥;* — ¢t : ¢t > 0} is a martingale, so that
E@Y} — pt) =x,ie.,dy(x) + c(l — ¢1(x)) — uEr = x, or,

d—-oyi(x) —uEr =x —c, (13.15)

where ¥ (x) = P(Y} = d), ie, {Y : t = 0} reaches d before c. There are
two unknowns, ¥ and Et in (13.15), so we need one more relation to solve
for them. Consider the exponential martingale Z; := exp{&(Y;" — tu) — # t}
(t > 1) (See Exercise 11(1)). Zo = €*, so that &5 = EZ, = Eexp{é(d — t) —
£202 /2 yr=a) + Elexp{§(c — i) — £20? T/2}[yx=a]. Take & # O such that
the coefficient of t in the exponent is zero, i.e., Eu+£&202/2 = 0,0r £ = =21 /0.
Then Theorem 13.3 yields

o—2nx/o? _ exp{&d )y (x) + expl{éc) (1 — ¥y (x))

2ud 2 2
= Y1(x) [exp{—%} —exp{—%” :exp{+%},

exp{—2,ux/02} — exp{—2uc/02}

or,

Vi(x) = (13.16)
exp{— 241} — exp{—2%¢
one may use this to compute Ez,
d— —(x —
Er = Y ZON® - (=0 (13.17)

n

Checking the hypotheses of Theorem 13.3 for the validity of the relations (13.13)—
(13.17) are left to Exercise 11(ii).

The following property of Brownian motion is basic to the theory of stochastic
differential equations (SDE). It is included here as an application of the use of the
maximal inequality in the analysis of Brownian motion sample path structure (also
see Proposition 6.6).

Theorem 13.5. (a) Outside a P—null set, {B; : t > 0} is of unbounded variation on
every non-degenerate interval, and (b) for every ¢ > 0,
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N

2 on

 max Zl (Biz-n; — Bi—1yp-n)” — N27"t| — 0, as.asn — oo.
i=

(13.18)

Proof. () Let Vy, := Y2 | |Bip-n — Bi_1ypnl, (n = 1,2,---). Then Vyy1 > V,
for all n. Since Bjy-» — B(j_1p— (i = 1,2,---,2") areiid. N(0,27"), one has
EV, = 2"E|By» — Bg| = 2"/?E|B;| as E|By-»| = E|B;/2"/?|. Therefore by
Chebyshev’s inequality, for all M > 0,2"/% > M,

P(V, <M)= P(V, —EV, <M —2"?E|B,|)
P(|Vy — EV,| > 2"?E|B,| — M) < 1/(2"/*E|B)| — M)?,

IA

which goes to zero as n — oo. Therefore, P(V, > M) — 1l asn — o0,
ie., V, 1 oo a.s. Applying the same argument to dyadic intervals [a, b] (instead
of [0, 1]), one gets the desired result. (b) Since, for each n, the finite sequence
Yv i= 2n (Biyny — Bi_1y2-n)% — N27"t (N = 1,2,...,2") is a martingale,
Doob’s maximal inequality with p = 2 yields (see Theorem 10.6, or Kolmogorov’s
maximal inequality Chapter 10, Exercise 7).

2
t
P ( max |Yn| > n2”/2> < c—z (c :=EB? - 1)?=2). (13.19)
1<N<2n n
Now apply the Borel-Cantelli lemma to get (13.18). |

Remark 13.3. If one defines the quadratic variation v([s, t], f) of a function f on
[s,t], s < t, to be the limit, if it exists, of

2"
wn(ls 1], )= Y [fG+i27"@ =) = fs+ G — D27 —s)]

i=1

as n — 0o, then Theorem 13.5(b) implies, in particular, that for every s < ¢ the
standard Brownian motion has a finite quadratic variation ¢ — s on the interval [s, ¢],
outside a P—null set. This fact leads to the following distinctive symbolism often
employed in the calculus of stochastic differential equations:

(dB)* =dt as. (13.20)

It follows from Theorem 13.5(b) that outside a P-null set, the p-th variation of
Brownian motion on any interval [s, ], s < t, defined by the limit (if it exists)

2I‘l
Unp (5,11, 4B 112 0) ==Y |Bysinn—s) — Borii—norna—s |’ (13:21)

i=1
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is, outside a P—null set, infinite if p < 2 and zero if p > 2 (Exercise 9).

We next show that the crucial assumption of right-continuity of a submartingale
required in this chapter is satisfied by an appropriate modification of the submartin-
gale.

Definition 13.5. Let {F; : t € T} be a filtration on an interval T. Define F;, :=
Ng>tFs (with Fr4 := F; if t is a right end point), F;— = o (Ng<:Fs) (With F;_ =
JF: if ¢ is a left end point). A filtration {F; : t € T} is said to be right— (or, left—)
continuous if Fy = F; Vt (resp., Fr— = F: V).

Remark 13.4. In the case of filtrations generated by a stochastic process, i.e.,
Fr=0(Xs :s <t),t >0, say, the notions of left and right-continuous filtrations
correspond to the same sample path behaviors.

Note that given any filtration {F; : ¢ € S} on an interval §, the filtration {F;}
(or, {F;_}) is right— (resp., left—) continuous (Exercise 5).

Theorem 13.6 (Regularization of Submartingales). For(0 < s < oo, let S = [0, s],
and let {X; : ¢ € S} be a submartingale or supermartingale with respect to an
increasing family of sigmafields {F; }. Suppose that {X; : ¢ € S} is continuous in
probability at each r > 0. Then there is a stochastic process {X; : t € S} such that:

a. (Stochastic Equivalence) {)~( ¢} 1s a version of {X;} in the sense that P(X; =
)?t) = 1foreacht > 0.

b. (Sample Path Regularity) With probability 1 the sample paths of {X,} are
bounded on compact intervals a < t < b, (a, b > 0), and are right-continuous
and have left-hand limits at each ¢t > 0.

c. {X, :1 € S}is a {F,+}-submartingale.

Proof. Fix0 < T < s and let Q7 denote the set of rational numbers in [0, T']. Write
Or = U;’lil R,,, where each R, is a finite subset of [0, T]and s € Ry C R, C ---.
By Doob’s maximal inequality we have

E|X7|
P|max | X, > X1 ) < PR n=1,2,....

teR,

Therefore,

: ElX7|
Pl sup | X¢|>A) < lim Plmax|X;| > A ) < .
n

teQr —>00 teR, A

In particular, the paths of {X; : € Qr} are bounded with probability 1. Let (c, d)
be any interval in R and let U ) (¢, d) denote the number of upcrossings of (c, d) by
the process {X; : t € Qr}. Then U™ (¢, d) is the limit of the number U™ (c, d) of
upcrossings of (¢, d) by {X; : t € R,} asn — oo. By Doob’s upcrossing inequality
one has
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IEU(")(C,d) < w
d—

Since, the U® (c,d) are non-decreasing with n, it follows that U @) (c,d) is
a.s. finite. Taking unions over all (c, d), with ¢, d rational, it follows that with
probability one {X; : + € Qr} has only finitely many upcrossings of any interval.
In particular, therefore, left- and right-hand limits must exist at each t < T a.s. To
construct a right-continuous version of {X; : t < T}, define X, = lim,_;+ reor Xr
forr < T.That {X, : t+ < T} is in fact stochastically equivalent to {X; : t < T}
now follows from continuity in probability; i.e., X; = lim,_, .+ X, = X, since a.s.
limits and limits in probability must a.s. coincide. Since X; = X, a.s., to prove (c) it
is sufficient to note that X ¢ 18 F;4+ measurable since X, is measurable with respect
to ]—'t +1 foralln =1, 2,.... Since T is arbitrary, the theorem follows. ]

Exercises

1. Let 711 < 1) be two {F; : t € T }-stopping times with values in [0, oo] interval.
(a) Prove that 7, C F=,. (b) Prove that a {F;}-stopping time is an {; }-optional
time.

2. (i) Prove that tp defined in (13.4) is a {F;}-stopping time for a continuous
parameter stochastic process t — X,(t € [0, 00)) if X, takes values in a
metric space (S, p) and t — X, is continuous.

(i) Prove that if + — X, is right-continuous with values in (S, p) and B is
open then tp is an optional time. [Hint: (i) [tp < t] = NueN Urepn(o.]
[p(X,,B) < %], where Q is the set all rational numbers. (ii) [tp < ] =
Ureono,n[ X, € B].]

3. Check that the hypothesis of Theorem 13.3 holds in the derivations of (13.15)-
(13.17).

4. (i) Prove that if 7 is an optional time with respect to a filtration {F; : 0 <t <
oo} then it is a stopping time with respect to the filtration {G; : 0 < ¢t < oo},
where G; = Fj+.

(i1) Prove that tp is a {F;+}-stopping time if B is an open or closed, provided
that + — X, is continuous with values in a metric space.

5. Given a filtration {F; : t € S}, S an interval, prove that {F;,} is right—
continuous.

6. Let f be a real-valued function on Q N [0, co) which has no discontinuities
of the second kind, and which is bounded on compacts. Define g(r) :=
liminf f(s) as s | ¢. Show that

(a) g is right—continuous on [0, co],
(b) g has left-hand limits, and
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(c) g is bounded on compacts.

Let {X; : t € T} be a continuous {F; : t € T}-martingale on T = [0, 00),
Xo =xas.Supposec < x <dand 7t :=inf{t > 0: X; € {c,d}} < oo as.
Prove P({X; : t € T} reaches d before ¢) = 7=.

Let {X; : t € T} be a stochastic process on (§2, F) with values in some
measurable space (S,S), T a discrete set with elements t; < £, < ---.
Define /; = o(Xy; : 0 < s < t) C F,t € T. Assume that T is an
{F; : t € T}—stopping time and show that 7; = o(X.n; : t € T); ie.,
JF7 is the o —field generated by the stopped process {Xips 1 t € T}.

. Show that the p-th variation of Brownian motion paths is a.s. infinite for p < 2,

and zero for p > 2.

Suppose {G(t) : t > 0} is a process with stationary independent increments
having right-continuous sample paths with G(0) = 0. Assume that EG(r) =
ct,t > 0, with ¢ > 0 and Ee~9¢® < oo for some ¢ > 0. Show

1) m(q) := %logEe’qG(’), t > 0, does not depend on ¢. [Hint: Exploit
stationarity and independence of increments since for fixed ¢ > 0 f(r +
§) 1= Ee 40U+9) = Re=q(GU+)=CG()e=q(GO=CGO) = (1) f(s),s,t >
0. Exploit log-linearity of the positive right-continuous function f on
[0, 00).]

(i) P(u+ G(t) < 0 forsomet > 0) < e R where R = sup{q : m(q) >
0}.[Hint: Use the optional stopping theorem.]

@iii) If {G(¢) : t > 0} has continuous sample paths then one gets the equality
P+ G@) < 0forsomet > 0) = e R4 [Hint: The super-martingale is
actually a martingale when g = R.]

Consider the Brownian motion {¥;* : ¢ > 0} having nonzero drift ;= and
diffusion coefficient 02 > 0, starting at x.

(1) Show that Z; = exp{&(Y; —tu) — #t },t > 0, is a martingale.
(i1) Verify the hypothesis of Theorem 13.3 for the validity of (13.13)—(13.17).



Chapter 14 )
Growth of Supercritical e
Bienaymé—Galton—Watson Simple

Branching Processes

In this chapter the goal is to provide a precise calculation of the rate of
growth of a branching process under a mild moment condition on the offspring
distribution. The method illustrates the use of the size-bias change of measure
technique for an alternative model of branching processes that permits more
detailed description of the genealogy. For a given single progenitor the tree
graph structure then makes it possible to uniquely trace any given progeny
to its root. A natural distance between trees is also introduced that makes the
collection of all such family trees a complete and compact metric space.

Let us recall some general facts about the Bienaymé—Galton—Watson simple
branching process. Starting from a single progenitor Xg = 1, let X1, ... be the
successive generation sizes having offspring distribution f(k),k = 0, 1, ..., with
positive finite mean

0<p:=Y kf(k) <oo. (14.1)
k=0

Assume throughout, but without further mention, that 0 < f(0) + f(1) < 1 so
to avoid considerations of special degeneracies. Letting {L;") 2 j,n > 1} bea
collection of i.i.d. random variables on a probability space (§2, F, P) distributed
according to f, one may define {X, : n > 0} according to the stochastic recursion
(beginning with X¢ = 1),
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ZX; L("H_l)v it X, >1,

Xn+l = J J .
if X, =0.

Let us also recall that the event A := [lim,_~ X,, = 0] of extinction has a
probability p = P(A) which may be computed as the smallest fixed point of the
probability generating function f (5) =D pops k £ (k) of the offspring distribution.
In particular p = 1 in the subcritical (u < 1) and in the critical (u = 1) cases.
However, in the supercritical case (u > 1) one has 0 < p < 1. Also notice that
since the generation sizes X, are non-negative integer valued, the extinction time
T = inf{n : X, = 0} must be finite on the event A as well. Recall the following
simple observation pertaining to the mean rate.

Proposition 14.1. limn% = X exists a.s. where P(0 < Xop < 00) =

l,and EXy < 1if X = 1.

Proof. Simply recall that {% : n > 0} is a non-negative martingale and apply the
martingale convergence theorem, together with Corollary 12.4. |

Notice that this Proposition 14.1 also provides an alternative proof that p = 1 in the
subcritical case u < 1 since =" — oo in this case and the indicated limit must
exist a.s. In any case, as already established in Theorem 9.1 for < 1, one has

PXoo=0)=1=p for p<I. (14.2)

The main goal of this chapter is to determine the extent to which the mean
number of offspring determines the rate of population growth Xg, X1, ... on the
event A€ of non-extinction of a supercritical process. Our goal is to prove the
following cornerstone result of the theory. We let L denote a generic random
variable having the given offspring distribution.

Theorem 14.2 (Kesten—Stigum). Assume pu > 1, and define X, according to
Proposition 14.1. The following are equivalent: (a) P(Xoo = 0) = p; (b)
EXo =1; (c) ELlog™ L < oc.

Accordingly, the L log L condition (c) on the offspring distribution is, by (a), the
condition under which the almost sure growth rate is precisely given by w, and by
(b) the condition for uniform integrability of the sequence {X,/u" : n > 1}. The
proof will rest on martingale theory and a size-biased change of measure.!

In order to facilitate this approach we require a more detailed representation
of the branching process as a probability distribution on the space §2 of family

I'The use of this approach was noticed by Lyons et al. (1995). As a proof technique it has also
come to be known as the distinguished path technique, and has also had applications in a number
of other contexts, such as multiplicative cascades, tree polymers, coalescence, branching random
walk, and branching Brownian motion, that will be treated as special topics in Chapter 21 of this
text. Also see Arratia et al. (2019).
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trees furnished by the genealogy (family trees) of the initial individuals in a
branching process. Thus we will first develop another model (or probability space)
for branching processes in which the possible outcomes are coded by the possible
family trees. To describe the family trees corresponding to the branching process
{X, : n = 0} defined in the previous chapter by (9.1), suppose that initially there

are Xo = j individuals, encoded from left to right as (1), (2), ..., (j), and referred
to as roots or progenitors. Let L denote the number of offspring of individual
(i), i =1, ..., j, and encode the L) offspring comprising the first generation

of (i) as (il), (i2),...,(iLy) if Ly > 1. If L) = 0, then the family tree of
(i) stops there. One now proceeds recursively. Let {L,) : v € UY2 N"} be a
collection of i.i.d. random variables distributed as P(Ly = k) = f(k), k = 0,
1, 2, .... If {(iv) € Nt is an n-th generation member of the family tree of
(i) and Ly, > 1, then the (n + 1)st generation offspring of (iv) are encoded?
as (ivl), (iv2), ..., (ivLy)). Thus the family tree t({i)) of the initial (n = 0)
generation progenitor (i) is a set of finite sequences v € U,>1N", to be referred to
as vertices, such that:

a. (j) e (i) iff j =i, fori, j e N.
b. If (vk) € T({i)), then (vj) € T({i)) for j <k, j, k € N.
c. If (vk) € T({i)), then (v) € T({i)), i, k € N.

Condition (a) identifies (i) as the progenitor (root) of the family tree 7((i)).
Condition (b) defines the left to right orientation of the (lexicographic) code, and
condition (c) defines the orientation with respect to successive generations. The
generation height of a root vertex is |(i)|] = 0, and the height of a subsequent
offspring v = (iiy ...i,) is denoted |v| = [(ii]...iy)| = n.

By assigning an edge between any pair of vertices u, v € t({i)) such that either
u = (vj) orv = (uj) for some j, the set ({i)) is a connected graph with no cycles
(i.e., a tree graph). Apart from the progenitors, the vertices represent individual
offspring as depicted in Figure 14.1. The forest t({i)),i = 1,2, ..., Xo, depicts the
overall histories of an initially prescribed X individuals. Note that each offspring
vertex of the tree may be uniquely associated with its parental edge. We complete
this picture by assigning a “ghost” edge to each progenitor ().

One may now view the Bienaymé—Galton—Watson simple branching model
started from a single progenitor as a probability distribution P on the space £2 of
family trees t rooted at (1) € 7 as defined above and equipped with a Borel o —field
B as follows: Let d denote the non-negative function on 2 x §2 defined (with the
conventions inf ¥ = oo, and H#Oo = 0) by

1
1+ inf{k : tlk £ nik}’

d(t,n) = T,n € £2, (14.3)

2This is often referred to as the Harris-Ulam labeling.
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(1)

1,3) (1,1, 4) (1, (1,2, 2)

(1,1, 1) (1,1,2) (1,

Fig. 14.1 Bienaymé-Galton—Watson Tree Graph

where 7|0 = n|0 = (1), tlk, nlk denote the subtrees of t, 1, comprising the
vertices present in their respective first k generations, i.e., tlk = {(lv;---v;) €
T : j <k}, k > 1. That is, the distance between two trees T and n is measured in
terms of shortest length of the common ancestral lines originating with the common
progenitor. Then one may check that d defines a metric which makes £2 a complete
and separable compact metric space (Exercise 1). The open ball centered at 7 € £2
of radius .-+ is given by

B%(r) ={ne R :nln=rln}. (14.4)

For emphasis, note again that the set B L (r) only specifies the structure of the

tree in the first n generations which, in turn only specifies the offspring of vertices
belonging to the first n — 1 generations. In particular, By ({(1)}) = £2, and the open
ball B L (r) of radius .-+ centered at T defines the finite-dimensional event [7],

that the ﬁrst n generatlons of the tree are given by t|n. In this framework

card{(1)} =1, ifn =0,
cardfvet:(lvy...v,) et}ifn>1.

Xn(T) = {

Given an offspring probability mass function f (k) : k =0, 1, ... the probability
measure P is uniquely defined on B (Exercise 2) by prescribing

PBi({M)) =1, PB_L (1) = 1_[ f@#v), n=1, (14.5)
n+l

vet|(n—1)
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where the indicated product for n > 1 is over all vertices in the first n — 1 generations
of t and #v denotes the number of offspring of v = (lv; - - - v¢) in 7, i.e., #v is the
cardinality of {j € N : (lvy---vtj) € t}. Also the product is restricted ton — 1
since the numbers of n—generation offspring is not specified by B L (). In view of

the following proposition, the successive generation sizes X,,n > 0, of Chapter 9
are readily identified within this framework.

Proposition 14.3. For a given offspring distribution f(k) > O, Z,fio fk) =1,
let (§2, B, P) be defined by prescribing probabilities according to (14.5). The
stochastic process of successive generation sizes defined by Xo(r) = 1,7 € £2,
and X,(t) = card{v : |v| = n,(lv;---v,) € t},T € 2,n = 1,2...,1is a
Markov chain on the state space of non-negative integers with initial distribution
P(Xo = 1) = 1 and one-step transition probabilities P(X,+1 = j|X, = i) =
), i, j=0,1,2,....

Proof. The assertion is that
PXo=1,....Xp =in) =PXo=1,.... X1 = i) [ (in).  (14.6)
First note that P(Xo = 1) = P(B1({{1)})) = 1, and

P(Xo=1 X1 =i = PBL{(1),(11),....{1i)})
= f#1) = fGD,i1 =0,1, (14.7)

Next, the event [Xg = 1, X1 = i1, X2 = i2] is a disjoint union of balls of radius 1/3
defined by the integral partitions of i; into i1 terms. Thus,

PXo=1,X; =i1,X,=13)

= f#1)) > SO f#(2)) - - - f(#(Lin)

#(11)+-+#(1i1) =iz

= f(i1) (i) (14.8)

So the assertion holds for n = 1, 2. The result follows as in these cases since [Xg =
1,..., Xn =in, Xu41 = in+1] is the disjoint union

Urer it i U N € 2 :nl(n+1) = 1 |(n+ D} = Urer,iy,....in) YUn Bnlﬁ(fn),

where T'(1,i1,...,i,) is the (finite) collection of all n generation trees T =
t(l,i1,...,i,) having the successive generation sizes ip = 1,1i1,..., i, subject
to coding rules (a)-(c), with no further offspring, and t, denotes a family tree
extension of such a t € T(l,i,...,iy) to n + 1 generations determined by
integral partition 7 of i, into i, terms. That is, with iy = 1, and noting that

P(B_1 () = [loer,ju /(#0),
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P(Xo=1i0,..., Xy =1in, Xnt1 = in+1)

= ) D PB_L(t)

teT(L,i,.ip) T

- ¥ [T red [ rew
T€T(L,i1 i) vETIN—1 T vety,lvl=n
> P(B#(‘L’))f*i"(ifwl)
teT(1,iy,...,in)

=PXo=1,X1=1i1,..., Xp = in) [ (ins1).

The event A€ of non-extinction corresponds to the occurrence of infinite trees t,
or equivalently, trees with at least one infinite line of descent path emanating from
the root (1). Any non-degenerate asymptotic number X, (7) of progeny at level n
will depend on the preponderance of such infinite paths. Thus we will analyze the
distribution of trees from the perspective of a “randomly selected (distinguished)
infinite path.” This technique relies heavily on martingale convergence and, espe-
cially, the Lebesgue decomposition of measures given in Corollary 12.8, which the
reader may wish to review at the outset.

For a tree graph structure, that is a connected graph without loops rooted
at (1), any vertex v = (lvj...v,) defines a unique path of vertices
(1), (1vg), ..., (1vy ... vy,) between itself and the root. Similarly, an infinite line
of descent path from the root (1) of an infinite tree may be defined by an infinite
sequence y = (ly1y2...), ¥j € N, j > 1. The intuitive idea is to first enlarge the
probability model (£2, B, P) to encode trees with infinite line of descent paths as
pairs (7, y), where T € £2 is an infinite tree having an infinite line of descent path
y,ie., (ly1y2...ym) € T for all m > 1, denoted by a slight abuse of notation as
y € 1. The Figure 14.2 is an aid to understanding this enlargement.

Let §25 denote the subspace of §2 consisting of infinite trees. Then 2 is
a closed set for the metric d given by (14.3) and therefore Borel measurable
(Exercise 4). Let I := {1} x NN be the collection of all infinite paths emanating
from the root (1). Let 2* denote the space of tree-path pairs (z, y) where t €
20, y € 1. The o —field B* will denote the o —field of subsets of B* generated by
finite-dimensional events of the form

(T, V] i={(n, ) € 2% : nln = t|n, a|n = y|n}, (14.9)

where y|n = (1y1...v,), ¥y € I'. The probabilities assigned to such an extension
are intuitively a manifestation of the conditional probability formula

“prob(t, ¥) = prob(z|y)prob(y)”. (14.10)
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Y0=<1>

No=<1>=91—=72-793— -

Fig. 14.2 Size-biasing along distinguished path

Considering that the infinite paths through a given tree are statistically indistin-
guishable under the definition (14.5), paths should be “selected uniformly in trees.”
However, conditioning on the existence of an infinite line of descent will re-weight
the probability (14.5). Observe that for a specified tree T having X(r) = k first
generation offspring, there will be k corresponding subtrees (/) rooted at (1),
j=1,...,k. Agivenpath y € t will have y € t'/) for one and only one j, say
Jj = [. According to the model (14.5) one has for such fixed ,

k k
. 1 .
P([tlus1) = f(k) ][[1 P([zV],) = kf(k)%P([ﬂ”]n) };[l Pz, (14.11)

Multiplying this equation by ﬁ and defining

_ PArl)

n

Az, yln) : : (14.12)

one has the consistent definition of a probability Q on £2* such that
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k
kf (k) 1 Q([ 0, ]n)HP([T(j)]n)' (14.13)

J#

Q([Tv V]n+l) =

Note that f (k) = kf(k)/u,k = 0,1,2,..., is a new offspring probability
distribution for production along the randomly selected path y, while off the path
offspring are generated according to f. In particular, along the path y f(0) = 0, so
that at least one offspring is sure to occur at each generation along the path. Now,
since each n-th generation vertex defines a unique path to the root, summing over
the paths y such that y|n € t|n in (14.12), yields the marginal P* distribution is
given by

P*([t]n) = M(T) ([t1n) = Qn (D) P([T]n), (14.14)

where Q,(t) = Xn (T) ,T € £25. In particular P* is absolutely continuous with
respect to P on each o —field F,, with Radon-Nikodym derivative Q,,(7), i.e.,

dP*
1P = QOn on Fr,n=0,1,2,.... (14.15)
The probabilities #, k =1,2,... comprise the size-biased offspring distribu-

tion, and P* is naturally referred to as the corresponding size-bias change of the
probability P.

Example 1. Consider the Bernoulli offspring distribution 1 — f(0) = f(2) = p,
p > 1/2, with mean u© = 2p. Then the size-biased offspring distribution is
deterministic f (k) = kf(k)/; = 62k, k > 0. Thus, two offspring are produced
at each generation along a distinguished path, while off the path the offspring either
doubles or dies with probabilities p, ¢ = 1 — p, respectively. In particular, since the
root belongs to every path, the process begins with two offspring of the root. This
may be verified from (14.14) since for [t]; = {(1), (11), (12)} one has P*([t];) =
P P(eh) = 5p = 1 For [th = {(1), (11). (12)(111). (112)}, P*(I]) =

ézlﬁfz)P([r]z) = 212 = q/2. Similatly, for [t]r = {{1), (11), (12)(121), (122)},
while for [z], = {(1), (11, (12), (111}, (112), (121}, (122)}, one has P*([t],) =

ﬁ p> = p. In particular, these three events exhaust the total P* probability, i.e.,
p+q/2+q/2=1.

A major mathematical advantage of the size-bias change of probability is the
induced exchange of the determination of “vanishing/non-vanishing” of limits with
that of “non-finiteness/finiteness”; i.e., notice that d P/d P* = 1/Q, on F,. This
reasoning is made precise using the Lebesgue decomposition of measures given in
Corollary 12.8. In particular, taking m = P* and ¢ = P there, We have P* << P
on each F, with Radon-Nikodym derivative @, = dP*/dP = =% on F,. As per
Corollary 12.8 define



14 Growth of Supercritical Branching Processes 181

Qoo(x) =limsup Q,(x), x € S.

n—oo

Then, in accordance with the Lebesgue decomposition into its absolutely continuous
and singular components,

P*(A) =Ep(14Qc) + P*(AN[Qo = 0]), A€ F.

In particular

a P"<<P < P'([Qu=0])=0 < EpQcx=P*(2) (=1
b. P* L P & P*([Qoo <)) =0 < EpQy =0.

Thus, as noted earlier, there is a trade between 0 and oo such that Qo = 0, P-a.s. if
and only if Qs = 00, P*-a.s., and QO > 0 with positive P-probability if and only
if Qs < oo with positive P*-probability. So the task for the proof of the Kesten—
Stegum theorem is to determine when Q, = lim,, X—ﬁ is P* — a.s. finite or not. For
this we employ the following simple first departure bounds based on the departures
along a given line of descent path into branching subtrees; also referred to as a spine
decomposition.

Proposition 14.4. For any (7, y) € 2*

n—1
Xn,n—l(f) <Xn(f) <i+zxn,j(?)i’
L i ey o
j=

where X, ;(7) is the number of offspring descendants of (1y;...y;) in the n—th
generation of 7.

Proof. The lower bound is obvious from the definition of X,, since every path to
the n—th generation must pass through the (n — 1)—st generation. For the upper
bound, any path to the n—th generation must either coincide with y or have a height
1 < j <n — 1 of first departure. ]

We may now prove the Kesten—Stigum Theorem 14.2:

Proof. Assume mean offspring 1 > 1 and define X, according to Proposition 14.1.
Suppose first that Ep= log L = iEpL logt L = oo. In particular X, ,_1,n > 1,
are i.i.d. under P* with infinite mean. Thus

X _ Xn,n—l log X, n—1
lim sup ==~ L — lim sup €T = lim sup ™ T Tlog) = o
n 122 n n
(14.16)
since, by the Borel-Cantelli lemma, lim sup l‘)gx+"l = 00, P*—a.s. (Exercise 5).

Thus by the lower bound in the first departure decomposition, it follows that
O = 0 (P*—as.), i.e.,, P*([Qoo < 00]) = 0. In particular, therefore, by
the Lebesgue decomposition it follows that EpXo = Ep Qo = 0. Conversely
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suppose that Ep+logL = ﬁEleog“LL < oo. Let us check that the upper

bound sum Z'};(l) X";,j is conditionally under Q given o(L,|;, j > 0) a non-
negative submartingale with bounded expectation and therefore (conditionally) a.s.
convergent. To see the martingale property note that for each fixed j, (1 < j <

1 Xn, il X 1 Lot
n = D under @ ECEHAFLy) = S = St BCGEHITLy) = St

well. In fact, —= J,

Bienaymé-Galton—Watson process having offspring distribution f and L,|; initial
progeny under Q given o (Ly; : j = 0). Thus

n > j 4 1, is the non- negatwe martingale associated with a

n—1 X, 1 n—1 L y
n,j viJ
Eg{d Mnijmla(L},‘k,kEO) =5 =

j=0 j=1

Now using the condition Ep+logL < oo and Borel-Cantelli lemma it follows
(Exercise 5) that Z MV” converges P*—a.s. to a finite non- negatlve limit; i.e.,
the conditional expectatlons are (conditionally) a.s. bounded by Z L" < 00,

]
as asserted. Now, taking expectations,

X
EP* Z Il:lﬂ/

Thus P*—as. Qs < 00, ie., P*([Qx = o0]) = 0. So, using the Lebesgue
decomposition, we have that Ep Xoo = Ep Qoo = 1. |

Corollary 14.5. Assume u > 1, Xg = 1, as well as the EL log+ L < oo condition
of the Kesten-Stigum theorem. Then X, solves the stochastic fixed point equation

_dist Z X(])

where Xc(,{;), j=1,2,...,areindependent of X and distributed as X . Let y () =
Ee~ X ¢ > 0. Then y is the unique solution to the functional equation

y(ut) = foy@), Iy (07 =EXo <00 1> 0.

Proof. Both stochastic fixed point equation and the equation for the Laplace
transform are obtained in the Kesten-Stigum limit from the recursion

X
X+t _gic | Z X

it wo ’
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where {X,(Lj) :n>0},j=1,...,arei.id. distributed as {X,, : n > 0}, X,(,j), n=>0,
being the branching process originating from the j-th offspring of the root. Suppose
that y and y are solutions to the functional equation with |y’'(07)| = |y’(07)| < oc.

Then, since w < f/ (1) = 1,0 < s <t < 1, by convexity, one has after
iteration that

70 =y 0] = f o 7(=) = foy()
1 1
_t t
< wlpS) —y(o)
u I
w1t t
< = () = ()]
n n
= W) = F0) — (y(—) — y (O]
I m

_ t|)7(/%n) —7(0) = (v Gm) — v (0))]

t |

un
— 1|7'(07) = y'(0") =0,

in the limit as n — oo. This proves uniqueness. |

Exercises

1. Show that the function d defined by (14.3) makes §2 a complete and separable
metric space. [Hint: The set D = {7 : ||t|| < oo} is countable and it is dense in
. 1If {rx : k > 1} is Cauchy, then foreveryn =0, 1,2, ..., tx|n = 1 |n for all
sufficiently large m, k (depending on n).]

2. Show that (14.5) uniquely specifies the probability measure P on 5. [Hint: Apply
the Caratheodory construction’]

3. (Seneta’s Theorem) A Bienaymé—Galton—Watson branching process with immi-
gration is defined as follows: Let Y7, Y>, ... be i.i.d. non-negative integer-valued
random variables. The branching process begins with the immigration of Y}
initial progenitors and each independently of the others produces a random
number of offspring according to the offspring distribution f(k),k > O.
The second generation consists of these offspring together with an additional
independent number of Y> immigrants, and so on as defined by the stochastic
recursion

3See BCPT pp. 225-228.



184 14 Growth of Supercritical Branching Processes

Xn
XO = Yl» X"+1 — ZLEVH-D + Yn+2» n> 0’
=1

where (LY : j > 0,n > 1} are i.id. distributed according to the offspring
distribution f and independent of Y, Y2, .... Assume u = Y oo, kf (k) > 1.
Show that if E log™ Y| < oo, then lim,, % exists a.s. and is a.s. finite. Show that

if Elog" Y, = oo then limsup, % = 00 a.s. for any constant m > 0. [Hint:
Use the size-bias change of measure to mimic the proof of the Kesten-Stigum
theorem.]

4. Show that £24 is a closed set.

5. Show that if Ly, L, ... is an i.i.d. sequence of non-negative random variables,
then limsup, % is a.s. either 0 or oo according to whether EL; < oo or
EL| = oo, respectively. [Hint: Use the Borel-Cantelli lemma.] Use this to show

. X, . I
lim sup,, =5 L = o0, P*—as. if EpLlogt L = oo, and to show Z? % uyy

converges P*—a.s. when EpLlog" L < occ.
6. Suppose that the offspring distribution is given by the geometric distribution
flk)y=qp*,k=0,1,2... whereq =1 — p,0 < p < 1. Show that

Q) f(s) = Zs fk) =

(i1) f”(”)(s) = ¢ a- S) + pS — q, u = £ where the composite func-
pu(l —s)+ ps—q 1
tion fo0(s) is inductively defined M (s) = f(s), for+V(s) =
FFo@ ).

(i) Exo=1 % = f7"(s).

(iv) In the supercritical case u > 1 show that Xz o converges in distribution to
a random variable Z, exponentially distributed as P(X > x) = (1 —
p)e =% x > 0 where P(Xoo =0) = p = l_V] —4pq.

(v) In the subcrltlcal case 4 < 1, show that P (X, = k|X > 0) — (1 —

k=L,
7. Lety = f ~lon [g, 1], and ¥, = ¥°" the iterated compositions, with ¥ (s) =
s. Show that M,,(s) = ¥, (s)X", n=20,1,2,...,is apositive martingale for each

q < s < 1, bounded by one.



Chapter 15 ®
Stochastic Calculus for Point Processes e
and a Martingale Characterization of the
Poisson Process

The main purpose of this chapter is to provide a martingale characterization
of the Poisson process obtained in Watanabe (1964). This will be aided by the
development of a special stochastic calculus! that exploits its non-decreasing,
right-continuous, step-function sample path structure when viewed as a
counting process; i.e., for which stochastic integrals can be defined in terms
of standard Lebesgue integration theory.

We begin with two general definitions.

Definition 15.1. A non-negative integer-valued stochastic process N = {N(¢); t >
0}, N(0) = 0, defined on a probability space (§2, F, P), whose sample paths are
right-continuous step functions with unit jumps, is referred to as a simple point
process Or counting process

Remark 15.1. The terminology of “simple point process’places emphasis on the
points of discontinuity at which the (unit) jumps occur in the counting process.
Equivalently, one may view the counting process as a random measure with unit
atoms at each point of discontinuity. More general notions of point processes permit
integer jumps of magnitude greater than one. The mathematical representation
in terms of random measures, even random linear functionals, finds numerous
applications.?

A more comprehensive treatment of point processes from a martingale perspective is given in
Brémaud (1981).

2For example, see Le Cam (1960b), Sun and Stein (2015), and extensive list of the references
therein.
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186 15 Stochastic Calculus for Point Processes

Definition 15.2. Let F;,t > 0 be a filtration on (£2, F), and let A be a non-negative
measurable function on [0, 00). A Poisson process with intensity function ) with
respect to the filtration F;,t > 0 is a simple point process N adapted to this
filtration, such that N () — N (s) is independent of F; for each 0 < s < ¢, and

! n
P(N(t) — N(s) = n|Fy) = (fsk(%

t
eXP{—f A(rydry,n=0,1,2,....
N

Observe that a sample path ¢t — N(w,?),t > 0, of a simple point process
may be viewed as the distribution function of a measure, again denoted N, on
[0, 00), with atoms at 0 < 77 < T» < ---. Thus, for each w € 2 the
integral fot F()AN(s) = fot f(s)N(ds) may be viewed sample pathwise as defined
by a Lebesgue—Stieltjes integral® for non-negative, measurable (deterministic)
integrands f, and more generally as usual for f = f* — f~ in the case f*
both have finite integrals. Of course this interpretation can be achieved whenever
the sample paths of the integrator N are functions of bounded variation on bounded
intervals. The measurability issues arise in connection with stochastic integrands
f as will be defined below. However, it should be emphasized that the “stochastic
calculus”developed here essentially depends only on standard Lebesgue integration
concepts from real analysis. In particular, if N is a counting process with jumps at
0<Ty <Tr---,and if ¢ : [0, 00) — R is an arbitrary left-continuous function,
then

N()

t
/()(p(S)dN(S):Z(p(Tj), t>0. (15.1)
j=1

The following definition is introduced for extensions to stochastic integrands
with a goal of preserving certain martingale structure.

Definition 15.3. Given a filtration F;,¢ > 0, on (£2, F), the o-field of subsets of
(0, 00) x £2 generated by sets of the form, (s,#] X A,0 <s <t, A € F;, is referred
to as the J;—predictable o-field on (0, co0) x §2. A real-valued stochastic process
¢ = {e() : t = 0} such that ¢(0) is Fp-measurable, and (¢, ) — ¢(t, w),t >
0, w € £2, is measurable with respect to the predictable filtration on (0, c0) x £2, is
said to be an F; —predictable process.

Note that a predictable process would also be a progressively measurable process
as defined by Definition 13.3. The following theorem is useful in keeping track of
predictability.

Theorem 15.1. If a real-valued stochastic process ¢, adapted to a filtration F;, t >
0, has left-continuous sample paths, then ¢ is F;-predictable on (0, co) x £2.

3See BCPT p. 228, for Lebesgue—Stieltjes measure and integration.
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Proof. For each n = 1,2,..., one has by left-continuity that ¢(f,®w) =
lim,,— 5 @ (27"[2"t], w) for each (¢, w) € (0, 00) x §2. Moreover, 27"[2"*t] < ¢.
Thus ¢ can be expressed as a point-wise limit of J;-predictable processes
on(t, @) = p(27"[2"1], w). u

Let us recall Definition 13.5 that a filtration F;, ¢ > 0 is said to be left-continuous
if

Fr=Fi—=0(Ns<tFs,) t >0, Fo— = Fop.

In general, if N is a simple point process and ¢ is a F;-predictable process, then
the stochastic differential equation

dX (@) =t )dN(@), X(0) = x, (15.2)
is defined by
[ N(t)
Xt)=x+ / @(sT)AN(s) =x + Z o(T;). (15.3)
0 o

Theorem 15.2. Suppose that M = {M(¢) : + > 0} is a martingale with respect
to a filtration F;,t > 0, on (£2, F, P). Assume that the sample paths of M are
of bounded variation on bounded intervals. If ¢ = {p(t) : t > 0} is a F;-
predictable process such that fot lp(s)||M|(ds) < oo for each t+ > 0, where
IM| = M* 4+ M, then X(t) = fot @(sT)M(ds),t > 0, defines a martingale,
where the stochastic integrals are sample pathwise Lebesgue—Stieltjes integrals. In
particular E [j ¢(s )M (ds) = 0, > 0.

Proof. Suppose that G, is a bounded F-measurable function. Then, for 0 < s < ¢,
t
E(GsX (1)) = E/O Gso(u™ )M (du)
K t
=BG, [ o(u)M@d) +BIGE(| o) M@w|7)
0 K}
N
= E{Gs/O e )M(du)} = E(Gs X (s5)). (15.4)
The martingale property implies EX (1) = EX (0) = 0. |

Lemma 1 (A Simple Stochastic Lebesgue—Stieltjes Lemma). Suppose that & is an
arbitrary measurable function, and suppose y is F;-predictable. Consider,

dX(@) =yt )dN(@), t >0,X(0) = x.
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Then
t
h(X(8)) — h(x) = /0 {(h(X(s7) +y(s)) — h(X(s7))}dN(s). (15.5)

Proof. Under the hypothesis one has

N()

Xt)y=x+Yy y(T;7), t=0. (15.6)
j=1
Moreover,
N(@T)=1+NT)), j=12.... (15.7)
In particular,
N(T;)+1
X(Ty=x+ Y. yTO)=XT))+y(T). j=12.... (15.8)

k=1
Thus, noting that with 7o = 0, one has

N(@)
hX(©) = h(x) + Y {hX(T)) — k(X (T;-1)}
Jj=1
N(t)
= h(x) + Y (X (T7) +y(T)) — h(X (T} )
j=1

t
=h(x)+ /0 {(A(X(T)+y(s)) —h(X(s7))}dN(s). (15.9)

Theorem 15.3 (Watanabe’s Martingale Characterization of Poisson Processes).

Suppose that N = {N(¢) : ¢t > 0} is a simple point process and ¢t — A(¢),t > 0,is a
non-negative measurable and locally integrable function such that M (¢) = N(t) —
fot A(s)ds, t > 0, is a martingale with respect to a filtration F;, ¢ > 0, on (£2, F, P).
Then N is a Poisson process with respect to the filtration F;, ¢ > 0, with intensity A.

Proof. For the proof we exploit the uniqueness theorem* for Laplace transform by
showing, for r on a half-line, and bounded F;-measurable G, for fixed s > 0,

4See Feller (1971), p. 430.
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t
E(Gge" NO=NEDY — exp{(e” — 1)/ Aw)dulEG,, 0<s <1. (15.10)
s

Note that the finiteness of EN(¢) is implicit in the martingale condition. Applying
Lemma 1 to

Y(s.0) = G, NO-NG) — G, INO NGO 5 o

one has, taking h(N (1)) = ¢"V®, ) = 1, that in differential form (with respect to ¢
for fixed s),

d,Y (s, 1) = Gye NGO WNEO+D _ o NEN g N (1)

= Gy NN (" — 1)dN(1)
=Y(s, 1) — DN ). (15.11)

It is notationally convenient to continue to express the integral equations in their
differential form. In this spirit, one may write d N () = A(t)dt +dM(t),t > 0, so
that

dY(s,t) =Y (s, t7)e — DA)dt +Y(s,t7)(e — DdM(@),t > s.
Now, the meaning is that for 0 < s < ¢, noting Y (s, s) = Gy,

t t
Y(s,t) = Gy + (¢ — 1)/ Y (s, u)A@)du + (¢ — 1)f Y (s, u)dMu).

Taking expectations one has, writing g, = EGy, y(s, 1) = EY(s,1),0<s <,

t t
y(s, 1) =g + (" — 1)/ Aw)y(s,u”)du = g5 + (¢ — 1)/ AQu)y(s, u)du,

where continuity of t — y(s, t) follows from the first integral. Differentiating with
respect to ¢, yields the equation

d
770 = (" = DA)y(s,1),0 <5 <t, y(s,5) = g5,

and the uniquely determined solution follows by a simple integration of dy/y.
Namely,

EGSer(N(l)*N(S) = y(s, 1)
t
= EG;exp{(¢" — 1)/ Au)du}.
N
(15.12)
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The function A(t) = fO’ A(s)ds,t > 0, for which M(t) = N() — A(t),t > 0, is
a martingale is referred to as a compensator for the simple point process N. More
generally,

Definition 15.4. Let N be a counting process. An increasing, predictable process
A(t),t > 0, such that M(¢) = N(t) — A(t),t > 0, is a martingale, is referred to as
a compensator for N.

An example of a more general compensator than in the Poisson case is given in
the Exercise 2.

Exercises

1. Suppose that Z = {Z(¢) : t > 0} is a (cadlag) predictable process of bounded
variation, and Y = {Y(¢) : ¢t > 0} is predictable with Efé [Y($)||Z](ds) < oo,
for each + > 0, where integration is defined sample pathwise with respect to
the Lebesgue—Stieltjes measure Z. Show that X (1) = fot Y(s)Z(ds),t > 0Oisa
predictable process (See Remark 7.4).

2. (Cox process or Doubly Stochastic Poisson Process) Let A(dt) be a locally finite
random measure on the Borel o-field of [0, 0o). The Cox process is the counting
process N that conditionally given A, has a Poisson distribution with intensity
measure A(dt). Show that A(t) = A[0, 7], ¢ > 0, defines a compensator for N.

3. Let N be a Poisson process with constant intensity parameter A > 0.

(i) Show directly that Y (1) = e#N@O—A"=D1 + > (_is a positive martingale.
(i) Compute lim;_, Y (7).

4. Let N be a simple point process on [0, c0) with jumps at0 < 71 < T < ---,
and let u, y, x be arbitrary fixed real numbers. Consider dX () = uX (™ )dt +
ydN(t),t > 0, X(0) = x. Show that X (t) = xe" +y [y e*=dN(s),t > 0.
[Hint: Multiply the equation by e™#! and consider Y () = e # X (¢),t > 0.]

5. Let N be a simple point process on [0, 00) with jumps at0 < 771 < T» < ---,
and let u, y, x be arbitrary fixed real numbers. Consider dX () = uX (™ )dt +
yX(@ )dN(), X0) =x, t >0.

(i) Show that X () = xe = xet ,0 <t < Ty, and X(T1) = (1 +
VX)) =x(1+ y)erh,

(ii) Show for T} < t < T», X(t) = xe*U=T(1 + )t = xel (1 + y),
Ti <t <Thand X(Tr) = (1 + )X (T, ) = x(1 + y)?el 2.

(iii) Show X (1) = xeM (1 +y)N®D ¢ > 0.

(iv) Assume that N is a Poisson process with intensity A > 0. Calculate EX (7).

(v) Assume that u, y are predictable and show X (1) = xeJo #(5)ds [Tr,< 1+
V(Ty) = xedo H@ds+ [ n(+y )N > (.



Chapter 16 )
First Passage Time Distributions for Qs
Brownian Motion with Drift and a Local

Limit Theorem

A local limit theorem for convergence of probability density functions is
provided as a tool for the computation of hitting time distributions for
Brownian motion, with or without drift, as a limit of hitting times for random
walk, and other asymptotic limit theorems of this nature.

The “first passage time” refers to the time of first arrival to a point in space by the
stochastic process, in this case Brownian motion. The purpose of this chapter is two-
fold. First we will show that the pdf of the first passage time of Brownian motion
without drift, computed (identified) in Corollary 7.14 by the reflection principle,
is also the limit of the first passage time densities for associated re-scaled random
walks. Second, we will apply the local limit theorem to compute, and hence identify,
the first passage time density for Brownian motion with drift.

Remark 16.1. In physical sciences the pdf, when it exists, of the first passage time
to a point y is sometimes referred to as “breakthrough curve” at y. The first passage
time to @ > 0 distribution for Brownian motion with drift ;& > 0 is also referred to as
the inverse-Gaussian distribution with parameters a, (. It models the concentration
of particles which arrive at y for the first time at time ¢ as a function of #. By removal
of particles upon their arrival at y, one may empirically estimate the first passage
time density of a sufficiently dilute initial injection. Apart from such modeling and
prediction considerations, the first passage times play a basic role in various aspects
of the mathematical analysis of Brownian motion and related stochastic processes.

The two-fold goals of this chapter rely on a “histogram approximation” of
distributions of a sequence of discrete random variables X,, (n > 1) to derive its
convergence in distribution. For later purposes we permit random variables which
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are possibly defective, i.e., allow P(X, € R) < 1. Let the set of values of X,, be
contained in a discrete set L, = {xi(") 11 € 7, }, where Z,, is a countable index set.
Write p” = P(X, = x").

Assume that there exist non-overlapping intervals Al(") of lengths |A§”)| > 0,
i € Z,, which partition an interval / C R such that (i) xi(”) € Ag"), (i) 8, =
sup{lAE”)I 1ie€Z,} — 0asn — oo, (iii) for every t € J outside a set of Lebesgue
measure zero, and with the index i = i(n, t) such thatr € Ag”), one has

pl?gj’t)/|A§’(2J)| — f@) as n — oo, (16.1)

and (iv) 1 > & := Y 7, pf”) —a:= [, f()dt > 0asn — ooc.

Proposition 16.1 (Local Limit Theorem). Under the assumptions (i)—(iv) above,
Z{ieI,,:x,(’”gt} pl.(") — f]ﬂ(—oo,t] f()dy for every t € J. In particular if X,, are
proper random variables, i.e., Zi e, pl.(") = 1, then X,, converges in distribution to
the random variable with density f.

Proof. On J define the density function f,(t) = pl.(")/|Afn)| ifr € A?") (t e J).By
assumption (iv) and Scheffé’s theorem, ! f g1 fa () — f(y)Idy — 0. On the other
hand, since pl.(") = [yw fa(y)dy foralli € T,,

| fn (D] < 8l fa ()| — 0.

> o= poay| <|al,
JN(—00,t]

{ieZ,x" <t}

Remark 16.2. In the commonly stated version of Scheffé’s theorem, one would
require o, = « for all n, instead of condition (iv). But dividing pl.(") by o, and f(¢)
by «, this requirement is easily met. Thus the proof of Proposition 16.1 goes through
with this minor modification.

Remark 16.3. Note also that this extends with virtually the same proof to higher
dimensions R* where Af") is a rectangle of positive k-dimensional volume |Af") |

We have seen in Chapter 3, relation (3.7), that for a simple symmetric random
walk starting at zero, the first passage time 7), to the state y # 0 has the distribution

N
[yl N+y 1
P(Ty,=N)=—|——]—, N=]|y|, 2, 4,.... 16.2
(Ty ) v\ 72 | YLyl +2, 1yl + (l16.2)

'See BCPT pp. 14-15.
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To apply the local limit theory take X, = l “Tiynzyy 2 # 0 fixed, Z,, :=
(0,1,2,...), 1 = W2 40 _ (1 (Lzll +2i - 2), L(|Ly/nz]l +20)] for
i=1,A0 = © 1 fz]| . Then J = (0, 00). Note that if # > 0 and n > 1, then
t € A” means L(nt — |[Vnzl)) <i < L(nr — |[Vnz]l) + 1, so that i (n, 1) differs
from 1 (nt — |[/nz]) by at most 1. Also, p(”) P(Xy = x") = P(T ) =

V/nz]l + 2i) and f,(t) = p™/|A"| = ) with i = i(n, t). To check (16.1)
let y = [«/nz], N = |[\/nz]| +2i(n, t) in (16 2) Observe that N differs from nt by
at most 2, so that y>/N — z?/t, and both N and N + y tend to infinity as n — oo.
Thus by Stirling’s formula,

N
ey ) en
fn(t)—2 N( > )2

1
e*NNN"rf 2*N

_on-lyl
- 1/2 1 _ 1
20mEN v (@)(N”)mz o—(N-1)/2 (@)(N N/
x(1+o(1))
n-2ly| y\—(N+y)/2-3 Y\~ (N=»)/2—
= @m)2N32 ( N) (1 - N) (1 +ot)
|z ( y\—(N+y)/2 Y\~ (N=»/2
S —) (1——) 1 +o(1)), 16.3
NErTE s (+o(),  (163)

where o(1) denotes a quantity whose magnitude is bounded above by a quantity
€,(t, z) that depends only on n, ¢, z and which goes to zero as n — oo. Also,

o (00 3) T (03T =2 [ o (59))]

N-—y y? lyl?

-7 —~ _ 10| 2=

T [ +2N2+ <N3
2

y 2
=—=—+4+06(N,y) > —z°/2t. 16.4
N (N, y) 7/ (16.4)

Here |0(N, y)| < n~2¢(t, z) and ¢(z, z) is a constant depending only on ¢ and z.
Combining (16.3) and (16.4) and Corollary 7.14, we arrive at the following.

Proposition 16.2. The histogram approximation (16.3) converges to the density of
the first passage time 7, to z of standard Brownian motion starting at zero.

2
Timf(6) = \/|_|3/2 Xp{—;—t}. (16.5)
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In particular
P <1t) = P(r; <1).

Remark 16.4. The first passage time distribution for the slightly more general case
of Brownian motion {X; : r > 0} with zero drift and diffusion coefficient 6> > 0,
starting at the origin, may be obtained by applying the formula for the standard
Brownian motion {(1/0)X; : ¢t > 0}. In particular, the first passage time to z for
{X; : t = 0} is the first passage time to z/o for the standard Brownian motion. So
the probability density function f2(¢) of 1, is therefore given as follows.

Proposition 16.3 (First Passage Time to z for o B). The first passage time to z for
Brownian motion with zero drift and diffusion coefficient o > 0 has density

|z| -
me 2041, t > 0. (166)

for(t) =

Note that for large ¢ the fail of the pdf f_2(¢) is of the order of t—3/2. Therefore,
although {X; : t+ > 0} will reach z in a finite time with probability 1, the expected
time is infinite (Exercise 1).

Consider now the first passage time distribution for a Brownian motion {X, : ¢t >
0} with a nonzero drift 1« and diffusion coefficient o> that starts at the origin. One
may note that if, for example, u > 0, then by the transience property obtained in
the previous chapter (or simply by the SLLN), there is a positive probability that
the process may not ever reach a given z < 0, i.e., one may have a defective first
passage time distribution in the sense that P(t; < 00) = fooo Jo2,(D)dt < 1.

Although the random walk asymptotics for the proof will follow from the local
limit Proposition 16.1 as above, at this stage one is unable to compare the limit to
a previous computation for Brownian motion having nonzero drift. To make this
connection we will anticipate the FCLT from the next Chapter 17 which shows how
functionals (such as first passage times) of the random walk converge to those of the
Brownian motion (Also see Remark 1.4 and Remark 16.5.)

Proposition 16.4 (First Passage Time Distribution Under Drift). Leto > 0,z € R.
Also let © € R and let {B; : t+ > 0} The first passage time 7, of the diffusion
(X, := ut + o B, : t > 0} starting at zero with drift x and diffusion coefficient o2
at z has a possibly defective pdf given by

|z
(27‘[02)]/21‘3/2

1
Jo2, (1) = €xp {_2021‘ (z — IU)2)} (> 0). (16.7)

Proof. Using Corollary 17.6 from Chapter 7, the polygonal process {X ,(") it >0}
corresponding to the simple random walk Sy, » = Z1 4+ -+ Zy.n, So.n = 0, with
P(Zuyn=1) =p,= %—i— /(20 4/n), converges in distribution to {W; = X, /o :
t > 0}, which is a Brownian motion with drift /o and diffusion coefficient 1. On
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the other hand, writing Ty , for the first passage time of {S;, , : m =0,1,...} toy,
one has, by relation (3.4) of Chapter 5,

N
Iyl N4y)/2 (N—y)/2
P(Tyn=N)y= =0 (55 ) o g

Iy Nﬁ s N w V2 w V-2
N 2 < oﬁ> ( oﬁ)
N N/2
[yl N+y _N Mz /
ERpLAN gaaray b)) 1— =
N 2 o2n

y/2 —y/2
()0 e

For N 7& O the first passage time to w for (X ,(") : t > 0} is (asymptotically) the

same as T, /) ,- Therefore, one may seek to apply Proposition 16.1 with X, =

(n) 4 (n)
A

w Sl and x; ,i(n, t) as above, but with z replaced by w. Also, pf”) here
is glven by (16. 8) For y = [w+/n] for some given nonzero w, and N = [nt] for

some given ¢ > 0, one has
N/2 —y/2
() (5% (-55%)
o/n
wy/n/2 m —w./n/2
() () () T e

:exp{—f—;}exp{%}exp{%} (1 +o(1))

2
=exp{—% ¥ “G—w} (1 + o(1)), (16.9)

where o(1) represents a term that goes to zero as n — o0. The first passage time
7, to z for {X; : t > 0} is the same as the first passage time to w = z/o for the
process {W; : t > 0} = {X,/o : t > 0}. It follows from the hitting time formulae in
Proposition 7.21 of Chapter 7, also see Chapter 7, Exercise 15, that if

i.uw<0andz>0 or if ii.u>0andz <0,
then there is a positive probability that the process {W; : ¢+ > 0} will never reach

w = z/o (i.e., T; = 00), but nonetheless one has lim,— P(X, < 00) =
lim, 00 P(Ty, < 00) = P(r; < 00), with y = [wi/n] (Exercise 3). By
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Proposition 16.1 this is adequate for the local limit theory. Moreover, in view
of (16.3), (16.4), (16.8) and (16.9) we have for x™ = /w2,

n

lim £ = —2 o5 e i 16.10
nl)ngofn()—me e o . (16.10)

Thus the probability density function of 7, is given by

|z 2 2
a0 = G |55~ 2~ 3 (1640

as asserted. |

Observe that letting p(z; 0, y) denote the pdf of the normal distribution @, , of
the position X; at time ¢, (16.10) can be expressed as

Jo2,u() = |j—lp(t; 0, 2). (16.12)

Also as mentioned before, the integral of f;2 ,(¢) is less than 1 if either
i.mw>0,2z<0 or ii.u<0,z>0.

In all other cases, Proposition 16.4 provides a proper probability density function.
It is also noteworthy that from the first passage time distribution to a point for
one-dimensional Brownian motion, one may readily obtain the hitting time of a line
by a two-dimensional Brownian motion and, more generally, the hitting time of a
(k — 1)—dimensional hyperplane by a k-dimensional Brownian motion; Exercise 2.
Note that we have also obtained the distribution of maxo<;<r X; as follows.

Corollary 16.5. Under the conditions of Proposition 16.4 one has the following
immediate formula.

T
_ |z 1 2
Pmay X = 9= [ e |5 e w0 di 22

Recalling the transience of Brownian motion with drift obtained in Chapter 7 let
us also note the following.
Proposition 16.6 (Time of Last Visit to Zero for Brownian Motion with Drift). Fix
weR, uw+#0,and 0> > 0 and define
Iy :=sup{t : 0 By + ut = 0}.
M2

Then, I} has the pdf —£—¢ 22,1 > 0.

o2mt2
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Proof. Without essential loss of generality, let © > 0, First recall that the process
defined by

Z;=tB1,t >0, Zy=0,
t

is distributed as standard Brownian motion (using the symmetry of Brownian
motion). Now observe that for o2 > 0,

1
Iy = sup{t:aB,—}—,ut:O}:sup{t:?Bt—f—&:O}
o

1
2y

—sup(t:Zi =Py —
suplr 21 == inflr : 7, = — £}

(16.13)

An explicit formula for the distribution of 7y’ was obtained in Corollary 7.14 from
which the distribution of I follows. (Exercise 4). |

For the record, the local (central) limit theorem for simple symmetric random
walk may be expressed as the following useful Gaussian approximation (Exer-
cise 8).

Proposition 16.7. Let S,,,n = 0,1,2,... denote the simple symmetric random

_ley2
walk. Then, for n, j both even or both odd, */TEP(SH =j) = ﬁe (7w 1+
o(1)).

The following general remark is applicable to this chapter and elsewhere.

Remark 16.5. Suppose X M pn > 1,isa sequence of processes converging in
distribution to a stochastic process X (on C[0, 1] or C[0, 00)), and g is a functional
which is continuous a.s. with respect to the distribution of X. Then g(X™)
converges in distribution to g(X), by the Mann-Wald theorem (Proposition 17.4).
If by some means (e.g., a local limit theorem) one is able to compute the limit
of the distribution function of g(X (”)), then, in view of weak convergence, it is
the distribution function of g(X) at all points of continuity of the latter. Since this
set of continuity points is dense in R (or R¥ if g is R¥—valued), and since the
distribution function of g(X) is right-continuous, it must equal the right-continuous
limit everywhere.

Exercises

1. Show that Et, = oo, where 1, is the first passage time from Brownian motion
with zero drift and diffusion coefficient o> > 0.
2. (i) Let L(a,b) denote the line {(x,y) € R® : y = ax + b} and let B
denote a 2-dimensional Brownian motion starting at the origin. Compute
the distribution of t := inf{r : B, € L(a, b)}.
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(ii) Generalize (i) to the hitting time of the hyperplane H(ay,...,ar,b) =
{1y oo, xp) 21;:1 ajxj = b} by a k-dimensional Brownian motion.

3. To complete the proof of Proposition 16.4, show that lim,— P(X, < 00) =
limy,—s o0 P(Ty o < 00) = P(t; < 00), with w = z/o .[Hint: The limit can be
computed, without presuming the FCLT. The limit, with x = 0,d =z, u < 0, is
the same as fooo f()dt, as required by the hypothesis of the local limit theorem
(Proposition 16.4), may be proved by a direct integration of (16.7).]

4. (i) Complete the proof of Proposition 16.6 for the distribution of the time I
of the last visit to 0 by a Brownian motion with drift © # 0 and diffusion
coefficient o2 defined in (16.13).

(i1) Show that Eljp = oo.
5. Let {B; : t > 0} be standard Brownian motion starting at 0 and leta, b > 0.

(i) Calculate the probability that —at < B; < bt for all sufficiently large .

(i) Calculate the probability that {B; : ¢+ > 0} last touches the line y = —at
instead of y = bt. [Hint: Consider the process {Z; : t > 0} defined by
Zo=0,27;, = l‘Bl/[ fort > 0.]

6. Let {(B,(I), B,(Z) ) : t > 0)} be a two-dimensional standard Brownian motion
starting at (0, 0). Let r, = inf{t > 0 : B,(Z) =y}, y > 0. Show that Bg) has a
symmetric Cauchy distribution. [Hint: Condition on 7, and evaluate the integral
by substituting u = (x> + y?)/1.]

7. Let 7, be the first passage time to a for a standard Brownian motion starting at 0
with zero drift.

(i) Verify that Ez, is not finite.

(i1) Show that (l/n)t[aﬁ] = 1, in distribution as n — o0. [Hint: Use
the continuity theorem” for Laplace transforms and Proposition 7.15. The
determination of the constant k > 0 is not required here.]

8. Provide a proof for Proposition 16.7. [Hint: Use Stirling formula approxima-
tions to get in the even parity case that @(nzfj)Z_z" = \/;27((’14#’)!7—]'))%

1 . . .
R sy v (1 + o(1)) followed by grouping terms in the Taylor expansion

of the logarithm to get (n + /) In(1 + £) + (n — j)In(1 — £) = {1—20(1).]

2See Feller (1971), p. 431.



Chapter 17 ®
The Functional Central Limit Theorem Qe
(FCLT)

The functional central limit theorem, or invariance principle, refers to con-
vergence in distribution of centered and rescaled random walks having finite
second moments to Brownian motion. This provides a tool for computing
asymptotic limits of functionals of rescaled random walks by analyzing
the corresponding functional of Brownian motion. The term “invariance
principle”refers to the invariance of the distribution of the limit, namely
Brownian motion, regardless of the specific random walk increments, with
a finite second moment. The proof given here is by a beautiful technique
of Skorokhod in which the random walk paths are embedded within the
Brownian motion.

Consider a sequence of i.i.d. random variables {Z,,},"_, and assume for the present

that EZ,, = 0 and Var Z,, = 62 > 0. Define the random walk
S=0, Sp,=2Z1+-+Z, m=1,2...). (17.1)
Define, for each value of the scale parameter n > 1, the stochastic process

S
x" =0 =0, (172)

NG

where [nt] is the integer part of nt. The process {S[,; : t > 0} records the discrete
time random walk {S,, : m = 0, 1,2, ...} on a continuous time scale such that in
one unit (r = 1) of continuous time there will be contributions from » discrete time
units. The process X™ .= {X,(") 21> 0} = {(1/y/n)Spus = t > 0} further scales
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distance in such a way that one unit of distance in the new scale equals /7 spatial
units used for the random walk. This is a convenient normalization since (for large
n)

2

t

EX® =0, varx® =107 2 (17.3)
n

Since the sample paths of X = {X,(") : t > 0} have jumps (though small
for large n) and are, therefore, discontinuous, it is technically more convenient to
linearly interpolate the random walk between one jump point and the next, using
the same space-time scales as used for {X t(") : t > 0}. The resulting polygonal
process X := {f(;") : t > 0} is formally defined by (see Figure 17.1)

[nt]+l

T

~ St
X" =2 4 (nr — ()

t>0. 17.4
n > (17.4)

n n St Znt]+1
pBIY = X = 2 o (nt — [a]) At

S

3=
3w
SRS
3o
3o
<Y

3|

Fig. 17.1 Rescaled Simple Random Walk
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In this way, just as for the limiting Brownian motion process, the paths of (X t(") :
t > 0} are continuous, i.e., X™ takes its values in the same space C[0, oo) as the
Brownian motion process.

In any given interval [0, T'] the maximum difference between values of the two

processes (X : ¢ > 0} and {X" : 1 > 0} cannot exceed

|Z1| |Z2] | ZinT1+11

(T) =max | —, —, ..., —=—— ).
e

Now, for each § > 0,

P(en(T) > 8) = P (|Zy| > 8+/nforsomem =1,2,...,[nT]+1)
< ([nT14+ D(P(1Z1] > 8/n) = (nT1+ DEL 7,25 m) (17.5)

72 [nT]+1

= T+ 1) By, 05 ma,) = — 52— Eyzy=s,m 2D = 0

(17.6)

by the dominated convergence theorem. Thus, one arrives at the following useful
fact.

Proposition 17.1. 1f E|Z;|> < oo, then for any T > 0, one has for arbitrary § > 0,

P(sup | X —X™|>8) =P@,(T)>8) >0 as n—>oo.  (17.7)
0<t<T

Thus, on any closed and bounded time interval the behaviors of {X t(") :t > 0} and
(X ,(") : t > 0} are the same in the large-n limit.

Observe that given any finite set of time points 0 < #; < fh < --- < f,
the joint distribution of (X ,(1" ), X t(zn ), X t(:)) converges to the finite-dimensional
distribution of (X4, X4,, ..., Xy, ), where {X; = o B; : t > 0} is a one-dimensional
Brownian motion with zero drift and diffusion coefficient o-2. To see this, note that
X t(ln ), X t(zn )X t(ln ), o X ,(k" )X ,(:_)1 are independent random variables that by the
classical central limit theorem converge in distribution to Gaussian random variables
with zero means and variance #,02, (tr — tl)az, e, (e — tk,l)UZ. That is to say,
the joint distribution of (Xt(l" ), Xgl ) — X,(ln s Xt(: ) — Xt(li)l) converges to that of
(X4, Xty — X4y» ... Xy — Xy, ). By a linear transformation, one gets the desired
convergence of finite-dimensional distributions of {X t(") 1t >0}

Many of the events of interest are infinite-dimensional, e.g., [maxo<;<7 X; >

a)]. For convergence of probabilities of such events the convergence of finite-
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dimensional distributions is inadequate.l A metric for C[0, T] can be defined
by dr(x,y) = maxo<;<r |x(¢) — y(t)], and a metric for C[0, c0) is d(x,y) =
pya 2N % Convergence in the latter metric d(x, y) means uniform
convergence on compact subintervals [0, N] for all N > 0. The Borel o-fields for
these metrics coincide with the o -fields generated by finite-dimensional events.

A precise statement of the functional central limit theorem (FCLT) follows.
Because the limiting process, namely Brownian motion, is the same for all
increments {Z,,}>> , as above, the limit Theorem 17.2 is also referred to as the
Invariance Principle, i.e., invariance with respect to the distribution of the increment
process.

Theorem 17.2 (The Functional Central Limit Theorem). Suppose {Z, : m =
1,2,...}is an i.i.d. sequence with EZ,, = 0 and variance 02 > 0. Thenas n — 0o
the stochastic processes {f(t(") : t > 0} converge in distribution to a Brownian

motion starting at the origin with zero drift and diffusion coefficient 2.

There are two distinct types of applications of Theorem 17.2. In the first type
it is used to calculate probabilities of infinite-dimensional events associated with
Brownian motion by directly computing limits of distributions of functionals of the
scaled simple random walks. In the second type it (invariance) is used to calculate
asymptotics of a large variety of partial sum processes, since the asymptotic
probabilities for these are the same as those of simple random walks. Several such
examples are considered in the next two chapters. The following is another useful
feature of weak convergence for computations.

Proposition 17.3. Under the conditions of the FCLT, if g : C [0,~oo) — R is
continuous, then the sequence of real-valued random variables g(X (”)), n > 1,
converges in distribution to g(X).

Proof. For each bounded continuous function f on R the map f o g is also
a bounded continuous function on C[0, oo). Thus the result follows from the
meanings of weak convergence on the respective spaces C[0, co) and R. ]

Example 1. Consider the functional g(w) := maxo<;<; w(t),w € C[0, 00). As
an application of the FCLT one may obtain the following limit distribution: Let
Z1,Z,,... be an i.i.d. sequence of real-valued random variables standardized to
have mean zero, variance one. Let S;, := Z{ +---+ Z,,n > 1. Then g(f((”)), and
therefore maxo<;<1 X ,("), converges in distribution to maxo<;<1 By, where {B; : t >
0} is standard Brownian motion starting at 0. Thus

. _1 .
lim P(n~2 max S; >a) = lim P(max X > a)
=00 I<k=n n—oo  0<t<l

IThe convergence in distribution of processes with sample paths in metric spaces such as § =
C[0, T]and S = C[0, 0o) is fully developed in BCPT pp.135-157.
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= lim P(g(X") > a)
n—oo

= P(max B; > a). (17.8)

0<t<l1

For this calculation to be complete one needs to check that the Wiener measure of
the boundary of the set G = {w € C[0, 00) : maxo<;<; @(t) > a} is zero. This
follows from the fact that P(maxo<;<1 By = a) = 0 (see Corollary 7.12). One
may note that another point of view is possible in which the FCLT is used to obtain
formulae for Brownian motion by making the special choice of simple symmetric
random walk for Z;, Z,, ..., do the combinatorics and then pass to the appropriate
limit. Both of these perspectives will be illustrated in this chapter.

It is often useful to recognize that it is sufficient that g : C[0, c0) — R be only
a.s. continuous with respect to the limiting distribution for the FCLT to apply, i.e.,
for the convergence of g(X ) in distribution to g(X). That is,2

Proposition 17.4. If X := (X t(")} converges in distribution to X := {X; : t > 0}
and if P(X € Dg) =0, where D, = {x € C[0, 00) : g is discontinuous at x}, then
g()? ) converges in distribution to g(X).

Proof. Let Q, be the distribution of X™ and Q that of X. Let g be a function on
CI0, oco) into a metric space S. Let u, = Q, o g hnu=00gN By Alexandrov’s
theorem ? it is enough to show that for every closed set F one has lim sup,, i, (F) <
w(F). But for any closed set F, g~'(F) C g~ !(F) C Dy U g~!(F), where the
overbar denotes the closure of the set. By the weak convergence of Q,, one has
limsup,, i, (F) = limsup, Qn(¢~'F) < limsup, 0, (¢~ (F)) < Q(¢~'(F)) =
Q(Dg Ug™ (F)) < u(F). u

Let us now turn to a beautiful result of Skorokhod* representing a general
random walk (partial sum process) as values of a Brownian motion at a sequence
of successive stopping times (with respect to an enlarged filtration). This will be
followed by a proof of the functional central limit theorem (invariance principle)
based on the Skorokhod embedding representation. Recall that for ¢ < x < d, (see
Chapter 7, Proposition 7.18),

X —cC

d—c’

Pty <t)) = (17.9)

where 1} = T,(BY)
Example 2,

inf{t > 0 : B} = a}. Also, as calculated in Chapter 13,

2This is an early result in the theory of weak convergence sometimes referred to as the Mann-Wald
theorem.

3See BCPT p.137.
4Skorokhod (1965).
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E(tf AT) = (d —x)(x —0). (17.10)

Write 7, = rc?, BY=B = {B; : t > 0}. Consider now a two-point distribution F, ,
with support {u, v}, u < 0 < v, having mean zero. That is, F, , ({#}) = v/(v — u)
and F, ,({v}) = —u/(v — u). It follows from (17.9) that with 7, , = 7, A 7y, B

Tu,v

has distribution F, , and, in view of (17.10),
Et,, = —uv = |uv|. (17.11)
In particular, the random variable Z := By, , with distribution F), , is naturally

embedded in the Brownian motion. We will see by the theorem below that any
given non-degenerate distribution F' with mean zero may be similarly embedded by
randomizing over such pairs (#, v) to get a random pair (U, V) such that B, ,, has
distribution F, and Ety vy = f (—00.00) x2F (dx), the variance of F. Indeed, this is
achieved by the distribution y of (U, V) on (—o0, 0) x (0, co) given by

y(dudv) =0 —u)F_(du) Fy(dv), (17.12)

where F and F_ are the restrictions of F to (0, co) and (—o0, 0), respectively.
Here 6 is the normalizing constant given by

=96 [(/ vF+(dv)) F_((—00,0)) + (/ (—M)F—(du)> F1((0, OO))} ,
(0,00) (—00,0)

or, noting that the two integrals are each equal to % f fooo |x| F (dx) since the mean of
F is zero, one has

1/6 = (% /00 |x|F(dx)> [1 - F{ODI. (17.13)

—00

Let (£2, F, P) be a probability space on which are defined (1) a standard Brownian
motion B = BY = {B, : t+ > 0}, and (2) a sequence of i.i.d. pairs (U;, Vi)
independent of B, with the common distribution y above. Let F; := o{By : 0 <
s <t} vao{U;,V;):i>1},t > 0. Define the {F; : t > 0}-stopping times

To =0, T):=inf{t>0:B;, =U; or Vi},
Tiy1:=inf{t > T; : B, = By, + Uiy or Br, + Vi1} i = 1). (17.14)

Theorem 17.5 (Skorokhod Embedding). Assume that F has mean zero and finite
variance. Then (a) By, has distribution F, and By, — By; (i > 0) are i.i.d. with
common distribution F, and (b) T;+1 — T; (i > 0) are i.i.d. with
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E(Tjy — Tp) =/ x2F(dx). (17.15)
(—00,00)
Proof. (a) Given (Uj, V1), the conditional probability that By, = Vi is Vl_—Ullh'
Therefore, for all x > 0,
P (Br, > x) = ef / U (= w)F_(du)Fy(dv)
{v>x} J(=00,00 V — U
= 9/ {f (—u)F_(du)} Fy(dv)
{v>x} (—00,0)
= / Fy(dv), (17.16)
{v>x}

since f(_oo’o)(—u)F_(du) = %f |x|F(dx) = 1/6. Thus the restriction of the
distribution of B7, on (0, oo) is F. Similarly, the restriction of the distribution of
Br, on (=00, 0) is F_. It follows that P(B7, = 0) = F({0}). This shows that By,
has distribution F. Next, by the strong Markov property, the conditional distribution
of B}: = {Br4: : t > 0}, given Fp;, is PBT, (where Py is the distribution of B*).
Therefore, the conditional distribution of B}Li — By, = {Br,4+ — Br;;t > 0}, given
F1;, is Py. In particular, Y; := {(T}, BTj) 1 <j<i}and X .= B;g — By, are
independent. Since Y; and X' are functions of B = {B; : t > 0} and {(Uj, V)):
1 < j < i}, they are both independent of (U;+1, Vi4+1). Since 0D .= Ty —T;
is the first hitting time of {U; 1, V;41} by X', it now follows that (1) (T —T; =
7+, Br.,, — Br, = Xiw,)) is independent of {(7}, By;) : 1 < j < i}, and
(2) (T;11 — T;, Br,,, — Br;) has the same distribution as (71, Br,).
(b) It remains to prove (17.15). But this follows from (17.11):

ET;

9/ / (—uv)(v — u) F_(du) F+(dv)

(0,00) J (—00,0)

[/ v2F+(dv)~/ (—u)F_(du)—{—/ uzF_(du)~f vF+(dv)i|
(0,00) (—00,0) (—00,0) (0,00)

f v2F+(dv)+/ u2F_(du)=/ x2F(dx).
(0,00) (—00,0) (—00,00)

Il
S

We now present an elegant proof of Donsker’s invariance principle, or functional
central limit theorem, i.e., Theorem 17.2, using Theorem 17.5. For this, consider
a sequence of i.i.d. random variables Z; (i > 1) with common distribution having
mean zero and variance 1. Let Sy = Z1 + --- + Z; (k > 1), So = 0, and define the
polygonal random function S™ on [0, 1] as follows:
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Sk— k—1 Sk — Sk—
(n) k—1 k k—1
S = — t —

], l<k<n. (17.17)

fort e [u

n

S|

That is, St(") = j—% at points t = 5 0 <k <n),and t — S,(") is linearly
k

interpolated between the endpoints of each interval [%, Z]' In this notation,

Theorem 17.2 asserts that S”) converges in distribution to the standard Brownian
motion, as n — 00.

Proof. Let Ty, k > 1, be as in Theorem 17.5, defined with respect to a standard
Brownian motion {B; : t = 0} Then the random walk {S; : k = 0, 1,2, ...} has
the same distribution as {S; := By, : k =0, 1,2, ...}, and therefore, S™ has the

same distribution as S® defined by 3‘,?’31 = n_%BTK (k =0,1,...,n) and with
linear interpolation between k/n and (k+ 1)/n (k =0, 1,...,n — 1). Also, define,
foreachn =1, 2, ..., the standard Brownian motion Et(") = n_% B, t > 0. We

will show that

max ‘E(”) - B™
0<r<l

—> 0 in probability as n — oo, (17.18)

which implies the desired weak convergence. Now

max )gt(”) — E,(")
0<t<l

§n_% max |BTk —Bk|

1<k<n
S Jn) -1
+ max max |S; — Sk/n +n"2 max |B; — Bl
O0<k=<n-1 %5,5%1 k<t<k+1
=1 41 413 cay. (17.19)

Now, writing Zk = S'k — S'k_l, it is simple to check that as n — oo,

I? <n 2max{|Z|: 1 <k <n}— 0 inprobability,
1,53) < n_% max max{|B; — Bx|:k <t <k+ 1} — 0 in probability,

0<k<n—1

using the Chebyshev inequality P(|Z| > €/n) < (ne?) 'EZ*1y7 . s — O as
n — oo if EZ? < oo, whatever be € > 0.
Hence we need to prove, as n — 00,
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IV :=n"3 max |By, — Bi| —> 0 in probability. (17.20)

1<k<n
Since T,,/n — 1 a.s., by the SLLN, it follows that (Exercise 8)

T k

n n

&y '= max

—> 0 asn — oo (almost surely). (17.21)
1<k=<n

In view of (17.21), there exists for each ¢ > 0 an integer n, such that P(g, <
€) > 1 — ¢ for all n > n.. Hence with probability greater than 1 — ¢ one has for all
n > n, the estimate

D -3 Fm _ g

IV < max n72|By— B;|= max B"™ _ B

T s—tl<ne, |Bs tl |s—t|<ne, s/n t/n
0<s,t<n-+ne 0<s,t<n(1+e)

S(n Smn)| d
= max ‘B;,) — Bt(/ L max | By — By|
|s'—t'|<e, |s'—t'|<e,
0<s’ .t/ <l+e 0<s’,//<l+e

— 0 ase 0,

by the continuity of # — B;. Given § > 0 one may then choose ¢ = ¢; such that for
alln > n(8) := ng, P(I,Sl) > §) < 4. Hence 1,51) — 0 in probability. |

The following modification of Theorem 17.2 will be useful in obtaining the
distribution of functionals of Brownian motion with drift parameter p as limits
of asymmetric simple random walk, such as Proposition 7.21 in the preceding
chapter. The proof is essentially the same. In preparation, for each n > 1, let

Zkn,k = 1,...,n be an i.i.d. sequence of *+1-valued Bernoulli variables with
P(Zky) = 1) = 1= P(Ziy = - =1+ %ﬁ,k = 1,...,n. In particular,

2
EZk,, = Lﬂ,andﬂa(zk,n—%)2 =1-2% LetSin=Zin+ - +Zkn, 1 <k <n,

and o, = 0. Next define define polygonal random function S® on [0, 1] by linear
interpolation as before:

Sk— k—1\ Skn— Sk—
St(n) — k—1,n +n<t— > k,n k—1,n
Jn Jn
forre 50 5] 1<k =n. (17.22)

Corollary 17.6. S™ converges in distribution to Brownian motion with drift
parameter @ as n — o0

Proof. Consider the centered and rescaled random walk Ek,n = (1—%)_%{(2 ln—
Lt Zen = ) = Yt 1 Zjnk = 1, Sou = 0, where the iid.

— 2
displacements Z; , = (1 — %)_%(Zj,,, - %),j =1, ..., n have mean zero and
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variance one. Next define define the centered and scaled polygonal random walk
5" on [0, 11 by

- Sk— k—1Y\ Sk — Sk—
S;rz) — k\/%,n_'_n(t_ . ) k,n ﬁk 1,n

fors e [;lk] 1<k<n. (17.23)

n

Then from Skorokhod embedding one has s = B as n — oo. The assertion

follows since Sk, =+/1 — ’LTZEk,n + %k, k =1, ...n, and therefore

s =1 S(")+ wi+ S = B tpn 0<r<l.
n

As an application announced in the preceding chapter, we now have

Proof of Proposition 7.21. Consider for each large n, the Bernoulli sequence
{Zmn : m = 1,2,...} defined above. Write S, = Ziy + -+ + Zpy . for
m > 1, Sy, = 0. Then, with X" = Sif >0,

1%
ESini1.n _ [nt]m e
N Jn o’

2
oL (L))

the associated polygonal process {)~(,(") : t > 0} converges in distribution to a
Brownian motion with drift ;1/o and diffusion coefficient 1 that starts at the origin
(Exercise 17). Let {X; : t+ > 0} be a Brownian motion with drift 1 and diffusion
coefficient o2 starting at x. Then {W;, = (XJ — x)/o : ¢t > 0} is a Brownian motion
with drift © /o and diffusion coefficient 1 that starts at the origin. Hence, by using
the second relation of Proposition 2.1 of Chapter 2, one may calculate

EX™ =

P(t} <1t}) = P({X] : 1 = 0} reaches c before d)

c—x d—x
P | {W;};>0 reaches before
= o o
= lim ({Sy,n:m=0,1,2,...} reaches ¢, before dy)
n— o0

d—x
li 1 _(Pn/Qn)Tﬁ
= lm

"0 (py )T NGV
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d—x —c
o w_\ GV
14 1+
lim 1—( "f) /1—( "ﬁ)
n—00 1-— [
o/n

ags\/n

ool | ) eelsed
ol |1 sl ]
The first asserted probability now follows again providing that one also checks
that P(d[t} < 7:5 1) = 0. This case is made simpler by the presence of a drift
(Exercise 2). If the first relation of Proposition 2.1 Chapter 2 is used instead of the
second, then the second probability is calculated similarly. Next, letting d 1 oo in

the first relation of the proposition, one obtains the first result and letting ¢ | —oo
in the second relation one obtains the second assertion. |

For another application of Skorokhod embedding let us see how to obtain a law
of the iterated logarithm (LIL) for sums of i.i.d. random variables using the LIL for
Brownian motion (Theorem 7.23).

Theorem 17.7 (Law of the Iterated Logarithm). Let X1, X;,... be an i.i.d.
sequence of random variables with EX; = 0, 0 < o? = IEX]2 < 00, and let
Sy, = X1+ -+ X,, n > 1. Then with probability one,

S
lim sup ————— = 1.

n—o0o +/202nloglogn

Proof. By rescaling if necessary, one may take o> = 1 without loss of generality.
In view of Skorokhod embedding one may replace the sequence {S,, : n > 0} by the
embedded random walk {S',, = Br, : n > 0}. By the SLLN one also has % -1
a.s. as n — oo. In view of the law of the iterated logarithm for Brownian motion,

ﬁj’g—)Oas ast — oo. FromT’
it follows for given € > 0 that with probability one, m < TT’ < 1l+4+eforallt
sufficiently large. Lett, = (1+¢€)",n =1,2,....Thenfort, <t < t,4, for some

n > 1, one has

it is then sufficient to check that L — 1 a.s.,

t
M; = max { |Bs — B;| : 7<s<t(1+e)}
1+e€

1
< max | |Bs — By| : T<s<t}+max{|Bs—B,|:t§s§t(1+e)}
€
t
< max |BS_BI,1|3$sztn+l}+max{|Bs_Bt,,|:tnsztn+l}
<

2My, +2M,,, .
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Since tyyn — i = Yty = ﬁtn, where y = (1 + €) — 1, it follows from
the scaling property of Brownian motion, using Lévy’s Inequality and Feller’s tail
probability estimate, that

P <Mtn > \/31:/_ th 10g10gt,,) = P<max1 |By| > ,/310g10gtn)
€

O<u<

< 4P (Bl > ,/3log log(tn))

< 4 ( 3l logt )
———exp| —=loglo

~ J3loglogt, P 2 glo8n

<cn~

[SI[o%)

for a constant ¢ > 0. Summing over n, it follows from the Borel-Cantelli lemma

I that with probability one, M,, < ,/37%-1,loglogt, for all but finitely many n.

1 Tin

Since a.s. 1z < == < 1+ € for all 7 sufficiently large, one has that
. S -8Bl _ [, v
limsu <./3 .
t—>oop Jtloglogt — 1+e€
Letting € | 0 one has {X= — 0, establishing the desired result. [ ]

Remark 17.1. The LIL was first derived® for Bernoulli random variables. This was
subsequently generalized® to bounded, independent (but not i.i.d ) random variables.
The final formulation’ was eventually obtained for i.i.d. random variables with finite
second moment.

Remark 17.2. The FCLT (Theorem 17.2) is stated for convergence in § =
CI0, 00), when S has the topology of uniform convergence on compacts. One may
take the metric to be p(w, ') =Y o, 27kdy /(1 + dy), where di, = max{|(w(t) —
@' ()] 1 0 <t < k). Hence if X converges to X on [0, k] for every k > 0 (in the
metric of dy), then X converges to X on [0, co) (in the metric p). The following
result simply restates this.

Proposition 17.8. Suppose that X, X M n > 1, are stochastic processes with
values in C[0, o) for which one has that {X,(") : 0 <t < k} converges in
distribution to {X; : 0 < ¢ < k} for each k = 1,2,.... Then X converges in

distribution to X as processes in C[0, 00).

SKhinchine (1924).
6Kolmogoroff (1929).
7Hartman and Wintner (1941).
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Exercises

1. Fix t9 > 0,a,b € R,a < b, and let G denote the finite-dimensional event
G = {x € C[0,00) : a < x(ty) < b}. Identify dG and show W(3G) = O,
where W is Wiener measure.

2. (i) Show that the boundary of the set F = {w € C[0, 00) : T.(w) < 14(w)]
has probability zero under Wiener measure W on 2 = CJ[0, c0), i.e.,
the probability that the standard Brownian motion belongs to d F is zero.
[Hint: Let G be the set of paths that pass below ¢ before reaching d. Then
G C F. Show that G is open under the topology of uniform convergence on
compacts. On the other hand, by Blumenthal’s zero-one law, W(F\G) = 0.
If w ¢ F belongs to the closure of F, then w € C, where C comprises all
paths w which neither reach ¢ nor d. But W(C) = 0.]

(i1) Prove (i) for Brownian motion with a nonzero drift. [Hint: All one needs to
prove in this case, in addition to (i), is that the probability of F\G is zero
(for BM under drift). Let {B; : t > 0} be a standard BM (with zero drift).
Then B, =4is! tB%,t > 0, By = 0, is also a standard BM. Applying the

Law of Iterated Logarithm to B, ,ast 1 00, shows that the set {0 <t < € :
B; 4+ ut < 0} is non-empty, with probability one, for every € > 0, whatever
be w.]

3. Show that the functions f : C[0, o0) — R defined by

f(w) = max w(t), g(w) = min w(t)
a<t<b a<t<b

are continuous for the topology of uniform convergence on bounded intervals.
4. Suppose that for each n = 1,2,...,{x,(¢), 0 < t < 1}, is the deterministic
process whose sample path is the continuous function

nt, 0<t<1i
Xxn()=192—nt, L<t<2
0, 2<t<l.

(1) Show that the finite-dimensional distributions converge to those of the a.s.
identically zero process {z(¢) : 0 <t < 1},i.e.,2(t) =0,0 <t < 1.

(i1) Check that maxp<;<j X, (¢) does not converge to maxg<;<; z(¢) in distribu-
tion.

5. Give an example to demonstrate that it is not the case that the FCLT gives
convergence of probabilities of all infinite-dimensional events in C[0, 00).
[Hint: The polygonal process has finite total variation over 0 < ¢ < 1 with
probability 1.]

6. Let X1, Xo, ... be i.i.d. random variables with EX,, = 0, Var X,, = 02 > 0. Let
Sy, = X1+ -+X,,n > 1,5y = 0. Express each of the random variables defined
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1
below in terms of the rescaled random walk process {X ,(") =128t = 0}
and compute their limit distributions in terms of the appropriate random variable
associated with Brownian motion having drift 0 and diffusion coefficient > > 0.

() Fix & > 0, Y, = n2max{|S|° : 1 < k < n}. [Hint: Apply
Corollary 7.17 to obtain the limit distribution in terms of a series of normal
distributions. ]

(i) Let My” = n~'/>maxg<,(Sk — £S,). Compute the distribution of the
running maximum of the Brownian bridge (or tied-down Brownian motion)
Bf = B, —tB1,0 <t < 1, and apply this to the limit distribution of M”
above. [Hint: Show that P(maxo<;<1 B < x) = lim¢ o P(maxo</<1 By <
x||B1| < €) and compute the limit directly from the ratio of probabilities.
According to Alexandrov’s theorem (see BCPT p. 137) it suffices to check
limsup,_,oP(B € F| —¢ < B < ¢) < P(B* € F) for closed
subsets F of C[0, 1]. Let p denote the uniform metric on C[0, 1]. Then,
SUpg<;<1 |Bf — B| = |Bil,so [|B1| < 8,B € F] C [B* C Fs] where
Fs = {w e C[0, 1]: p(w, F) < 8} for p(w, F) = inf{p(w, n) : n € F}. So
fore <8, P(Be F|l—¢ < By <¢) < P(B*eFs]—e¢<B| <¢)=
P(B* € F;).]

(i) ¥, = n=3/23°}_, Sk. Show that the distribution of fo‘ B.dt is Gaussian
with mean zero and variance 1/3, and apply to the limit distribution of ¥,
above. [Hint: Express as limit of Riemann sum.]

7. Let {S, : n =0, 1, ...} denote the simple symmetric random walk starting at O,
and let

m, = min Sy, M, = max S, n=1,2---
0<k<n 0<k<n

Let {B; : t > 0} denote a standard Brownian motion starting at zero
and let m = ming<<; By, M = maxo<<) B;. Then, by the FCLT,
n12(m,, M,, S,) converges in distribution to (m, M, By) since the functional
o — (minp<;<1 w;, Maxp<;<| @, w1) is a continuous map of the metric space
CJ[0, 1] into R3. For notational convenience, let

Pn(j) = P(Sp =), Pn(u,v,y) =Pu<my, <M, <v,S, =Y),

for integers u, v, y suchthatn — 1 <u <0 <v <n+1l,u <y < v. Also
let ®(a,b) = P(a < Z < b), where Z has the standard normal distribution.
Related results for Brownian motion are also obtained by other methods (e.g.,
strong Markov property) in later chapters. Show
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oo oo

@) pal,v,y) = Y paly +2k@w—w) = Y paQu—y+2k(v —u)).

k=—00 k=—00
[Hint: Since the random walk is bounded by n in n steps, these are finite

sums for u < v. To verify this identity first check it for n = 0. The only
allowable u, v,y are u = —1, v = 1, y = 0. For this case the left side
equals one, the first sum on the right has only one nonzero term (for k =
0) which equals one, while the second sum has no nonzero term. Then
use induction on n together with the identities p,(j) = % Pn—1(j — 1D+
3pa-1(+ 1 and py(u, v, y) = 3pa-t@ =1L v =1y =D+ 3pu1(u+
Lv+1,y+1).]
(i) Forintegers,u <0 <v,u <y; <y <wv,

Pu<m, <M, <v,y1 <8, <y)
o
= Y PO +2k(—u) < Sy < y2+ 2k(v — )

k=—o00

o
— Y PQu—y 42k —u) < S, < 20—y + 2k — ).

k=—o00

[Hint: Sum over y in (i).]
(@iii) Forreal numbersu <0 < v,u <y; < y; <,

Pu<m<M<v,y1 < By <y)
o0

= Y By + 2k —u), y2 +2k(v — u))

k=—00

o0
— Z @20 — yp + 2k(v — u), 2v — y; + 2k(v — u)).

k=—o00

[Hint: Respectively substitute the integers [v/n], —[—u+/nl, [y1/7],
—[—y2+/n] into (ii) ([ ] denoting the integer part function). Use Scheffé’s
theorem® to justify the interchange of limit with summation over k.]
(iv) P(M <v,y1 < B <y2) =P(y1,y2) — P2v — y2,2v — y1).
[Hint: Take u = —n — 1 in (iv) and then pass to the limit.]
o

V) Pu<m<M <v) = Z (=D*® W + 2k(v — ), v + 2k — u)).
k=—00

[Hint: Take y; = u, yp = vin (v).]

8See BCPT p.14.
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o
(vi) P(max |B;| < v) = Z (—=D)*®((2k — Vv, 2k + 1)v). [Hint: Take
0=<r<l1
k=—00
u = —vin (vii).]
(vii) Explain how the above extends to m; := min{B; : s < t} and M; :=
max{B; : s < t}.[Hint: Rescale {By; : 0 <u < 1}.]



Chapter 18 )
ArcSine Law Asymptotics e

Suppose two players A and B are engaged in independent repeated plays of
a fair game in which each player wins or loses one unit with equal proba-
bility. The implicit symmetry of this scenario results in the counterintuitive
phenomena that in a long series of plays it is not unlikely that one of the
players will remain on the winning side while the other player loses for
more than half of the series. This chapter derives the distribution of (a) the
last time in 2m steps that a simple symmetric random walk visits zero in
a finite interval, (b) the time spent on the positive side in a finite interval,
and (c) the time of the last zero in a finite interval and the arcsine limit
distribution for corresponding functionals of Brownian motion. The reference
to first, second, and third arcsine laws largely follows nomenclature of Feller
(1968/1971) commonly cited in the probability literature, although they are
not derived in that order here, the first being due to Lévy. Apart from its
aid in illustrating an important nuance for decision makers when dealing
with random phenomena, the arcsine law involves a rather non-intuitive
distribution of natural functionals of the random walk and Brownian motion.
The asymptotic results for random walk are obtained by an application of the
local limit theorem from Chapter 16. Although the functional central limit
theorem of the previous Chapter 17 can also be applied, it is not required
beyond identifying the random walk limits with corresponding functionals of
Brownian motion.

© Springer Nature Switzerland AG 2021 215
R. Bhattacharya, E. C. Waymire, Random Walk, Brownian Motion, and Martingales,
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Consider a simple symmetric random walk {Sm}sfzo starting at zero, S, = X1 +
coo 4+ X, (m > 1), S9 = 0. The first problem for this chapter is to calculate the
distribution of the last visit to zero by Sp, S, ..., Sz,. For this we consider the
probability that the number b of 4-1’s exceeds the number a of —1’s until time N
and with a given positive value of the excess b —a at time N. Notice that N = b+a
in this instance.

Lemma 1. Leta and b be two integers, 0 < a < b. Then

P(S1>0,8%>0,...,84p-1>0,8S:4p=b—a)
a+b—1 at+b—1\1/1\""" fa+b\b—a/ [l “+11’81

-[5)-CTIG) - O G e
Proof. Each of the (“;:b) paths from (0, 0) to (a + b, b — a) has probability (5)4+?.
We seek the number M of those for which S = 1,8, > 0,83 >0, ..., Sg4p—1 >
0, S4+» = b — a. Now the paths from (1, 1) to (a + b, b — a) that cross or touch
zero (the horizontal axis) are in one-to-one correspondence with the set of all paths
that go from (1, —1) to (a + b, b — a). This correspondence is set up by reflecting
each path of the last type about zero (i.e., about the horizontal time axis) up to the
first time after time zero that zero is reached and leaving the path from then on
unchanged. The reflected path leads from (1, 1) to (a + b, b — a) and crosses or
touches zero. Conversely, any path leading from (1, 1) to (@ + b, b — a) that crosses
or touches zero, when reflected in the same manner, yields a path from (1, —1) to
(a + b, b — a). But the number of all paths from (1, —1) to (a + b, b — a) is simply

(”+Z_1), since it requires b plus 1’s and @ — 1 minus 1’s. Hence

M= a+b—1 B a+b—1’
b—1 b

since there are altogether (“Zf;l) paths from (1,1) to (@ + b,b — a). Now a

straightforward simplification yields
M= a+b\b—a
b Ja+b

Lemma 2. For the simple symmetric random walk starting at zero, we have

2 1 2n
P(S1#0,8 #£0,...,5,#0)=P(S, =0) = (:) (5> . (18.2)
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Proof. By symmetry, the leftmost side of (18.2) equals, using Lemma 1,
2P(S1 >0,5>0,...,8, >0

n
zzzp(s1 >0,8>0,...,5-1>0,S, =2r)

r=1

=3[0 -CED]G)
o)) -G o

where we have adopted the convention that (2’5;1) = 0 in writing the middle

equality. |
Theorem 18.1. Let I'™ =max{j:0 < j <m, S; = 0}. Then

P = 2k)
= P(S2% = 0) P(S20—2k = 0)

)

2k)'\(2n — 2k)! [1\*"
=m<§) fork=0,1,2,...,n. (18.3)

Proof. By Lemma 2,

P(I'® =2k) = P(Sxk =0, Sopt1 # 0, Sak42 # 0, ..., Sop # 0)
= P(Su =0)P(S1 #0,8 #0,..., Sy #0)
= P(Sy = 0)P(San_2t = 0).

The following symmetry relation is a corollary of Theorem 18.1:
P(r'® =2k) = P(Ir'® =2n — 2) forallk =0,1,...,n. (18.4)

Theorem 18.2. Let {Z, Z», ...} be a sequence of i.i.d. random variables such that
EZ; =0, ]EZ% = 1. Then, defining y(”) = %F("), one has

2
lim P(y™ <x) = =Zsin~! V/x. (18.5)
n—oo T
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Proof. We will use the local limit theorem from Chapter 16 for the sequence X,, :=

@2n) — 1 @n) o ) _ 20 _ i . (n) __ N () N
y = 5. ' withx,” = 5. =+,0=<i <n,p~  =PX,=x"")=
P(I'® = 2i) as given by (18.3), and A™ = (L, =) = 1,2,...,n — 1),
Agl) = [0, rll]. Then |A§”)| = % Fori — ocoandn —i — oo asn — 00, one has,
by Stirling’s approximation,

w _ GDIen=20)! ),
‘ (i1)2((n — i))2
_ V2me @iy amem 0 on — 20 272(1 + o(1))
- 1 . 2
(Ve v e 00— iyi)

1
= n_— m(1 -+ o(1)).

Fix x € (0,1). Then x € Af") withi = i(n, x), where nx — 1 < i(n, x) < nx for
alln > }C Hence, with i = i(n, x),
p

1
July= A =" (nm

(1+0(1))> - = f(x).
x)

1
w/x(1—

By the local limit theorem (Proposition 16.1), X, = y ®® converges in distribution
to the distribution whose density is f(x) depicted in Figure 18.1. |

Remark 18.1. Paul Lévy' had already discovered the (first) arcsine law for Brown-
ian motion without appeal to random walk limits. Feller’s asymptotic arcsine law
for random walk could also be viewed as a consequence of Lévy’s arcsine law
and the invariance principle. On the other hand, Lévy’s arcsine law for Brownian
motion follows from Feller’s via the (same) functional central limit theorem. So this
provides a good illustration of the dual use of the functional central limit theorem
for those familiar with Chapter 17. The reference to first, second, and third arcsine
laws largely follows nomenclature of Feller occasionally cited in the probability
literature, although they are not derived in that order here.

The next lemma is a useful tool for identifying continuity sets for weak
convergence, see Exercises 1 and 2.

Lemma 3. Let 2 = C[0, 1], and let Q be a probability measure on its Borel o -
field. If the distribution function F(x) = Q({w € £2 : X(w) < x}) of an upper
semicontinuous random variable X on 2 is continuous at x = g, then A = {w €
2 X(w) < tp}is a Q-continuity set.

'Lévy (1939).
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m/x(l —x)

3w

Fig. 18.1 Arcsine Law (pdf)

Proof. From upper-semicontinuity, U = {w € £ : X(w) < fo} C A is open. So
0A C A\U C {w € C[0,1] : X(w) = tp}. Thus, Q(0A) < P(X(w) = t9) = 0,
making A a Q-continuity set. |
Remark 18.2. Consider a simple symmetric random walk {S,,}>°_, and the polyg-
onal processes {5(,(") :t > 0} (n > 1) associated with it (see (17.4)). Then

y® =sup{r:0<r<1,X" =0}
1 L)
= —sup{m:0<m <n,S, =0} =—-I".
n n

The following (invariance) corollary can be obtained by an application of the FCLT
(see Exercise 0).

Corollary 18.3 (The Second ArcSine Law). Let {B; : t
Brownian motion starting at zero. Let y = sup{r : 0 < ¢
y has the probability density function

0} be a standard

>
< 1, B, = 0}. Then

1

= rad—apyiz 0=x<L (18.6)



220 18 ArcSine Law Asymptotics

and corresponding distribution function

P(y <x) =/ Sdy = %sin_l Vx, 0=<x<1. (18.7)
0

One may also consider the time spent above zero by the polygonal process
{)N(,Q") : 0 <t < 1}. It is simple to see that this time equals ﬁUzn, where for
mathematical convenience, Uy, = #{k < 2n : S;_; or Sy > 0} counts the number
of (interpolated) path segments connecting (k — 1, Sx—1) to (k, Sx) that lie on the
positive side of the horizontal, i.e., either Sx_1 = 0, Sx > 0, or Sx—1 > 0, S = 0,
or both are positive. By an induction argument, one can show that U, has the same
distribution as I"®" as follows.

Lemma 4. For the simple symmetric random walk, Us, and "> have the same
distribution.

Proof. We first prove that P(Us, = 0) = P(I"?" = 0). For this,

PUz, =0)
=P(S;<0,1<j<2n)=P(S;>0,1<j<2n)
=2P(Xon41=1,8; 20,1 < j <2n)
=2P(Xont1=1,8j + Xoup1 =2 1,1 < j <2n)
=2P(S; =1, 1<j<2n+]1)
=2P(§;>0,1<j<2n+1),

where the second to last equality follows by relabeling i.i.d. increments as X
Xon1, X = Xj 1,2 < j < 2n. Thus, P(Upy = 0) = 2305, P(S; > 0,1 <

m=1
j<2n, Sypr=2m—1)= 2(2n”)2’(2”+1) = (2:)2’2”, by the telescoping sum on
the left side of Lemma 1, witha+b =2n+1,a—b =2m—1,i.e, b =n+m,m =
1,...,n+ 1. Thus, using Theorem 18.1, P(Up, = 0) = (2:)2*" = P(I"'® = ).
Also P(Uy, =2n) = P(§; =2 0,1 < j <2n) =P(S; <0,1 <j<2n =
P(Uy, = 0) = P(I'® = 0) = P(I'® = 2n). Indeed, by reflection symmetry,
P(Uy, =2m) = P(Uy, =2n —2m),for0 <m <n.For1 <k <n — 1, consider
the paths corresponding to the event [Uy,, = 2k]. Either a path has positive segments
up to the time 2 of the first return to zero and has 2k — 2 positive excursions in
the interval [2j, 2n], or the path is negative until the first return to zero at time 2
and has 2k positive excursions in the interval [2j, 2r]. Summing the probabilities of
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these events, one has upon conditioning these events on [X; = 1] and [X| = —1],
respectively,

k

1 . .

P(Uz =2k) = 5 Zl P(t = 2j)P(Uap—2j = 2k — 2j)
J:

1

k
+3 D P(t =2j)P(Uz2j = 2k), (18.8)
]:

where T = min{j > 1 : §; = 0}. Make the induction hypothesis Us,, =dist ~(@m)
for m < n — 1, and substitute into (18.8) to get
P(Uyy = 2k)

k
. 1 .
P(r =2)P(r ) =2k —2j) + 5 3 P(r =2)P(r 72 =2k

i

l\)\'—*

Pt =2j)P(Sok—2; =0 P(S2n—2k = 0)

I\JM—‘

N\'—*

k
Z (t =2j)P(Sak = 0)P(Su—2j—2k = 0)

1 k ,
=5 P(Sm-2% =0 Z P(t =2j)P(Sp—2; = 0)
j=1
k
1 .
+ 3PSk =0) ) P(t =2/)P(Sn-2j-2% =0)
j=1

1 1
= EP(S2n—2k =0)P (S =0+ EP(SZk =0)P (S22 =0)
= P(Sor = 0)P(Sap_ox = 0) = P(I'® =2k),

where the second to the last line follows from the strong Markov property. This
completes the induction. ]

In view of Theorem 18.2 and Lemma 4, one obtains the following corollary.

Corollary 18.4.

2
lim P(Uy, <1t) = = sin” (/7). (18.9)
n—o00 T

The connection to Brownian motion is made using the functional central limit
theorem to obtain the following.
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Corollary 18.5 (The First ArcSine Law ). Let U be the Lebesgue measure of the
set {t < 1: B, > 0}, where {B; : t > 0} is a standard Brownian motion starting at
0. Then,

PU<1) = ;sin’l(\/?). (18.10)

The final arcsine law concerns the time at which the random walk Sy, Sy, ..., S,
attains its maximum value, i.e., the argmax of i — S;,i < n. Since the argmax for
random walk may be a ser of points, consider the point V,, of the first maximum.
That is, for even k = 2m, say,

(Vo =kl =[S0 < Sk, -0y Sk—1 < Skl O[Skt < Sk ooy 820 < Sl (18.11)
In preparation we record some basic random identities that are obtained by

symmetries, reflections, and translations of random walk paths. First by simple
symmetry, one has the following relationships (Exercise 3):

P(S1 <0,...,8,<0)=P(S >0,..., 5, >0). (18.12)
P(S; <0,...,8, <0)=P(S;>0,..., 5, >0). (18.13)
P(S1 #0,..., 80 #0)=2P(S; <0,..., Sy, <0). (18.14)

Moreover, since every strictly positive path emanating from (0, 0) must pass through

1, D,

P(S1>0,...,8, >0 = %P(Sz >1,..., Sop>1) = %P(Sl >0,...,8,_1>0),
(18.15)
where the last equality is the result of a 1-1 unit coordinate shift map on the possible
paths. But since 2n — 1 isodd, [S1 > 0,..., 82,1 > 0] =[5 >0, ..., S2p—1 >
11=1085 =>0,...,85,-1 > 0,5, > 0],sothat P(S; > 0,...,5,-1 = 0) =
P(S1 = 0,...,8,-1 = 1) = P(S1 = 0,...,8, > 0). That is, using this
with (18.15),

P(S1>0,...,8,>0=2P(S51 >0,...,5, >0). (18.16)
Similarly, but with a little more cleverness, one may construct a one-to-one map

between the indicated sets of paths for the following equivalence” linking each of
the above probabilities (18.12)—-(18.16) to P(Sz, = 0).

2This construction is due to Edward Nelson according to Feller (1968), p. 96.
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Lemma 5.
P(S1>0,...,8, >0) = P(S, =0).

Proof. Consider a possible simple random walk path (k, sx), k =0, 1, ..., 2n from
(0,0) (2n, 0), i.e., any path from the origin for which s,, = 0. To follow the proof,
it may be helpful to draw figures to depict the indicated transformations. Suppose
that the first (absolute) minimum point is (k’, —m’), m" > 0. Reflect the part of the
path from (0, 0) to (k’, —m’) by 180° along the vertical line k = k' to a path section
from (k’, —m’) to (2k’, 0), and translate this reflected section by (2n — k', m’) to
start at (2n, 0) and end at (2n + k', m’). The final step is to render (k’, —m’) as the
origin of a new coordinate system by translating the entire new path by (—k’, m’).
The resulting path then extends from the origin to (2n, 2m’), and all ordinates lie
strictly above or on the horizontal axis. Note that if m’ = 0, then ¥’ = 0, and these
transformations leave the path fixed. Moreover, this transformation from a path for
which sg = 0, s2, = 0 to the path with s = 0,57 > 0, ..., s, > 0 is invertible,
i.e., paths so = 0,51 > 0,...,s0, > 0 are mapped to paths with 55, = 0 by
reversing the transformations (Exercise 4). In particular, the proof is complete since
it is shown that the respective numbers of paths are the same, and all the paths are
equally probable. |

The proof of the next lemma is interesting in its own right, as it employs
Feller’s notion of path duality, wherein one observes that reversing the order of the
displacements of a finite path segment of length 7 is a one-to-one transformation
between sets of paths of length n. Equivalently, one rotates the given path through
180 about its right endpoint and translates the resulting path to make the right
endpoint the starting point (origin).

Lemma 6. Let k = 2m or k = 2m + 1 according to whether the first maximum
occurs at an even or odd time. If 0 < k < 2n,

1
P(Voyy =k) = EP(SZm =0)P(S21-2m = 0),
and for m = 0, m = n, respectively, one has

P(Vop =0) = P(S2, = 0),

1
PV, =2n) = EP(SZn =0).

Proof. For path length k = 2m > 2, define the dual paths by S;‘ =X+ -+ X;‘ =
Som — Sj.j =0,1,...,2m, where X{ = Xop, ..., X5, = Xi. Then the events
[S2 > Si,j = 0,...,2m — 1] and [S;.‘ > 0,j = 1,...,2m] are dual and,
therefore, have the same probability %P(Sj >0,j=0,...,2m) = %P(Sz,n =0),
by (18.16) and Proposition 5. The event [Sx4+1 < Sk, ..., S2n < Sk]in (18.11) is the
event that in a random walk path of length 2n — k, the walk remains non-negative
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at each step, independently of the event [S,, > Sj,j = 0,...,2m — 1], and is
an event with probability P(S2,—2, = 0). The case of odd k = 2m + 1 is left to
the reader. In the case k = 0, the path remains negative for the duration 2n, and for
k = 2n, the dual path must remain strictly positive. |

The proof of the following now follows the same lines as that for Theorem 18.2
and is left as Exercise 5

Theorem 18.6.
. 2 .
lim P(V,, <t) = —sin (\/;).
n— 00 T

Corollary 18.7 (The Third ArcSine Law). Let M; = max{B; : 0 < s < t},t > 0,
be the running maximum of standard Brownian motion starting at 0, and let V =
inf{t € [0, 1] : B, = M} be the argmax on [0, 1]. Then,

P(V<t)= %sinfl(\/E). (18.17)

Exercises

Throughout the exercises below, {S,}7°, denotes the simple symmetric random
walk starting at 0.

1. Let C[0, co) be given the topology of uniform convergence on compacts. Show
that

(1) T4(f) defined by (7.21) is lower semicontinuous on C[0, co) into [0, oo],
and

(i) t, := T4(B) is a {G,}-stopping time, where {G; : ¢t > 0} is the Brownian
filtration, i.e., G; ;= 0 {Bs : 0 < s < t}.

2. Show how (18.7) follows by combining the convergence in distribution of X,, =
¥ @M to the distribution with density f(x) = #/Tx)’ 0 <x < 1, ie., local
limit theorem, with the FCLT. [Hint: Use Exercise 1 and Lemma 3.]

3. Establish the equivalent probabilities in (18.12)—(18.14). [Hint: Construct the
appropriate bijections between the indicated sets of random walk paths.]

4. Give an algorithm for inverting Nelson’s construction described in the proof
of Lemma 5. [Hint: If s9 = 0,51 > 0,...,s2, = 0, then the path is fixed.
Consider the case s, = 2m’ > 2. Reflect the part of the path from (', m”) to
(2n, 2k’) on the vertical line k = k' corresponding to the last time s, = m’, and
translate this reflected part by (—k’, —m’). Translate this entire concatenated
path by (2n — k’, —m’) to complete the inversion.]

5. Give the proof of Theorem 18.6. [Hint: The proof follows that of Theo-
rem 18.2.]
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~

10.

11.

Prove Corollary 18.3.

Prove Corollary 18.5.

Prove a version of Lemma 6 when V,, is defined to be the time of the last
maximum, rather than the first. [Hint: For k = 0 and k = 2n, the probabilities
are interchanged; otherwise, write k = 2m and k = 2m — 1 for the even and
odd cases. ]

Show the following for r # 0:

(i) P(S1#0,8 #0, -, Sou_1 #0, 8, =2r) = ()22,

n+r) n
. 2k\ (2n—2k -

(i) (M@ =2k, Sy =2r) = (3) () e 2™

= P(Su = 0);2% P(San—ax = 2r).

<2
(iii) Show that the joint distribution of (y, By) has pdf - L —e™ 207,
t2(1-n2
0 <t < 1,x € R. [Hint: Use the multidimensional version of the
local limit theorem; see Remark 16.3 and the local (central) limit theorem

(Proposition 16.7) for simple symmetric random walk.]

Prove Corollary 18.7. [Hint: Let U, = #{j < n : §; > 0}, and check that
P(x®) = 2k) = P(Uj, = 2k) for k = 0,1,...,n by expressing the
respective events in terms of the random walk sums, noting independence of
the segments of the walk (possibly viewed as a reverse path) before and after
2k. In the first case, it will readily follow from this that for 1 < k < n
P(r® = 2k) = LP(Syx = 0)P(t?®~20 = 0),1 < k < n, while in the
second, one also sees that P(Uén =2k) = %P(SZk = O)P(t(2n_2k) = 0). The
case k = 0 is immediate. Note that the difference between the functionals U,
and U], of the polygonal walk X vanishes in the limit.]

Let {B; : t > 0} be standard Brownian motion starting at 0. Let s <
t. Show that the probability that {B; : ¢t > 0} has at least one zero in
(s, 1) is given by (2/m)cos~(s/t)!/2. [Hint: Let p(x) = P({B; : t >
0} has at least one zero in (s, t)| By = x). Then for x > 0,

px)=P (min B, <0|B; = x) =P (max B, > 0|B; = —x)
S<r=t s<r=<t
=P (max B, > x|Bg :0) = P(t, <t—ys).
s<r<t

Likewise for x < 0, p(x) = P(t—y < t — s). Thus P({B; : t
0} has at least one zero in (s, 1)) = Ep(B,) = fooo p(x)(%)lﬂe_zis"zdx.]

v



Chapter 19 ®
Brownian Motion on the Half-Line: ek
Absorption and Reflection

Two important Markov processes derived from Brownian motion starting
from a point x > 0 are (i) Brownian motion absorbed at zero and (ii) Brownian
motion reflected at zero. The precise definitions of these two processes are
given and their structure delineated, including the Markov property and the
computation of the transition probabilities.

Let B = {B; : t > 0} denote a one-dimensional standard Brownian motion on
(—00, 00), defined on a probability space (£2, F, P). We will write B®) = {B")
t > 0} for the standard Brownian motion starting at x and sometimes use P, and [E,
for probabilities and expected values associated with B,

There are two special Markov processes derived from B™ x > 0, which we
wish to single out in this chapter. Specifically these processes arise by imposing
either an absorbing or a reflecting boundary, respectively, at x = 0.

Definition 19.1. Let 19 = inf{r > 0 : B,(x) = 0}, where B®) is Brownian motion

starting at x > 0. The stochastic process BY = {E,(X) : t > 0} with state space

[0, co) given by

IA

= B(x)

S 120,

\

—(x) BY ift <1
B, =
0 ift > 19

is referred to as (standard) Brownian motion on [0, co) starting from x > 0 with
absorbing boundary at 0.
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228 19 Brownian Motion on the Half-Line

Remark 19.1. Let 19 : C[0,00) — [0, oo] be defined by 79(w) = inf{t > 0 :
(1) = 0}. Then 79 = 19(B™) above depends on the initial point x > 0.

It is easy to check that in the case x = 0, one has g = 0 with probability

one and therefore Et(o) = 0,t > 0, almost surely (Exercise 2). Notice that since

P(Efx) = 0) = P(rp < t) > 0, the transition probabilities will not be absolutely
continuous at the boundary 0. On the other hand, for a Borel set A C (0, 0o0), one
has P(§§x) €A = P(Bt(x) eA,19>1) < P(B,(x) € A) and, therefore, for r > 0,
the distribution of ng) restricted to the positive half-line (0, co) inherits absolute
continuity from the distribution of B,(x). The density is computed in the proof of the
following result.

Proposition 19.1. The (standard) Brownian motion absorbed at O starting from x >

0, E(x), is a Markov process with continuous sample paths on the state space [0, co0)
having homogeneous transition probabilities given by

_(t d ) 1 ( _(x?')z _(XJE)’)Z )d 0.1 0
plu;x,ay) = e o —e 4 y, X, y>=0U,1>0,
2t
Pt;x,{0) =P(rp<1t), x>0,t>0. (19.1)
Moreover,

EB™Y =x, >0.

Proof. Continuity of the sample paths follows immediately from that of the
Brownian motion. Let A be a Borel subset of (0, co). Then for all x > 0, introducing
the shifted process {(BS(XH')t = Bgr), t > 0} and using the Markov property of B™),
one gets on the event [tg > s]

PBY, e A tg>s|o{BY0<u<s)

=PBY, € A, 10(BW) > s+1|o{BXP0<u<s)
= 11, ponos P(BY € A, 19(BY) > D], geo

=
= 1y w)= P(B, € A)|y=§ix)

=PBY e M) _po- (19.2)

The second to third lines in (19.2) use the Markov property of B™®). Note that we
have proved the Markov property with respect to the larger filtration {o (B,gx)) :0 <
u < s},s > 0 (Exercise 7).
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For A = {0}, the Markov property may be checked by taking A = (0, co) and

by complementation. This establishes the Markov property of B To compute the
transition probabilities, let s,¢# > 0, and x > 0, and apply the reflection principle
for Brownian motion as follows for Borel A C (0, 00):

P(t;x, A) = P(BY € A)

=P(B™ € A, 19> 1t[By=x)
=PBM eA)—PBY e, 19<1)
= P(B™ € A) — P(B™ e —A), (19.3)

where —A := {—y : y € A}. The asserted formula for the density on the
positive half-line now follows by a change of variable in P(Bl(x) e —A) =

[Pt x, )y = [, p(t; x, —y)dy. Finally, EB."” = x follows by the indicated
integration |, (0.00) yp(t; x, y)dy and is left as an exercise. |

Remark 19.2. The same proof as above can be applied to the absorption of any
one-dimensional Markov process having continuous sample paths.

One may note from the above proof that the absolutely continuous part of the
transition probability p(¢; x, dy), i.e.,

_ (x=y)? _ c+n?
t

—e 2 )dy, x,y>0,t>0, (19.4)

PO x,y) = : (e
N2t

is the (defective) density of “the process viewed prior to the time 7 it reaches 0.”
For the case of reflection at x = 0, we will exploit the symmetries of the
Brownian motion transition probability density p(¢; x, y); namely,

p(tix,y) = pt; —x, —y). (19.5)

To simplify notation, we will now write P, and [E, to indicate probabilities and
expected values associated with the process starting at x.
Definition 19.2. For x > 0, the stochastic process B = {fs’, 1t > 0} started at x
with state space [0, o) defined by

B = |B:|, =0,

is referred to as (standard) Brownian motion on [0, co) starting from x > 0 with
reflecting boundary at 0.

Proposition 19.2. The (standard) Brownian motion reflected at O starting from
x > 0, B, is a Markov process with continuous sample paths on the state space
[0, c0) having absolutely continuous homogeneous transition probabilities with
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density given by

_ (x—y)z (H—y)2

(e7 2 +e 2 ), x,y>0,t>0.

- 1
pltix,y) =
V2wt
Proof. Continuity of the sample paths follows from those of Brownian motion. In
order to show that the process {Y; := |B;| : t > 0} is a Markov process on § =
[0, 00), consider an arbitrary real-valued bounded (Borel measurable or continuous)
function g on [0, 00), and write 2(x) = g(]x]), x € R. One has
Ex (§(|1Bs+:D) | 0 {Bu 0 <u <s})
= Ex [E(g(|Bs+t|) o {Bu0<u< s})]
=Ex []EBS (h(Bs+41) |0 {By0<u < S})]

=Ex (/ h(y)p(t;x’,y)dy> }
—00 x'=Bs

o
=Ky (/0 8@ (pt: x',2) + p@t; ', —z))dz) }
x'=By

B 00
=Ex (/0 8@ (pt:x' . 2) + p(t: —x', z))dz> }
L x'=By

o0
2/0 g(2)p(t; | Bgl, 2)dz, (19.6)
where

p(t;x,y) = p(t;x,y) + p(t; —x, ). (19.7)

This proves that {|B;| : t > 0} is a time-homogeneous Markov process with the
transition probability density p, with respect to the filtrationo (B, : 0 < u < s),s >
0, larger than the standard filtration o (|B,| : 0 < u <), s > 0 (Exercise 1). |

Recalling Corollary 7.11, it is possible to obtain a remarkable alternative
representation of reflecting Brownian motion due to Paul Lévy as follows.

Theorem 19.3 (Lévy’s Representation of Reflecting Brownian Motion). Let B™)
denote a standard Brownian motion starting at x > 0, and let 7p := inf{z : B,(x) =
0). Define R, = fo), 0 <t < 1,and R, = M,(O) — B,(x),t > 10, where
Mt(o) = max{BS(x) : 79 < 5 < t}. Then the two stochastic processes R and |B™)|
have the same distribution.

Proof. Note that regardless of the starting point x > 0, R; = |B;| fort < 19, B =
B In particular, by the strong Markov property for Brownian motion, it suffices
to prove the theorem for the case x = 0. To show that R and |B| have the same
distribution, we will show that R is a Markov process with the same transition
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probabilities as | B| computed above. Since 6{Rs : s <t} C F; = o{Bs : s < t},it
suffices to establish the Markov property relative to the past o-fields F;, ¢ > 0. For
this, one has, forr > 0,s <,

Po(R; < r|Fy)
= Po(M” — By <r. max (B )u — By < r|Fy)
u<t—s

= Po(Rs — (B — By) < r. max (B} )y — By} = (B, — By) < rIFy).

= Po(z — Bi—s <1, My—y < Bi_s +71)| (19.8)

J— — Z=Rx b
since M©) = M is the running max for B when x = 0, R; is Fy-measurable and is

independent of B; — B and B;“ — B; and, jointly, the latter two are distributed as
(B;—s, M;_;). Therefore,

Po(Ry < r|fs) = Py(Bi—y >z—r,M;—s < B + r)|z=Rx- (19.9)
Now the joint density of M,_; and B,_; is given at M,_; = a, B;_y = b by (see
Corollary 7.12)

0 0 b
ft—=s5a,b)=———(0—-&_32a—b)) = ——¢—s(2a — b), (19.10)
da ob da
where @;_; is the distribution function of B;_g, i.e., normal with mean zero and
variance t — s, and @;_; is its density. Hence

Po(Bi—s > z—r, M;_¢ < Bl—s+r)|Z:Rs

e’} b+r 9
_ / ( / -, (Ga—b)daldble—,
z—r Jb a

[e¢]

= {r—s (b)_(pt—s(b'i‘zr)}dmz:&-

=
={Po(Bi—s > z2=r)=Po(Bi—s = z+1)}|:=r,
=Py(z—r = Bi—s < z47)|z=r,=Po(|Bi—s—z| < 7)|z=g,- (19.11)

Thus the reflecting Brownian motion and M; — B;, t > 0, have the same transition
probability. |

Remark 19.3. Another way to view Lévy’s representation for the process starting
from zero is R, = B; + M,(O), where B = —B is a Brownian motion and M,(O)
is thought of as a “reflective forcing” that steers it away from the origin. This
perspective was successfully developed into a dynamic representation by Skorokhod
via stochastic differential equations.
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A more comprehensive theory of Markov processes on domains with boundaries
can be developed in a theory for diffusions.

Exercises

1. Let {X; : t > 0O} be a Brownian motion starting at O with zero drift and diffusion
coefficient 02 > 0. Define Y =|X,t > 0.

(i) Calculate EY;, VarY;.
(i) Does {Y; : t > 0} have stationary increments?
(iii) Does {Y; : t > 0} have uncorrelated increments? [Hint: Use the Markov
property to calculate E|YY;| for s < f. Assume EY(Y; —Ys) = EY;E(Y; —
Y,) and obtain contradiction.]
(iv) Is {Y; : t > 0} a process with independent increments?

2. (i) Show that for standard Brownian motion starting from x = 0, one has tp = 0

with probability one and therefore ng) = 0,¢ > 0, almost surely. [Hint:
Note that the hitting time of O starting from x is the hitting time of —x
starting from 0, and use Proposition 16.3 in Chapter 16 to compute Py (79 >
€) (¢ > 0) in the limit as x | 0 using the dominated convergence theorem.]

(i1) Use the transition probabilities to compute EXEEX) = x for Brownian motion
starting at x with absorption at zero.

3. Let m(t,x) = EXE,(X) = f(o,oo) yp(t, x, y)dy, and show that 334:' = %F
together with initial condition m (0, x) = x and boundary condition m(¢, 0)
0, ¢t > 0. Use this for an alternative approach to show that m(t, x) = x.

4. Use (19.4) to obtain the distribution of the first passage time to zero starting from
x > 0 for standard Brownian motion.

5. (1) Show that the location of the maximum of B;,0 < ¢ < 1 is a.s. unique

in (0, 1). [Hint: Let M = maxo<y<s By, M;" = max;<,<1 By, s < t.
Then argue that P(M_ = M;") = 0 since [M = M;'] = [B, — By =
(My Bg)— (MtJr —B,)], and B, — B, has an absolutely continuous distribution,
independent of o (M, By, MtJr — B)).]

(i) Use Theorem 19.3 to show the equivalence of the arcsine law for the argmax
of Brownian motion with that of the time of the last zero. [Hint: The zeroes
of B and |B| are the same.]

6. The goal is to give an alternative derivation of the arcsine law for the last zero
y before + = 1 of Brownian motion given in Chapter 18, Theorem 18.3, and
hence a limit formula for the random walk via the invariance principle, using
strong Markov property methods of the type employed in Chapter 7. Complete

the following steps. Let 7, = inf{t > 0 : B,(x) = x}.

52

)

*(x—y)z 7(x+y)2
—e” 20 Ydy, x,y,t>

i (x) _ 1
1) ihow that P(B;” € dy, 79 > 1) = m{e
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(i) ForO0 <s < 1,x,y > 0, show 5’(7/ <s, |Bs|ze dx, |B1| € dy)
x2 _ =y _ x4y
= /%eiﬁ{\/#;_v)e 20-s) — e 20-9) }dydx. [Hint: Express as
P(|Bs| € dx,|By| #0,s <u < 1,|B1]| € dy) = P(|Bs| € dx)Py(B1—s €
dy, 79> 1—1).]

y2 %Yy ul
(iii) Show that P(y < s,|Bi| € dy) = 2e~ 7 {f)) """ e~ du)dy. [Hint:

Integrate the difference terms of (ii) with respect to x by completing the
square and a change of variable.]
2

y
i h th P B = _y T 2(1=s) .
(iv) Show that P(y € ds, |B1| € dy) nme dsdy

(v) Complete the derivation of (18.7) in Theorem 18.3 by the indicated
integrations.

7. Show the Markov property of a process X;,t € Z,, ort € [0, 0c0), with respect
to a filtration G;, t > 0, larger than F; = 0(X,, : 0 <u < 1t),t > 0, implies the
usual Markov property with respect to F;, ¢ > 0.



Chapter 20 ®
The Brownian Bridge Qs

The Brownian bridge, or tied-down Brownian motion, is derived from the
standard Brownian motion on [0, 1] started at zero by constraining it to return
to zero at time ¢+ = 1. A precise definition is provided and its (Gaussian)
distribution is computed. The Brownian bridge arises in a wide variety of
contexts. An application is given to a derivation of the Kolmogorov—Smirnov
statistic in non-parametric statistics in this chapter. An application to the Hurst
statistic in special topics Chapter 27, to mention a few.

Certain functionals of Brownian motion paths occur naturally and are of interest in
their own right.

Definition 20.1. Let {B; : t > 0} be a standard Brownian motion starting at zero.
The stochastic process {B;" : 0 < ¢t < 1} defined by
Bf:=B;—tB;, 0<t<1, (20.1)

is called the Brownian bridge; see Figure 20.1.

Observe that Bf = B; — tBj vanishes for t+ = 0 and + = 1. Another name for
Brownian bridge is the tied-down Brownian motion.

Proposition 20.1 (Structure of the Brownian Bridge). {B : 0 < t < l}is a
Gaussian process and has a.s. continuous sample paths from Brownian motion, with
EB;j =0, and Cov(B}, Bf) =s(1—1),0<s <t < L.

Proof. Since {B; : t > 0} is a Gaussian process with independent increments, it is
simple to check that the finite dimensional distributions of the Brownian bridge are
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Fig. 20.1 Brownian bridge B*
t

also Gaussian since (B, ..., By) is a linear transformation of the jointly Gaussian
vector (By,, ..., By, By) forarbitrary fixed0 < #; < ---,# < 1,k > 1. Continuity
of paths and the zero mean are directly inherited from the corresponding properties
of the Brownian motion. Similarly,

Cov(B;, B)) = Cov(By, B;) — t Cov(Bs, By) — s Cov(B;, B})
+st Cov(Bi1, B1)

=s—ts—st+st=s(1—1), for s <t.

From Proposition 20.1 one can also explicitly write down the joint Gaussian density

of (B;, B;‘;, . B;) for arbitrary 0 < t; <, < --- <ty < 1 (Exercise 1).

Example 1 (Application to Non-parametric Statistics). The remainder of this chap-
ter is devoted to an important application of the Brownian bridge that arises in
the asymptotic (large sample) theory of statistics. To explain this application, let
us consider a sequence of real-valued i.i.d. random variables Y7, Y3, ..., having
a (common) distribution function F. The nth empirical distribution is the discrete
probability distribution on the line assigning a probability 1/n to each of the n
values Y1, Ya, ..., Y. The corresponding distribution function F;, is called the (nth)
empirical distribution function,

1 1 o
Fn(t)zz#{j 1<j<n Y 5t}=;21[xj5,],—oo<t<oo, (20.2)
j=1

where #A denotes the cardinality of the set A. Suppose Y(1) < Y2) < -+ < Y(p)
is the ordering of the first n observations. Note that {F,,(t) : t+ > 0} is for each n a
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stochastic process, referred to as an empirical process. Also, ]El[yjf,] = F(¢) and,
fort) < 1,

0 if j Ak

’ (20.3)
Fi)(1 — F()), ifj=k.

Cov (11y; <1 v <n)) {

It follows from the central limit theorem that

n=1/2 ZI[Y./’S] —nF (@) | = V/n(Fy(t) = F(1))

j=1

is asymptotically (as n — o00) Gaussian with mean zero and variance
F®)(1—F(@)). For y < t» < .-+ < I, the multidimensional central
limit theorem applied to the i.i.d. sequence of k-dimensional random vectors
(tyj<n1 Liyv;<n)s -+ Lyj<q)) shows that (Vn(F,(t1) — F(t1)), /n(Fu(t2) —
F()), ..., /n(F,(tx) — F(t))) is asymptotically (k-dimensional) Gaussian with
zero mean and dispersion matrix Y = ((o; 7)), Where

oij = COV(I[ngt,-]a 1[Yj§tj]) =F(t;)(1— F(tj)), for #; < tj. (20.4)
In the special case of observations from the uniform distribution on [0, 1], one has
Ft)y=t, 0<t<1, (20.5)

so that the finite dimensional distributions of the stochastic process {/n(F;,(t) —
t) : 0 <t < 1} converge to those of the Brownian bridge as n — o00. As
in the case of the functional central limit theorem (Theorem 17.2), probabilities
of many infinite-dimensional events of interest also converge to those of the
Brownian bridge. In this example we will restrict our considerations to the particular
functional supy, < [/n(F, (1) — 1)].

The precise result that we will prove here is as follows. The symbol 2 below
denotes equality in distribution.

Proposition 20.2. Let Y, Ys, ... bei.i.d. uniform on [0, 1] and let, for each n > 1,
{F,(t) : 0 <t < 1} be the corresponding empirical process based on Y1, ...,
Y,. Then the statistic D, := /nsupg—,; |Fa(t) — 1| converges in distribution to
SUPg<;<1 | B/ | asn — oo. o

Proof. We will make use of the fact that the distribution of the order statistic
Y@y, .., Y of nii.d. random variables Y1, Y», ... from the uniform distribution
on [0, 1] is the same as the distribution of the ratios (%, Sfin e, %), where
St =T+ -+ T, k = 1, and Ty, T3, ... is an i.i.d. sequence of (mean one)
exponentially distributed random variables.
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To show this note that (i) the joint density of (71, T2, ..., Tny41) is f1(t1,
1, ooy tyy1) = € s til(o’oo)nJrl(tl, ...y thy1), (i) by a linear transformation
of Jacobian one, the joint density of (S, S2,..., Syu+1) is therefore seen to be
f2(81,82, ..y Spt1) = e_s"“anH(Sl, ...y Spt1) wWhere R, 11 is the set R,41 :=
{(s1, ..., 8n41) 1 0 < 51 < 8§20 < -+ < Sy41 < 00}, from which it follows that
the conditional density of (Sy, ..., S,), given S,+1 = 5,18 f3(s1,...,5, | §) =

LRy (51,52, - a0, 5), and, finally, (iii) the conditional density of (g, £,
) n n

c ) giVen Sppt = 5,08 faGur uz, oo un |8) = Ry (iU, 1),
Since f; is independent of s, it is also the (unconditional or marginal) density of
(%, R Sf:l—l ). Clearly, f4 is also the joint density of (Y(1), ..., Yu)).

In the notation introduced above, now consider the following trick: Since F, () =
k/nfor Yu) <t < Yy and F,(Yq1)) = (K + 1)/n, sup{|F, (1) —t] : Yy <
t < Yo+t =max{|Yy) — %I, [Yer1) — 21} (Exercise 2),

k
Dy, == /n sup |Fy(t) —t| = «/ﬁr]?ax Y — —‘ +0(m?)
<n n

0<r<l1
S k
= /nmax k ——‘+O(n_é
k<n | On+1 n
n Sk —k k Sn+1 —n _1
= max - — + 0?2
Sn+1 k=n ﬁ n ﬁ ( )

n
~ sup |X" —tx"), (20.6)
Sn+1 0<i<1

where X t(") = Siur)/yn> and ~ indicates that the difference between its two sides
goes to zero in probability as n — oo. By the SLLN, n/(S,+1) — 1 a.s.asn —
oo. The result now follows from the FCLT (Theorem 17.2), and the definition of
Brownian bridge. |

Let Y1, Y2, ... be an i.i.d. sequence having a (common) distribution function F
that is continuous on the real number line. Note that in the case that F is strictly
increasing on an interval (a, b) with F(a) =0, F(b) = 1,onehasfor0 <7 < 1,

P(FY) <t)=P(Y < F ') = F(F'(t)) =1, (20.7)

so the sequence Uy = F(Y1), U, = F(Y3), ... is ii.d. uniform on [0, 1]
(Exercise 3). Let F;,, be the empirical distribution function of Yi, ..., ¥;, and G,
that of Uy, ..., U,. Then, since the proportion of Y;’s, 1 < k < n, that do not
exceed ¢ coincides with the proportion of Uy’s, 1 < k < n, that do not exceed F(¢),
we have

VlFy(t) = F()] = V/n[Gu(F(1) — F], a<t<b. (20.8)
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If a = —oo (b = +00), the index set [a, b] for the process is to exclude a (b).
It now follows from (20.8) that the Kolmogorov—Smirnov statistic defined by

Dy, = sup{/n|F,(t) — F(t)| :a <t < b} (20.9)
satisfies

Dy := sup /n|F,(t) — F(t)] = sup /n|G,(F(t)) — F(t)|

a<t<b a<t<b

= sup n|Gn(t) —t|. (20.10)

0<t<l

Thus Proposition 20.2 has the following basic consequence.

Corollary 20.3. The distribution of D,, is the same (namely that obtained under the
uniform distribution) for all continuous F. In particular, regardless of such F, D,
converges in distribution as n — oo to

D := sup |B/|. (20.11)
0<r<l
Moreover,
s 242
P(D >d) = 22(-1)"‘%‘”‘ e a=o. (20.12)

k=1

Proof. The main part of the proof precedes the statement. The calculation of the
distribution of D is outlined in Exercise 6(iii). |

Remark 20.1. The common distribution of D, may be tabulated for small and
moderately large values of n. These results are often used to test the statistical
hypothesis that observations Y1, Y», ..., Y, are from a specified distribution with
a continuous distribution function F. If the observed value, say d, of D), is so large
that the probability (approximated by (20.12) for large n) is very small for a value
of D, as large as or larger than d to occur (under the assumption that Y1, ..., ¥, do
come from F), then the hypothesis is rejected.

In closing, note that by the strong law of large numbers, F, (t) — F(t) asn —
00, with probability one. From Propositions 20.2 and (20.10), it follows that

sup |F,(t) — F@®)| — 0 in probability as n — oo. (20.13)

—o0<I <0

In fact, it is possible to show that the uniform convergence in (20.13) is also almost
sure (Exercise 7). This stronger result is known as the Glivenko—Cantelli lemma.
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Exercises
1. Compute the joint density of (B}, B, ..., By).
k
2. Show that v/n sup |F,(t) —t| = v/nmax |Yy) — — —i—O(n_%).
0<r<l1 k<n n

3. Suppose that F is an arbitrary distribution function (not necessarily continuous).
Define an inverse to F as F~'(u) = inf{x : F(x) > u}. Show that if U is
uniform on [0, 1] then X = F~!(U) has a distribution function F.

4. Let {B; : t > 0} be standard Brownian motion starting at 0 and let B = B, —
tB1,0<t<1.

(i) Show that {B; : 0 <t < 1} is independent of Bj.
(i1) Give a construction of the standard Brownian motion on [0, 1] from the
Brownian bridge and an independent Gaussian random variable. [Hint: Use

@).1
5. Show that (i) B; = (1 +#)B*, ,t > 0 is distributed as the standard Brownian
motion starting at zero, and (11+1t) Bf =1 - t)Bﬁ, 0<t<, BI" = 0, 1is
distributed as Brownian bridge.

6. Let {B; : t > 0} be a standard Brownian motion starting at 0 and let {B;" : 0 <
t < 1} be the Brownian bridge.

(1) Show that for time points 0 <t} <) < --- <t <1,
lim P(B;, <x;,i=1,2,--- k| —e < By <e¢)
e—>0
=P(Bf <xii=1,- k).

Likewise, for conditioning on By € D, = [0, ¢) or D, = [—¢, 0) the limit
is unchanged. [Hint: Check Bﬁ, R B;Z and B are uncorrelated and hence
independent. So for fixed Borel G C R, P([B* € FIN[B; € G]) = P(B* €
F)P(B; € G) holds for a collection of sets containing the finite dimensional
events, the latter comprising a w —system. Use the = — A theorem to conclude
this equality for Borel subsets of C[0, 1].]

(ii) Show that the process {B;" : 0 < ¢t < 1} is the weak limiting distribution
in (i) as ¢ — 0. [Hint: According to Alexandrov’s theorem! it suffices to
check limsup,_,, P(B € F| —¢ < By < ¢) < P(B* € F) for closed
subsets F' of C[0, 1]. Let p denote the uniform metric on C[0, 1]. Then,
SUPg<;<; IB; — B:| = |B1l, so [|Bi| < 8, B € F] C [B* C Fs] where
Fs = {w e C[0,1]: p(w, F) < 8} for p(w, F) = inf{p(w,n) : n € F}. So
fore <8, P(Be F|—¢ < By <¢) <P(B*e€ Fs|] —¢ < B <¢) =
P(B* € Fy).]

See BCPT p.137.
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(iii) Show that for m* = info<;<1 B, M* = supy_,<| B/, u <0 < v,

Pu<m*<M*<v)
o0 o

= Z exp{—2k>(v — u)?} — Z exp{=2[v + k(v — u)]?}.

k=—00 k=—00

[Hint: Express as a limit of the ratio of probabilities as in (i) and use
Exercise 17(iii) of Chapter 17. Also, @ (x, x+¢) = ¢/(2m)"/? exp(—x?/2)+
o(l)ase — 0.]

(iv) Prove

oo
P sup 1B =y)=1+2) (Dl y>o.
0<tr<l1 k=1

[Hint: Take u = —v in (iii).]
v) PM* <v)y=1-— 6_2”2, v > 0. [Hint: Use Exercise 17(iv) of Chapter 17
for the ratio of probabilities described in (i).]

7. Prove the Glivenko—Cantelli Lemma by justifying the following steps:

(i) For each t, the event [F, (1) — F(¢)] has probability one.

(ii) For each ¢, the event [F,(t~) — F(¢7)] has probability one.
(iii) Lett(y) =inf{t : F(¢) > y},0 <y < 1.Then F(t(y)7) <y < F(t(y)).
(v) Let Dy = maxi<k<mf{l|Fa(t(k/m)) — F(z(k/m))|, |Fa(t(k/m)™) —

F(t(k/m)7)|}. Then, by considering the cases t(’“m;l) < t <
T (%), t <t (%) orif¢ > t(1), show that sup, |F,(t) — F(t)| <

Dy + L .[Hint: Check that both F,(1) — F(t) < Dy, + L+ and
F,(t) — F(t) > —Dyn — % by using monotonicity, followed by adding
and subtracting appropriate terms.]

W €= J UIEk/m) £ (F@k/mN]UIFuk/m)7) £
m=1k=1
F(t(k/m)7)]
has probability zero, and for @ € C¢ and each in m > 1 Dy, ,(w) —
0 as n — oo.
(vi) sup, |Fp(t,w) — F(t)| - 0 as n — o0 for w e C°.

8. (The Gnedenko—Korolyuk Formula) Let (X1, ..., X,) and (Y1, ..., Y,) be two
independent i.i.d. random samples with continuous distribution functions F' and
G, respectively. To test the null hypothesis that both samples are from the same
population (i.e., F = G), let F;,, and G, be the respective empirical distribution
functions and consider the statistic D, = sup, |F,(x) — G,(x)|. Under the
null hypothesis, X1, ..., Xp, Y1, ..., ¥, are 2n i.i.d. random variables with
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the common distribution F. Verify that under the null hypothesis one has the
following:

(i) The distribution of D, does not depend on F and can be explicitly
calculated according to the formula

m — *
P(D,<=)=P( max |S;|<m),

n 0<k<2n

where S} is a simple symmetric random walk starting at 0 and tied down
at 0 at k = 2n, i.e., random walk bridge. [Hint: By arranging X1, ...,
Xy, Y1, ..., Y, in increasing order as Z(1) < Zp) < --- < Z(2pn), €ach
Z ;) may be regarded as +1-type if Z(;) = X; for some i, or of —1-type
otherwise, i.e., &1-types given by 0; = 1[Zjy is type+1]—1[Z}y is type —
11,j = 1,...,2n. By symmetry, the types 6; comprise a Bernoulli +1-
valued exchangeable (symmetrically dependent) sequence for which all (2:)
arrangements are equally likely, and such that S := ZI;-:] 0; is a simple
symmetric walk tied down at S5 = S5 = 0. The key observation is that for
any value of S}k one has 2n|F,(x) — G, (x)| = |S;‘| for Zjy < x < Z(j+1).
Thus 2nD, = 2nsup, |F,(x) — G,(x)| = max <2, |S;?|.]

(i1) Find the analytic expression for the probability in (i). [Hint: Use Corol-
lary 3.4 of Chapter 3 witha = b = m.]

(iii) Calculate the large-sample theory (i.e., asymptotic as n — o0) limit
distribution of \/nD,,. See Exercise 6(iii).

(iv) Show

B

[Hint: Only one absorbing barrier occurs in the random walk approach.]

m=1,...,n.

P (sup(Fn(x) —Ga(x)) < %) =1-



Chapter 21 )
Special Topic: Branching Random Walk, <o
Polymers, and Multiplicative Cascades

The proof of the Kesten—Stigum theorem presented in Chapter 14 involved the
application of size-bias methods to branching processes. Related techniques
apply to the analysis of a natural class of multiplicative cascades, random
polymer models, and to branching random walks. In this chapter we will
introduce these three classes of models and provide some basic results for
each; specifically a proof of the Kahane—Peyriére theorem' for multiplicative
cascades based on distinguished path analysis (size-biasing), the infinite
volume limit at critical strong disorder in Bolthausen’s” conception of weak
and strong disorder for tree polymers, and, lastly, for the Biggins—Kingman—
Hammersley theorem? the calculation of the speed of the leftmost particle in
branching random walk. The first example further illustrates the distinguished
path analysis, the second introduces the derivative martingale, and the third
introduces the many-to-one lemma.

Apart from their common underlying indexing by trees, a common feature shared
by the models analyzed in this chapter is that their structure is governed by the
occurrence of large deviation events. Size-bias, or tilting, of probabilities so that
deviant events become the average is a standard tool of large deviation theory*
extending at least back to Cramer and Chernoff, with important refinements of

Kahane and Peyrere (1976).
2Bolthausen (1989, 1991)
3Biggins (1976); Kingman (1975); Hammersley (1974).

4See BCPT pp. 94-100, for an exposition to a variety of standard “concentration inequali-
ties”derived along these lines.
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Bahadur and Ranga Rao, Varadhan and others. When applied in the context of
branching it has become known as distinguished path or spine decomposition
analysis.’

The following example provides a simple example of a multiplicative cascade for
which non-degeneracy is readily obtained by previous theory.

Example 1 (Multiplicative Cascades). Statistical theories of turbulent fluids® lead
to models for the distribution of energy dissipation by random measures which are
characteristically highly variable (singular) with regions of spatial intermittency.
A class of models which has its origins in Kolmogorov’s statistical turbulence
theory depicts the redistribution of energy as the result of a cascade of energies
from large to small scales. Inspired by earlier ideas of Richardson (1922, page 66),
Kolmogorov (1941, 1962) imagined a large scale stirring of the fluid which would
result in the splitting off of smaller scale eddies which, in turn, would continue to
split off at still smaller scales. Briefly, in the initial formulation Kolmogorov used
(deterministic) scaling analysis’ to argue that within a certain range of spatial scales
where dissipation could be ignored, referred to as the inertial range, moments of
velocity increments over lengths £ would scale with exponent C pg,% However, this
was met with the historically famous objection by physicist Lev Landau that the
intermittency in velocity fluctuations on these moments had not been taken into
account by Kolmogorov. This led to the Kolmogorov (1962) and Obukhov (1962)
refined hypothesis in which the lognormal distribution is explicitly incorporated into
the cascade and yielding velocity moments having scaling exponent that can be
expressed as % + %(3 p — p?), where the parameter y is sometimes referred to as
the intermittency correction. One may view these scaling exponents as the slopes of
plots of the logarithm of absolute p-th order moments of the velocity displacements
versus logarithm of the lengths of the displacement; see (21.17). The linearity is
associated with a form of multi-scale invariance.

This, in turn, led to the development of statistical cascade models of turbulence
by mathematicians such as Mandelbrot (1974a, b), Kahane (1974), Kahane and
Peyrere (1976) considered in the present treatment.

Remark 21.1. In a more recent development, She and Levesque (1994) formulated
a (deterministic) second order, non-homogeneous linear difference equation for

5 An early development in the analysis of the fine scale structure of non-degenerate cascades by
size-bias change of measure by Peyriere (1974), also motivated Waymire and Williams (1994) to
investigate the use of a distinguished path technique for proving the existence of non-degenerate
limiting cascades. Lyons et al. (1995) applied these change of measure techniques to provide the
distinguished path proof of the Kesten—Stigum theorem given in Chapter 14.

SThere is also a rather large literature on the spatial structure of precipitation fields based on log-
log plots of moments of rainfall of order 4 as a function of spatial scale that lead naturally to
multiplicative cascade models, e.g., see Gupta and Waymire (1993); Salas et al. (2017).

TThe article by Frisch (1991) is among the most readable accounts for mathematicians of the most
essential aspects of the Kolmogorov statistical theory.
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the velocity moments. This was subsequently shown by Dubrulle (1994), and
independently She and Waymire (1995), to correspond to a statistical cascade model
in which the lognormal distribution of Kolmogorov (1962) and Obukhov (1962) is
replaced by the logPoison distribution.® This yields velocity moments with scaling
exponent in the form ap + A(1 — ﬂg) witha =1/9,8=2/3,A=2.

Let us begin with the simplest of such multiplicative cascade models. Consider a
unit square U = [0, 1)2 over which an amount € is distributed uniformly. Regard
€0 as a (constant) density of a measure puo(dx) = €pdx on U. Now partition the unit
square into b = 4 subsquares A jy = [i/2, ( +1)/2) x [j/2,(j +1)/2),i,j =
0, 1, and redistribute € over these subsquares by i.i.d. non-negative random factors
Wij,i, j = 0,1, referred to as cascade generators (or weights) distributed as W,
say, with EW;; = EW = 1, i.e., conservation on average.” Then one obtains a new
(random) measure on U given by

pidx) =eo Y Wijla,(x)dx. QL.1)
i,je{0,1}

This process may be iterated by similarly partitioning each A;; into four subregions
and redistributing the respective amounts €9 W;; over A;; by i.i.d. random factors
distributed as W, to obtain a sequence of random measures pg, (1, 42, .... The
binomial cascade with parameter p € (0, 1) is defined by taking

wel?p with probability p,
0 with probability 1 — p.

At the n-th scale there are 4" pixels A of area 1/4" each and having (random)
measure 0 if a factor of 0 occurs in the cascade path defining A or p=" x 47" if
there are no 0’s. Thus the total measures w, (U) take the form

1 1
Zy = pua(U) = (_)nGO(Z)an =€ n=012..., (21.2)
p

Xn
0>
(4p)"
where X, counts the number of nonzero offspring at the n-th generation; i.e., at each
generation there are b = 4 trials, each one of which has probability p of a nonzero
cascade factor, independently of the other three. Thus {X, : n = 0,1,2,...}
is a Bienaymé-Galton—Watson simple branching process starting from a single

8Some early laboratory investigations into the scope, validity, and experimental/statistical chal-
lenges can be found in Chavarria et al. (1995), Politano and Pouquet (1995), Benzi et al. (1996),
Molchan (1997), Ossiander and Waymire (2002), Budaev (2008), as well as in the more recent
Zhao et al. (2021).

9In the context of statistical turbulence models, the lack of sample pathwise energy conservation
is sometimes argued from the perspective that hot wire measurements involve velocities in one-
dimensional projections of a three-dimensional velocity field.
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progenitor and having binomial offspring distribution with parameters b = 4, p,
ie, f(k) = (i)pk(l — p)* %k = 0,1,2,3,4. In general the product along any
path []j_; Wy; — 0 as.asn — oo for i.i.d. mean one non-negative random
variables distributed as W (Exercise 1). However, there are uncountably many paths
in the limit. Thus one may expect that if the “amount of branching”as determined
by the partitioning parameter b = 4 is “suitably large”relative to the multiplicative
factors W, then there will be a non-trivial limiting cascade measure with positive
probability. A straightforward application of the super-criticality criteria for survival
of a branching process (Theorem 9.1), together with the Kesten—Stigum theorem
(Theorem 14.2), yields that the fine scale limit lim,_, - Z, defined by (21.2) is
positive with positive probability if and only if 4p > 1. The general theorem!? is
as follows. For a natural number b > 2, referred to as the branching parameter, let

T=U2,0.1,....6—1}", 8T ={0,1,....b— 1), 21.3)

where {0, 1, ..., b — 1}° = {@} is distinguished as a root vertex of height || = 0.
Let A(dt) = 87°(dt) denote the product measure; i.e., A may be viewed as the

b
distribution of an i.i.d. sequence of uniformly distributed random variables on

{0, 1, ..., b — 1} or, equivalently, as the Haar measure on 9T viewed as a compact
abelian group for coordinate-wise addition mod b and the product topology. For
v=(vg,...,v) € T, write |v| = k to denote the (genealogical) height of v, with

4] = 0. Let Wy = 1, and let {W, : @ # v € T} be a family of mean one, i.i.d.
positive random variables on a probability space (£2, F, P) for weighted b-ary trees.
While the offspring distribution is deterministic, the weights are random variables.
It is convenient to take the canonical product space model on £2 = [0, o0)T for i.i.d.
non-negative random variables indexed by the tree T.

Define a sequence u,,n > 1, of random measures on the Borel o-field B of 9T
for the product topology, via the specification that u,, << A with Radon-Nikodym
derivative on F, ® B, where F,, = o (W, : |v| < n), given by

dity ‘
= 0.0)= ]]:[1 Wy, tedT. (21.4)

It is sometimes convenient to regard the cascade as a random measure on the unit
square or unit interval partitioned using the parameter b; see Figure 21.1 for a
depiction of equal subdivisions (b = 2) of the unit interval.

Theorem 21.1 (Kahane—Peyriére). The vague limit o, = lim, u, exists almost
surely. Moreover Eptoo (0T) > Oif and only if EpWIn W < Inb.

10This theorem has been refined from a number of perspectives, including general offspring
distributions and statistical dependence between cascade generators, e.g., see Peyriére (1977); Burd
and Waymire (2000); Waymire and Williams (1996).
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Fig. 21.1 Realization as a
One-Dimensional Cascade
Density on [0, 1)
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Proof. The proof is in two parts. In the first part we establish the a.s. existence of
the vague limit measure /4. The second part is devoted to the non-triviality of the
limit. For a.s. existence, let f € C(9dT) and define

Mn(f) = / f(t)ﬂn(dt)» n>1.
aT

One can see that M,,(f) is a martingale by first noting that for each s € 9T, the
independence and mean one property yield

n+1 n
E([ [ WajlF =[] Wi (21.5)
j=1

j=1

i.e., the product along a fixed path is a martingale. Thus, integrating (21.5) over the
paths s with respect to A(ds), it follows that

n+1

E(Myt1 ()| F) = /3 OB Wl Fnds)

J=1

= / £ T Wajrids)
aT iz
= M, (f). (21.6)

So M, (f),n > 1, is a martingale. Note that this includes the total mass u,(0T) =
M, (1),n > 1. In addition E|M,,(f)| < || f|lco- Thus, M,,(f),n > 1, is a bounded
martingale. By the martingale convergence theorem, My (f) = lim,— o0 M, (f)
exists a.s. and in L' for each f € C(dT). Restricting to a countable dense set D of
f € C(dT), including f = 1, one obtains almost surely a densely defined bounded,
positive linear functional f — My, (f); i.e., removing a set £2¢ of probability zero,
M, (f+g) = M, () +M,(g),n > 1, f, g € D, on 2\ £2, and therefore in the limit
as n — o0o. Extend My, on £2 \ £2¢ to a bounded linear functional on C(dT) and
apply the Riesz representation theorem to obtain the a.s. defined random measure
Uoo(dt). To check that p(dt) is the vague limit measure!! for f € C(T), and
€ > 0, thereis an f. € D such that || f — fe||loo < €. Thus for w € 2\ £,

limsup| [ f(0)un(dr, @) — / F (Ot (d1, )]
n,m oT T

< e limsup{u,(w, dT) + ppy(w, dT)}
n,m

1T A stronger version of this result for all bounded measurable functions f was obtained by Kahane
(1989). Also see Waymire and Williams (1995).
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+ || felloo limsup |y (@, 0T) — pm (@, 0T)|

n,m

= eB(w), 217

where B(w) = limsup,, ,,(un (@, 9T) + wm(w, dT)) < oo since 1 € D. Letting
€ | 0, one sees that the sequence is Cauchy for all f € C(dT) with probability one.

The second part of the proof is to obtain the non-degeneracy criteria for pio.
For this, the distinguished path method may now be applied as follows: Similarly
to the proof of the Kesten—Stigum theorem, extend the cascade model (weighted
b-ary tree) on (£2, P) to a model on the space of weighted b-ary trees w with
distinguished path weights along uniformly selected paths ¢+ = y, such that the
weights at vertices v € y along the path are i.i.d. with a (mean) size-biased
probability distribution g(dx) = xP(W € dx) on [0, o), while those of the
path are i.i.d., independent of weights along the path, having the given mean one
distribution p(dx) = P(W € dx) on [0, c0). Specifically define a probability Q on
the space of trees with distinguished path weights, for the filtration F;,, by

/ 8w, Qdw, dr) = EP/ g(@, Hpp(dt) = EP/ g(w, 1) Qn(t)A(d1),
2x9T 2x9T T

(21.8)
for bounded, F, x B-measurable g on 2 x oT. Then, reversing the order of
integration via Fubini—Tonelli, one may write

Q(dw x dt) = P (dw)A(dt), (21.9)
where P, << P on F,, with
P/(dw) = Q,(t)P(dw). (21.10)

One may easily check (Exercise 2) for arbitrary fixed ¢+ € 9T, the weights
Wy, j = 1,2,... are ii.d. with size-bias distribution defined by Ep,g(W;;) =
Ep Wy jg(Wy ;) under Py, for arbitrary bounded measurable function g, while off the
t-path, they are i.i.d. with Ep g(W,) = Epg(W,), v # t|j, for any j. In particular
P;(Wy; = 0) = 0 for any path . Moreover, the marginal projection of Q onto the
space §2 of weighted b-ary trees may be expressed by integrating over all uniformly
selected paths as

P*(dw) == Q@ 5 (dw) = / P (dw)A(dt). (21.11)
T

As in the proof of the Kesten—Stigum theorem, first departure bounds are used to
determine conditions for P* << P vs P* L P for the Lebesgue decomposition
given by (Fig.21.2)

P*(dw) = (oo (@T)1[1100(dT) < 00]P(dw) 4+ 11100 (T) = 00)]P*(dw).
(21.12)
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7|0

P-Cascade P-Cascade

First Departure from |j
at j =2

P-Cascade || P-Cascade ~|3 | P-Cascade

Fig. 21.2 First Departure Cascade Bounds

Specifically, one has first departure bounds with respect to an arbitrary fixed path
t = y, given by factoring out the common part and denoting concatenation of paths
by ,

< i (3T)
n n—1 j ) n—j .
= [Twyp™ + 22 [T Wyit™ > [T Wyjsib™ "), (21.13)
j=1 j=ti=1 fol=n—jol1#yIG+1) i=1

where
n—1 n—j
M, =Y b="=D) > [T Wytisoii (21.14)
j=1 ol=n—j.vll#y|(j+1) i=1

is a bounded non-negative submartingale under conditioning along the path
o(W,;:j=0,1,2,...), with respect to the filtration

Fu =0a{Wy, Jv] <n}. (21.15)
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Bounding the common part in the first departure inequality one also has

n n J
b7 [T Wi < 1a@T) < [T Wyijb™" + (supb™ [ [ Wyii) M. (21.16)
j=1 j=1 e
For the necessity of EpWInW < Inb for non-triviality of p, suppose that
EpWInW > Inb. First consider the case EpWInW > Inb and P,(W =
b) < 1. For arbitrary fixed path weights along + = y, it follows from the first
departure lower bound and strong law of large numbers that Py,-a.s., u,(0T) >
exp{n(Z?zl ln# —Inb)} - oo.Inthe case EpWInW = Inb and P, (W =
b) < 1, one has Ps-a.s. limsup,_, o, Z'}zo{ln Wi — Inb} = oo by Chung—
Fuchs'? recurrence criteria for random walk along the f-path. Since the limit
oo (0T) exists, this is enough to assert that in either case, P (o (0T) = 00) = 1,
and by integrating out paths ¢, the triviality of po follows from the Lebesgue
decomposition, i.e., P (oo (dT) = 0) = 1. Finally the special case P, (W = b) = 1,
ire., P(W=»>b) = % =1 — P(W = 0) follows by branching process extinction of
a critical binomial offspring distribution with parameters b, p = l%, as treated at the
outset. To see that Ep W In W < In b is also sufficient for a non-trivial limit measure,
fix a path t = y € 9T. It again follows from the strong law of large numbers that
Py-as., (b7 [T_, W},|,~)% — FeErWInW 1 Using the first departure upper
bound one has that P,-a.s., oo (dT) < oo. Integrating out t = y, it follows that
Uoo(dT) < 0o P*-a.s. Thus, by Lebesgue decomposition Ep 1o (9T) = 1. |

Note that in the above example with b = 4, and Bernoulli W = % with

probability p, one has EpWInW = pl ni < In4, if and only if 4p > 1, as
previously shown using the usual non-extinction condition for branching processes
(also see Exercise 3).

Remark 21.2. Physics aside, let us close with a brief consideration of the log — log
linearity of moments versus length scale £ = b™" = |A,|, orn = lsgif] , under
conditions for which a nonzero limiting cascade measure and indicated moments

exist.!3 Namely,

log 1%, (A,) = (logEW? — plogb)n + log EZ%,
=c(plogh —logEW?)log ¢ + logEZ%,, (21.17)

where ¢ = 1/logb > 0;i.e., one has log — log linearity with slope given by m(p) =
c(plogh —logEW?).

128e¢e BCPT p.123, 134.
13See Guivarc’h (1990), Barral and Jin (2014) in this regard.
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Fig. 21.3 2" Polygonal Paths

Example 2 (Tree Polymer). This class of models builds on the notion of multiplica-
tive cascades with generators typically expressed as W = 2¢~Y, b = 2, and with
Ee Y = 1/2;i.e., {Yy, : @ # v € T} is a binary tree-indexed family of i.i.d. real-
valued random variables with Ee~Y = 1/2, Yy = 0. In this case the normalization
of u, to a probability measure on dT = {1, 2}°° is given by the so-called partition
function

7, = Z ﬁe—yzu = Z e Hn(®) (21.18)

|t|=n j=1 |t|=n

where H,,(t) = Z;l‘:o Yy ;. t € 0T denotes a tree path (Fig. 21.3).

Tree polymers may be viewed as random probability distributions of the polyg-
onal paths j — ¢|j,j =0,1,...,forz € 9T selected according to the normalized
probability formally given by

Poo(dt) = lim Z ', (d1). (21.19)
n—>oo

The nature of this limit presents an interesting problem in itself. In the case that
Zso = lim,_, o Z, > 0, referred to as weak disorder, p(dt) is merely the cascade
measure [ (dt) normalized to a probability by Zs,. The disorder is said to be
strong disorder if Zo, = 0 a.s. Complete determination of the limit (21.19) in
the case of strong disorder is outside the scope of this text.'* However, it hinges

14The existence of poo(df) as a weak limit in probability in the critical strong disorder case
EpW In W = 2 was proven by Johnson and Waymire (2011), and in Barral et al. (2014), while the
non-critical strong disorder case Ep W In W > In2 is covered in Barral et al. (2012); and by Dey
and Waymire (2015).
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on the introduction of another important martingale that arises in a wide variety
of branching contexts, namely the derivative martingale'> D, defined as the a.s.
(positive) limit of the following martingale'® In the case of critical strong disorder,
ie., EpWInW = In2, also referred to as the boundary case, the derivative
martingale Do, is determined by an a.s. limit of the sequence

D, = Z H,(t)e O pn=12 ... (21.20)

|t|=n

D,,n > 1 is easily checked to be a (signed) martingale (Proposition 21.2 below).
Under the additional moment assumption, EyZeY < 00, the a.s. limit Dy, can be
shown to exist,'® however, this requires a deeper analysis involving renewal theory
and ladder random variables (presented in Chapter 25) than is possible from a simple
application of the martingale convergence theorem (see Exercise 11). On the other
hand, assuming it exists, one can show Dy, > 0 a.s. (Proposition 21.3 below). In
fact, the event [Dy, > 0] is an inherited event, and hence has probability zero or
one (recall Proposition 12.6) of Chapter 12).

Remark 21.3. For the origins of the weak and strong disorder nomenclature, note
that in the case Y = 0 a.s., i.e., no disorder, the polygonal paths are simple symmet-
ric random walk paths. In the context of polymers, one views the randomness of their
distributions as the result of impurities governing displacements. If the disorder is
sufficiently weak (relative to the branching rate), then the usual limit theorems, e.g.,
law of large numbers, central limit theorem, are expected to apply as they would in
the absence of disorder. However, if the impurities are sufficiently strong, then new
limit theorems can be expected. With this jargon the condition EpWInW < Inb
for existence of a non-trivial limit given by the Kahane—Peyriére theorem is the
requirement that the branching rate be sufficiently large relative to the disorder.

Remark 21.4. From a perspective of fixed points to a special class of random
iterations, it is noteworthy that the distributions of both Z,, and D, provide fixed
point solutions of the so-called smoothing transformation'® (see Exercise 7).

In preparation for the next theorem note that the critical strong disorder
conditions EW = 1 and EpWInW = In2 for the multiplicative cascade model
correspond to Ee™" = 1/2 and EYe~Y = 0, respectively, in the context of the tree
polymer model.

15Biggins and Kyprianou (2004).

16See Kyprianou (1998), for historic background on the derivative martingale in the broader
context of branching Brownian motion and branching random walk. In the particular case of
branching Brownian motion and the Fisher-KPP equation'” (see Exercise 10, Chap 28) Lalley
and Selker (1987), prove it’s a.s. existence without referring to it by name.

17 This equation gets its name from Fisher (1937) and, independently, Kolmogorov et al. (1937).
18See Chen (2015) for the complete result.

19Holley and Liggett (1981); Durrett and Liggett (1983).
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Theorem 21.2. Assume Ee~ Y = 1/2 and EYe Y =0.Then Z,,n > lisa positive
martingale, and D,,n > 1, is a martingale, with respect to F,, = o{Y, : |v| < n},
n>1.

Proof. Since one may express the partition function as a total cascade mass for
W = 2¢7Y, b = 2, namely Z, = u,(dT) = M,(1), the martingale property
follows immediately from the first part of the proof of Theorem 21.1. One may argue
similarly for the martingale property of D,. Namely, it is easy to check from the
independence and the critical strong disorder (or boundary) conditions Ee ™Y = 1/2,
EYe™Y = 0, that for each fixed path ¢ € 8T,

n+1 n+l

EQ"™Y Yy [T e ™17
i=1 j=1

n n n
1
— 271+1 § Yt|i | |67Y,|jE +2n+1 | |eiyﬂjE(Yﬂn-‘rleth‘nH|-Fn)
i=1 j=1 j=1

n n
=2" Y vy [[e". (21.21)
i=1 j=1

That is, 2" 37/ Yui [T} e 11/ is a martingale. Thus, as was done for Z,,
integrating (21.21) over the paths with respect to A(dt), and letting

An(ty, ... t)=fs € 0T :s5;=1;,1 < j <n}, (tr,....t,) €{0,1,...,b—1}",

yields the martingale property of D,, n > 1, since

n
X
o i<

n

1‘[ e Vslip(ds) = 2" / Z Yyi ]_[ e "lin(ds)
j=1

j=1 U|t|=nAn(t) i=1

n

=" Z Zn: Yo ]_[ e V127" = p,. (21.22)

lt|=n i=0  j=I

Proposition 21.3. Assume Ee™! = %, and EYe=Y = 0. Then one has that
lim,, _, o0 inf}s|= Z?:l Y;|j = oo a.s. In particular D,, > 0 a.s. for all n sufficiently

large.

Proof. Let Z,, = th|=n e Yj=1 Yij | Since Z,,n > 0, is a non-negative martingale
one has 0 < Z,, = lim, . Z, exists a.s.. Moreover, EZ,, < 1 by Fatou’s lemma.
Let

L = limsup e~ Miri=n Y= Yiij
n—oo
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n .
< limsup E e~ =1 Yilj
n—oo
[t|=n
=limsup Z, = Z.
n—oo

In particular EL < 1. Now observe that L satisfies the stochastic recursion (see
Exercise 12)

L=9t e Y1y e 12, (21.23)

where L1, L, are independent, identically distributed as L and independent of
Y1, Ys. So, from (21.23), one has EL < E(Lje™' 4+ L,e %) = EL, with

strict inequality unless L = 0 a.s. Thus, L = 0 a.s. This proves the asser-
tion that lim,_, o infj;|=, Z;'.:l Y;; = oo as. From here one sees that D, >
(infisj=n Y5y Ys1j) X jsjmn [ L=y € > 0 as. for all n sufficiently large. u

Corollary 21.4. [liminf,_, o D, > 0] has probability zero or one.

Proof. In view of Proposition 12.6 of Chapter 12, it suffices to show that
[liminf,_, o D,, = 0] is an inherited event. That is, it occurs for all finite subtrees,
and if this event occurs for the infinite tree rooted at < 1 >, then it occurs for any
infinite subtree rooted at an offspring of < 1 >. To see inheritance, fix arbitrary
v e UR(1,2}% say [v| =k, and forn > k, let

n
n .
Dyy = Z Z Ytlje_Zi:kH Yoi

[t|=n,t>v j=k+1

where ¢ > v means that |k = v. Then, using the previous theorem, one has a.s.
liminf,_, o Dy, > 0. Now, for [v| = 1,

Dy> Y Hy(te H®
|t|=n,t>v
=MD, 4 Hie M 3 Xt (21.24)

|t|=n,t>v

Since this is a case of critical strong disorder, the liminf for the second term on the
right is a.s. zero. Thus

liminf D, > ¢~ ® liminf D, , > 0. (21.25)
n—oo

n—oo

In particular, if liminf,_,o D, = O, then liminf,_,« D, , = 0O; i.e., the event is
inherited. u
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As already noted, the derivative martingale has proven to be a powerful tool for
the analysis of polymers and branching random walks in the case of strong disorder.
For example, it can be shown that in the critical strong disorder case there is a
sequence of positive constants?’ g, = n_%,n > 1l,and Z,/a,D,, — ¢ > 0in
probability (but not a.s.) as n — oo Using this one may re-scale to show?! that
z; 114, (dt) converges weakly in probability to pso(dt), where

Do (v) 1_[;"1:1 Yv\j
Zm:m Do (u) 1_[;'":1 Yy ’

Poo(Am(v)) = (21.26)

where Ay, (v) = {t € {1,2}*° : t|m = v|m},v € UY_{1,2}", and D (u) denotes
the derivative martingale for the subtree rooted at u.

Example 3 (Branching Random Walk). Let us consider a branching random walk
on the real-number line with initial ancestor at Yy = 0, having two children®” in
the first generation displaced by i.i.d. amounts X, X». Each generation repeats
this birth-displacement process. The second generation consists of four random
walkers at positions Y; ; = X; + X;;,i,j = 1,2, for iid. displacements
X1, X2, X1,1, X1,2, X2.1, X2,2. The construction proceeds recursively. Let {Y
|lv] = n} be the locations of the 2" walkers at the nth generation. Yo = 0, Y| =
X1, Yo =X,

n
Yv:ZXUU, vel{l,2)".n=1,2,...,
=0

where v|0 = 0,v]j = (v1,...,vj),j < n,forv = (v,v2,...,v,) € {1,2}".
Also the genealogical length of v is denoted by |v|] = n. To single out a fixed
but arbitrary path let 1; = (1,1,...,1) be a leftmost path of length j, and
S, = Z?zoxlj, So = 0.

The following general lemma“” summarizes a size-biasing tool often employed
for such branching random walk computations.

23

Lemma 1 (Many-To-One-Formula). Fix arbitrary A > 0 such that (1) =
InE Z|v|=1 e ¥ < 0o. Then for any non-negative Borel measurable function g,

20See Aidekon and Shi (2014).
2lSee Johnson and Waymire (2011).

22The example treated here illustrates the theory initiated by Hammersley, Kingman, and Biggins,
but is less comprehensive. See Biggins (2010), for a historical and more comprehensive review of
these developments, as well as more recent results.

23This simple formula and its generalizations arise in a variety of “branching”contexts, but its
origins appear to be generally unattributed.
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E ) g(¥,) =B We(8,),

lv|=n

where 3’0 = 0, {3’,, :n = 0,1,...} is a random walk with the size-biased
distribution of i.i.d. displacements defined by the specifications that:

oMo

Ef(S)=E ) Y, e

[v|=1

fF (), (21.27)

for all non-negative Borel measurable functions f.

Proof. The proof is by induction. For n = 1, this is the definition of the size-bias
distribution defining S;. Specifically,

E Y gty
lv|=1

= E(g(X1) +8(X2))

o X1 X2

eAX1+1//()»)g(X1) + me)\Xz-‘rw(A)g(Xz))

= E(E(e—xxl T X2
= Ee)“§1+'p()‘)g(§1).

Assume the formula holds for » and condition on the first generation of branching
to get, using the substitution formula for conditional expectation,

E Y gf)=E ) {g(X1+Yi)+g(Xa+ Y))

|v|=n+1 lul=n
= Bt Do (X ) + 8,) 4 g(X2 + 8,)]

— BtttV M%) 4§

— ]EeASnJrl+("+1)1//()»)g(3‘n+1)’

where X is independent of S, with the distribution defined by (21.27). ]

Remark 21.5. One may notice that in the present framework (X)) =
mEY e v = In2Ee ¥ < oo. However, the pair X; and X, need not
be i.i.d. for the many-to-one lemma. The branching random walk framework may
be generalized accordingly to the case of i.i.d. displacement vectors distributed as
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(X1, X2). Also the binary branching random walk is readily generalizable to any

supercritical branching process in place of the binary tree.?*
Notice that using the right-side of the many-to-one formula with g(x) = e™**,

one has after a tiny bit of preparatory algebra

Xlef)»Xl Xzef)»Xz
E(e_)‘xl + e—AXz) + E(e_)‘xl + e—xxz)

ES; = E( ) = —¢'(b). (21.28)

As a warm-up, using Jensen’s inequality and bounding the maximum by the sum,
followed by the many-to-one formula, one has

E( — min 1Y,) = Eln ™)

[v|=n

<In Eemax‘v‘:n (—=AYy)

<IhnE Z e M

|v|=n
=Ine"™ =ny ). (21.29)
Thus, for any A > 0,
A
—E min Y, > —M,
n |vl=n A
and therefore, for every n,
—r(A A
—FE min Y, > sup ﬂ = —inf M (21.30)
n |vl=n As0 A A>0 A

In fact, a more judicious application of the many-to-one formula provides a tool
for the speed of the leftmost (or right-most) particle in the branching random walk
defined as follows.

Definition 21.1. The speeds (rates) of the left and right-most particles of the
branching random walk are given by the almost sure limits

. .Y . Y,
r = lim min —, R = lim max —, (21.31)
n—00 |v|=n |v| n—0o0 |v|=n |v|

respectively, provided the limits exist.

24The monograph by Shi (2012) features the utility of distinguished path analysis for branching
random walk in this more general framework.
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The point of the following result is the computation of the extremal particle
speeds using the size-biasing reflected in the many-to-one formula under the
assumption that the speeds exist as almost sure and L'-limits. This is a bit weaker
statement than also showing the existence® of the particle speed limits.

Theorem 21.5 (Biggins—Kingman—Hammersley). Let
Y () = InE(e ™1 4 e7¥2) = InQEe ™).

Assume (L) < oo for some A > 0. Also assume that the limit defining the speed
r of the leftmost particle exists almost surely and in L'. Then

. .Yy . YA
im min — =y := — inf
n—00 |v|=n |v| >0 A

Proof. That y is a lower bound on the speed r follows from the calculation (21.30)
under the hypothesis of the theorem. For the reverse inequality it suffices to check
that there is an N = N (¢) such that

1
lim — Y, <
AN nin Yo S v e

for all sufficiently small € > 0. Construct a branching random walk 7 such that the
first generation of T is all v in the N'th generation of T such that ¥, < (y + €)N.
More generally, for n > 1, if v is in the nth generation of 7~", then its offspring in the
(n + 1)st generation of T consists of u in the (n 4+ 1)Nth generation of T that are
descendants of v in 7', and

Yv_Yu = ()/ +6)N-

With ¢ to be determined, using the many-to-one formula,

pp =B > 1Y, < (¥ +€)N]

lv|=N
— BEMSVHNYOI[Sy < (y + €)N]. (21.32)
Now choose A > 0 such that
()») (s)
ve) > y'(h) > fw——€——(7/+6)

25See Shi (2012)



260 21 ST: Branching Random Walk, Polymers, Cascades

Namely, take A < inf{s > 0: @ = inf,~¢ @}. Then
ES) = —y/(A) <y +e.
Now choose a € (¥'(A), @) to get
pp =BV OISy < (y + N
> CAHVOINp(_gN < 8y < (y + €)N). (21.33)
Then,
ESi = —y'(0) € (—a.y +e).
So, in the limit N — oo,
P(—aN < Sy < (y +€)N) — 1, (21.34)

and

P S LN

In particular there is an N sufficiently large that u; > 1. By super-criticality of
the branching process, it will survive to every generation. Thus, in view of the
bound (21.34), under the hypothesis of the theorem one has

1
lim — Y, <
k—oco kN Ivrlriln V=V e

Exercises

1. Show that apart from the trivial case of random variables with a.s. constant
value one, the infinite product of i.i.d. mean one non-negative random variables
is a.s. zero. [Hint: First consider the case when the value 0 has positive
probability, otherwise take logarithms and apply the strong law of large
numbers, followed by strict Jensen inequality.]

2. Verify that for arbitrary fixed + € T, the weights W, ;,j = 1,2,... are
ii.d. with size-bias distribution Ep,g(W; ;) = EpW;;g(W; ;) under P;, for
arbitrary bounded measurable function g, while off the ¢-path, they are i.i.d.
with Ep, g(W,) = Epg(W,), v # t|], for any j.
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10.

11.

Consider the Bienaymé—Galton—Watson branching process {X, : n > 0},
Xop = 1, with binomial offspring distribution with parameters b, p. (i) Show
that the size-bias distribution is binomial with parameters b — 1, p. (ii) Consider
the multiplicative cascade with Bernoulli distributed weights W = % with

probability p, else W = 0. Show that W = 1 a.s. under mean size-bias of
the distribution of W. (iii) Show that the submartingale M,, coincides in the
respective first departure bounds (21.13) and in Proposition 14.4 for the Kesten—
Stigum theorem.

Assuming the limit exists almost surely and in L', determine the speed R of
the right-most particle. [Hint: Consider the leftmost particle for the branching
random walk with —Y, in place of Y,,.]

Determine the speeds of the left and right-most particles in a Gaussian
branching random walk with mean zero and variance o' > 0.

Consider the multiplicative cascade model in which the cascade generators are
W are uniformly distributed on [0, 2]. Show that the (i) cascade survives almost
surely and (ii) Zoo = oo(dT) has a Gamma distribution. (iii) Extend (ii) this
to mean one Beta distributed generators on [0, 2].

(i) Show that Zoo = Moo (8’]_1‘) is a non-r_legative solution (fixed point) of
Zoo =0 LY P AW Z8), where ZY) j = 0,1,....6 — 1, is iid.,
independent of Wy, ..., Wj_1, and distributed as Z ..

(i) Assuming that the almost sure limit exists, show that the derivative
martingale D, is another solution in the context of random polymers.

(Biggin’s theorem®®) Consider the branching random walk, and define
o(A) = E2|u|:1 e~ My Also assume @) < oo for some a € R.
(i) Show that Z,(a) = ¢ 7"(@) Y=, e n = 1,2,... is a positive
martingale with almost sure limit Zx(a). (i) Assume further that ¢'(a) :=
EZm:l Yye Yy exists and is finite. Use the distinguished path analysis
for multiplicative cascades to show that EZ,,(a) = 1 if and only if
EY e Int (2,2 e7") < oo and ag'(a) < ¢(a) Ing(a).

(General Many-to-one Formula) Show that the many-to-one formula
extends as follows: For any non-negative Borel measurable function g,
EY jyimn 8Y1. Ya, ... V) = BTV D e(§1,8,, ..., §,)}. where Sy = 0,
{S‘n :n=20,1,...}is arandom walk with the size-biased distribution of i.i.d.
displacements defined by the specifications (21.27).

Assuming critical strong disorder, show that ED,, = 0, where D,, n > 1, is the
derivative martingale.

Consider the tree polymer in which Y is normally distributed with mean p and
variance 2. (i) Show critical strong disorder if and only if u© = o2. (ii) Assum-

26While this result is proven for more generally defined branching random walks in Biggins (1977),
the proof suggested here using distinguished path analysis is due to Lyons (1997).
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12.

13.

14.
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ing critical strong disorder show that E}",_, Hy (e W = ¢ /n. [Hint:
Condition the j-th term of H,(t)* = Z’}zl Y j1UHy(t) > OIT]r e Yui
on Y. Perform the indicated integrations, including an application of Fubini
theorem in the final expected value.]

Define forn > 1, L, = ¢~ firi=n 2j1 Y1j  and show that Lyt =e D L,(ll) Y
e*Y2Lf,2) , where L,(ll), L,(lz) are independent of Yi, Y», as well as mutually
independent and distributed as L,,. Show that (21.23) follows from this.

Let u denote the mean displacement for the branching random walk. (a)
Compute the large deviation rate for 2" independent random walkers: That is,
show that /1 (x) = In2 — Ip(x) = limy—e0 & In P(maxj<joon Y0 XV >
nx), for x > R + p in the case that Xl.(j ) are 1.i.d. distributed as X,, where
Ip(x) is the large deviation rate for a single random walk.[Hint: The upper
bound on P(maxj<j<y » ;_; X I.(] ) > nx) is straightforward by sub-additivity
of probability and the Cramér-Chernoff large deviation theorem for a single
random walker, (see BCPT, p. 94). For the lower bound, use the inequality
1—(1=5)!>1—-e3 > st(l —st),s,t > 0, and the Cramér-Chernoff
large deviation theorem. ] (b) Show?’ that the large deviation rate I>(x) <
In2 — Ip(x) = L1(x), x > R + u, for the corresponding branching random
walk. [Hint: Use sub-additivity of the probability to see the same I;(x) as an
upper bound. ]

(Gantert-H ofelsauerit Stochastic Order Lemma) (a) Suppose that {U;};>1 and
{Vi}i>1 are two independent sequences of random variables, and the V;,i >
1, are identically distributed. Show for any k¥ > 1,x € R, maxj<;<x(U; +
Vi) is stochastically smaller than maxj<;<x (U; + V1); i.e., P(max;<;<x(U; +
Vi) < x) < P(maxj<;<x(U; + V1) < x) for all x. (b) Show that the right-most
particle in the branching random walk at time # is stochastically smaller than the
right-most particle among 2" i.i.d. random walkers with the same displacement
distribution.[Hint: Use induction as follows: Consider the right-most position of
the branching random walk at n+1 generation, and use the induction hypothesis
followed by the result (a).]

2TIn Gantert and Hofelsauer (2019) it is shown using the stochastic order in Exercise 14 that the
two large deviation rates coincide for x > R + p, and more, where p is the mean displacement.



Chapter 22 )
Special Topic: Bienaymé-Galton—Watson g
Simple Branching Process and

Excursions

The tree contours and heights are identified as two natural discrete parameter
stochastic processes associated with the branching process introduced in
Chapter 14 as a probability distribution on a metric space of family trees.
Analysis of contour paths in the special case of critical (shifted) geometric
offspring distributions leads naturally to consideration of continuous parame-
ter processes in terms of Brownian motion excursions.

For the development given here we continue to use the more detailed description
of branching processes as probability distributions on the space of trees introduced
in Chapter 14. It is sufficient to consider the case Xo = 1 of a single progenitor
(1). Denote the family tree by t = t({1)). Suppose that 7 is a finite tree rooted
at (1). The vertices (lv) € t are referred to as the progeny of (1), and the toral
progeny n of (1) is denoted || t|| = n. In particular ||7|| = n implies a total of n 4 1
vertices in 7 since the root (1) is excluded in this definition of total progeny. Loosely
speaking, by traversing the contour of T one obtains a polygonal path (0, sp = 1),
(1,s1),...,2n + 1, 52,41 = 0) starting at so = 1 and reaching O for the first time
in 2n + 1 time steps; see Figure 22.1. Recall that each offspring vertex of the tree
may be uniquely associated with its parental edge, where we complete this picture
by assigning a “ghost” edge to (1). The definition of the associated contour path can
be made more precise by an inductive definition as follows; also see Figure 22.1.

Definition 22.1. Let 7 be a finite tree rooted at (1) with total progeny (excludes the
root) ||It|| = n,n > 0. If T = {(1), (11), ..., (11...1)}, then we say that T is pure
trunk and define its associated contour path s = {(j,s;) : j =0,1,...,2n+ 1} by
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i1 if j=0,...,
si=17 7 v " 22.1)
2n+1—j, ifj=n+1,...,2n+1.

If T = t((1)) is not a pure trunk, then there is a unique ko such that the ko-tuple
VO =(1,..., ) ez, (0O1), O2) € r,and ifu = (uy,...,u;) € T with j <
ko, then u is the j-tuple vertex (1, ..., 1). By induction on the total progeny there
are unique contour paths s©@, s @ associated with the pure trunk 7 rooted at
(1), and the subtrees @ i =1, 2, rooted at v© such that (v(o)i) et =12
Define the contour path s = {(j,s;) : j =0,1,...,2n + 1} associated with T by

0

S for j <ko—1

ko= 148D forj =Ko, kot i 22
Si = .
T ko -1+ for j =ko+ j V., ... ko + j + @

j=ko—j®
©)

S i ko—jO—j®@ for j =ko+ iV + @, ..., 2n+1,

where j® =2|1t@]|,i =1, 2.

Proposition 22.1. For each n > 0 the set §2,, consisting of all trees T with single
progenitor and total progeny ||t|| = n is in one-to-one correspondence with the
set P, of all polygonal paths s = {(0, s¢), (1, s1), ..., (2n + 1, 523,41)} such that
S0 = 1,S2n+1 =0, Sj > 0, |Sj+1 —Sj| =1,1< ] < 2n.

Proof. 1t is sufficient to show that the contour path map defined in Definition 22.1
is invertible. Again one may proceed inductively, noting that the result is obvious

forn = 0Oand n = 1. Let n > 2 and suppose one is given such a polygonal
paths = {(j,s;) : j =0,1,...,2n + 1},n > 0, such that so = 1, 52,41 = 0.
If s has a unique local maximum at kg € {0, ..., 2n}, which is necessarily the

global maximum, then the associated tree t is a pure trunk with ||7|| = ko progeny.
Otherwise s must have at least two local maxima. Letting m denote the location of
the first such local maxima and m that of the last local maximain {0, 1, ..., 2n+1},
the function s achieves at least one global minimum value between these points.
Define

ko :=min{s; :my < j <mp} — 1. (22.3)

Then ko > 0 provides the total progeny in the pure trunk subtree t© rooted at (1).
By induction, the polygonal path {(j — ko, s; — ko) : j = ko, ...2n — ko} defines a
tree T/ which may be rooted at the kg—tuple vertex (11 ... 1) to obtain the associated
tree having contour path s. |

The probabilities of the contour paths associated with a Bienaymé—Galton—
Watson distribution of random trees depend on the (conditional) probabilities with
which trees T occur having n total progeny. As will be shown in the next proposition,
there is a unique class of offspring distributions, namely the shifted geometric
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distribution, for which these conditional probabilities are the same (uniform) over
T € §2,, or equivalently s € P,.

Proposition 22.2. Consider the Bienaymé—Galton—Watson probability P concen-
trated on the space §2 of trees with a single progenitor and defined by a positive
offspring distribution f(k) > 0,k = 0,1,2,.... Let 2, = {r € 2 : ||7] =
n},n = 0,1,2.... Then (i) P(£2,) > O for each n > 0, and (i) P({t}|§2,) is
constant (uniform) for t € £2,, foreachn > 0, if and only if f (k) = k. (1—0), k =

0,1,2,..., forsome 0 < 6 < 1. In this case,
2n + 1
P({t}182,) = W» T € §2y.
n

Proof. Since f(k) > O for all k, each T € 2, has positive probability, n =
1,2,.... The total number of trees in £2, is 5 n1+] (2":1) as may be counted for
the corresponding contour paths using the reflection principle (Chapter 3). Suppose
fk) =6%.(1—0),k >0, is the (shifted) geometric offspring distribution and let
T be an arbitrary tree rooted at (1) with total progeny n. Note that the probability of
a singleton {t}, T € £2, may be computed from (14.5) by passing to a limit since

{r} = ﬂ,ﬁani (1), and for T € £2, one has t|n = t fall all n sufficiently large.

Thus trees t with total progeny n have, up to normalizing constant depending only
on n, probability

1_[ f#v) = (1 — 0)”+192uer #v) _ 1 - 9)n+10n’

VET

where #(v) denotes the number of offspring of v. Thus the probability is the same for
all trees with n progeny and, therefore, the conditional probability is the reciprocal
of the number of such trees. For the converse proceed by induction. First note that
in either case n = 0 or n = 1 there is only one path with probability one. For n > 2
define two trees with total progeny n by W = (1),(1j):j=1,...,n} and
@ = (1), 1) j=1,2,....,n—1, (111} By the induction hypothesis these
trees are equally likely among trees with given total progeny n. The (conditional)
probability of (1 given n total progeny, is C~! f(n) f"(0) and that of T® is
Clf(n—1) f"10) (1), where C"!isa positive normalizing constant. Equating
these conditional probabilities one has that S — S Now simply iterate this

. fa=1) = fO)"
relation to complete the proof. |

Corollary 22.3. For the Bienaymé-Galton—Watson distribution defined by a
(shifted) geometric offspring distribution and single progenitor, the conditional
distribution of the family tree t given that ||t|| = n coincides with the conditional
distribution of a simple symmetric random walk starting at 1 and conditioned to
reach O for the first time in 2n + 1 steps.

Remark 22.1. One may check that the conditional distribution of the simple
random walk S, ;= 1+ Y1 +---+Y,,n > 1,5 =1, given [So = 1, S2n4+1 = 0]
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does not depend on the probability p € (0, 1) defining P(Yy = +1) = p =
1 — P(Yy = —1). Thus the statement of the corollary extends accordingly to
conditioned asymmetric simple random walks.

Let us now consider the simple symmetric random walk Sy, Si, S2, ... started at
So = 1 and defined by i.i.d. equally likely Bernoulli 1 displacements Y7, Y», ...,
ie, PYy = 1) = PYy = —-1) = 1/2,k > 1l,and S, = 1+ Y + Y +

--Y,,n > 1. The associated simple random walk reflected at 0 may be defined
by R, = |Sul,n = 0,1,2.... A graph of the sample paths reveals a sequence of
contour path excursions which, in view of the following corollary and the strong
Markov property, define a sequence of contours of i.i.d. Bienaymé—Galton—Watson
distributed random trees.

Corollary 22.4. 1Let N = ||t|| denote the total progeny of a Bienaymé—Galton—
Watson random tree 7, having the (shifted) geometric offspring distribution with
60 = 1/2. Then 2N + 1 is distributed as Ty = inf{n : R, = |§,| = 0}.

Proof. Observe that by conditioning on X and using Proposition 14.3, the proba-
bility generating function g(s) = Es™ of N = Y% | X,, satisfies

1 1 1
8(9) =Elsg(6)™) = 5~ Lo 2 osge S
—2

Thus, for 0 < s < 1, the quadratic equation sg2(s) — 2g(s) + 1 = 0 yields the
solution

1-V1—5s 1/2
_— = —1"s", 224
g(s) = Z(Hl)( )"'s (22.4)
and therefore P(N = n) = (=D"(}3) = A5 (3)27@"+D forn = 0,1,2.
which agrees with the distribution of the hitting time at 0. I

Remark 22.2 (Otter-Dwass Formulae). Corollary 22.4 may be viewed as a special
case of the so-called Otter-Dwass formula for the distribution of total progeny
in a critical branching process. That is, consider a discrete parameter Bienaymé—
Galton—Watson branching process having single initial progenitor Yo = 1 and
subcritical/critical offspring distribution p;, j > 0. For this shift the contour paths
to start at So = 0 and end at S;,4; = —1. The resulting contour walk will
still be denoted by {S, : n > 0}. According to the Otter-Dwass formulae in
this representation, the total progeny N = Z?io Y; of the subcritical or critical
branching process coincides with the hitting time of —1 by {S, : n > 0}, So = 0,
having increment distribution p; 1, j > —1. The contour process clearly has skip-
free sample paths to the left. Thus combining random walk properties, e.g., as in the
case Corollary 22.3, with Kemperman’s formula from Chapter 3, one obtains the
following
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P(IN=n)=P(T_1=n) = lp(s,l =—1). (22.5)
n

This formula relating the total progeny distribution with the position of the left skip-
free contour walk is often referred to as Otter’s formula in the case of a single
progenitor Yo = 1. The extension to Yy = k > 2 is also possible for the critical
shifted geometric distribution (Exercise 22), making it a special case of Dwass’
formula. In this case the tree labeling produces a forest of k genealogical labelings.
What we have proven is only valid for the critical offspring distribution because
one must show that the contour process is generally distributed as a random walk to
apply Kemperman’s formula. Proofs in the generality of subcritical/critical offspring
distributions are both notationally cumbersome and index[authors]LeGall tricky.!

The following theorem provides a basic connection between ‘“excursions” of
reflected Brownian motion (defined below) and scaling of Bienaymé-Galton—
Watson trees having the (shifted) geometric offspring distribution.

Remark 22.3. An extension” of this limit theorem to arbitrary critical offspring
distributions with finite second moment is possible. This non-trivial theorem
involves the construction of a secondary path process, referred to as the Lukasiewicz
path, with i.i.d. increments having finite second moment and distributed as the
random walk with increment distribution pg4+1,k > —1, up to the hitting time of
—1, and such that the indicated weak convergence to reflected Brownian motions
implies the same for the contour process.

Theorem 22.5. Let 11, 12, ... be an i.i.d. sequence of Bienaymé-Galton—Watson
random trees having the critical shifted geometric offspring distribution f (k) =
27%=1 k =0,1,2,..., each with a single progenitor. Denote the contour path of
7; by {(k, s,ij)) :k=0,1,...2N; + 1} where N; = ||7;||. Define a continuation of
successive contour paths (n, s,),n =0,1,2,... by sg = 1 and

sn=s" o TYU V4 1<n<TD nj>1,

where 7© = 0,7V = T7U-D 4 2Nj + 2, j > 1. Next define a polygonal

path continuous extension by linear interpolation {C,("),t > 0} of the nodes

{(k/n,sk//n) : k = 0,1,...}. Then Ct<"> converges weakly to the reflected
Brownian motion {|B(¢)| : t > 0} where {B(¢) : t > 0} is standard Brownian
motion starting at 0.

Proof. This follows immediately from the functional central limit theorem since
x — |x| is a continuous function and, in view of Corollary 22.3 and Proposi-

ISee Le Gall (2005) and Pitman (1997) for two different approaches.
2See Le Gall (2005), Aldous (1993).
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tion 22.4, {S; : k > 0} has the same distribution as {|S,| : n > 0}, where
{S, : n > 0} is a simple symmetric random walk started at 1. |

This result naturally motivates® an analysis of (positive) excursions of reflected
Brownian motion from a perspective of branching processes. Recalling Proposi-
tion 7.25, T := inf{t > 0 : |B(¢)| = 0} = 0 with probability one since B(0) = 0. In
view of this a more suitable definition of Brownian excursions may be formulated
as follows.

Definition 22.2 (Brownian Excursion). Let B = {B(t) : t > 0} be standard
Brownian motion starting at B(0) = 0 and defined on a probability space
(82, F, P). For € £2 such that B(1, w) # 0 define the positive excursion path
of reflected Brownian motion ¢t — |B(¢, w)| about ¢t = 1 by

_ |BtR(®) + 1 — ) L(w), »)]|

BT, w) :
R(w) — L(w)

0<t<1, (22.6)

where L :=sup{s < 1:|B(s)| =0} and R := inf{s > 1 : |B(s)| = 0}. Define the
excursion path BY*(¢, w) := 0 for each 0 < ¢ < 1 in the case B(1, w) = 0.

That is, the “excursion”is over the maximal zero-free interval about + = 1. The
interval (L, R) is referred to as the excursion interval about t = 1. Recall from
Chapter 18, Theorem 18.3, and Chapter 19, Exercise 6, that L has the arc-sine
distribution

P(L<t)= j%sin’](\/;).

A related process is the so-called Brownian meander, referring to the portion of the
excursion ending at r = 1; see Exercise 22.

In preparation for the proof of the following proposition, define simple function
approximations by

j—1
Lo =) 5 Aig-narsL<jon,
j=

k
Rn = Z 2_nl[k2_"§R<(k+1)2_”]’
k>2n
|B(tRy + (1 —1)L,)|
v Rn - Ln '

B (1) = 0<t<l.

3Ideas related to the existence of continuum trees are developed in Aldous (1991) with correspond-
ing functional limit theorems and invariance principles.
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Proposition 22.6. {B™(t) : 0 < t < 1} is a Markov process with continuous
sample paths and (non-homogeneous) transition probabilities* p*(s, t; y, dz) given
by

212 2

ﬁé’_z‘é_’)dz, O0<t<l1,z>0,
V2ntP (1 —t)

andforO<s<r<1, y,z>0

pT*(0,1;0,dz) =

_(zz(y)? ~ 5 'V)i 1 _2(52 )

s ) e 1—s e t—s — S ; Ze —t
s, t;y,d7) = — 2 dz.

Py, dz) {J2n(t—s) JZn(t—s)}(l—t ye_z({i:)

Moreover, the excursion process is independent of the Brownian paths up to time L
and the length of the excursion interval (L, R). The excursion is also independent
of the Brownian path after time R.

Proof. In addition to the computation of transition probabilities we will show that
the excursion is independent of the Brownian paths up to time L and the length of
time between L and R. The independence of the excursion with the process after
time R follows from the strong Markov property since R = 1 + 7o(B+(1)) and
T0(BT (1)) := inf{t > 0 : B(1 +t) = 0} is a stopping time. In particular R is a
stopping time (Exercise 22). Fix0 < s < --- < 5,0 <ti <thh < - <ty <1,
m > 1. Let g1 be a bounded continuous function on R”, g, a bounded continuous
function on [0, 1] x [1, co) such that, for some € > 0, go(s,t) =0fort —s < € and
fort —s > 1/e€, and let g3 be a bounded continuous function on [0, c0)"”. Consider
the quantity

Mo :=Eo{g1(B(si AL), ..., B(si AL))ga(L, R)g3(BY*(t1), ..., B (tm))}.
Then, in terms of the simple function approximations one has

g1(B(s1 A L), ... Bs; A Lu))g2 (L, R)g3 (B *(11), ..., BN *(tm))

= > aBGiAG=D2T, Bl A G — D2 )ga(j27" k27"

j<am k>on
|B(ty A+ j27™)] IB(tmA + j27M)|
xg3( N N M 1y2=n<p<jo—n k2—n<R<(k+1)2-"]>

where A = A(j, k,n) := (k — j)27". Thus,

4The derivation follows the masterful calculations of Itd6 and McKean (1974), with the trivial
caveat that we consider excursions of the reflected Brownian motion while they consider signed
excursions of Brownian motion. Obviously the sign does not change over the excursion interval in
any case.
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Mo = lim Z Eo{gi(B(si A (G — D27, ..., Blsi A (j — D277))

j<2m k>
n e |B(t1 A+ j27")] |B(tm A+ j27M)]
x (2" K2 gy (e e IS 2
VA VA
X1j—12n<L<jam k2-n<R<(k+1)2-7]}- (22.7)

Note that j27" < 1A+ j27" < t,, A+ j27" <k27"ands; A (j — D27" < j27".
The next step is to condition the term-wise expectations on the respective o —fields
Fn.j = ol j—1y2-n<p<jo-n], B(s),s < j27"). Notice that the o-field gives the
(unsigned) positions of the Brownian motion B(zj—n) and the event that (j —1)27" <
L < j27". From here

My = H,I“ Z Eo{g1(B(si A(j— D27, ..., B(si A(j—1D27")g2(j27", k27
j<am k>2n
XX _pa—n<p<jo-n

[B(t1 A+ j27")] [B(tm A + j27)|
xBolljxo—n<g<(k+1y2-1183( Ja T 7 WWn, j1}-

To compute the indicated conditional expectation recall the transition density

+p)?

p O x,y) = 2m{e 2 e 5 } of Brownian motion on (0, co) viewed
up to the time to reach 0. Be mindful for the calculation to follow that according to
these transition probabilities the process may either be positive or negative prior to
reaching 0. Then, noting that k27" — (#,,A 4+ j27") = (1 — t,,) A, one has

BaA+ 27 |BnA+ 27
Bo{ljgo—n<g<k+1)2-m83( s - 7 ) Fn,j}

_ R O A: B2
/[o,oo)m/[o,oo)g3(\/2’ ,\/»)ZP (1 ( )yl)

xp @ty = 1) A 31,92 - PO Wm =ty 1) A3 =1, ) PO (A = tw) A: Y 2)
P (tg <27 ™M)dzdypy - - dyy. (22.8)

The factor of % occurs as the probability of a positive excursion from 0. Next make
the change of variable y; = v/ Az;, 1 <i < m, to write

pOwa; Vax, vV ay) = pOa; x, y)(Va)™!

and observe by comparing definitions that

2
—1 3ye )

)2

POt —s;y,2)=p™G, 1y, z)(
ze 2(| D)



272 22 ST: Simple Branching and Excursions

In particular, this brings the asserted transition probabilities explicitly into the
calculation by substituting these for the respective factors of the product p@ ((r, —
A, y1,y2) -+ p(o)((tm — tm—1)4; Ym—1, ym). Remarkably, the telescoping can-
cellations in the resulting product render it as

2

m 2(|‘j7l y

1—t; 3z e X0

. J 5 <]

| |P+*(fj71,tj,Zj—1,Zj)(l )’ ER (22.9)
. - i—1 7
=2 J L
J zje 20-1))

To express the expectation in terms of the transition probabilities pHE(s, 1 x, y) it
is convenient to define (for y = B(37))

r(A,y,21,2m, 2)

[S]

ST
_ PO Ay VAP O — 1) A VAT D) L=t 3 e HTD o

A.
2p+(0,11; 0, 2D p©@(A; y, 2) -1 B
e 20—tm)

Zm
The denominator of » permits the introduction of the two natural factors
p0,11;0,21) p@(A; B , z) as follows:
on
|B(11A + j27") [B(tm A + j27™)]
JA va

1 .
=[] sy pOm s BV
[0.c0)™ J[0,00) 2 2

Eolg3( NFn,jl

xpT (11, 21.22) - p T et tms 12 2m) PO (L = i) A5V Az, 2)
2
A
1 —tm 3 z¢ 201D

X 5 Pe(t9 < 27")dzdyp - - dy)

—m
Zme 2(T—tm)

j
=/[0 " f[o )ga(m,...,z,n)pw)m; B, 9p 0,113 0,20p (11, 13521, 20) -+
, 00 ,00

D ettt 212 2m) Pe(Tg < 27 (A, sz7,z1, o Ddzdym - -dyy.  (22.10)

Now, with a little algebraic manipulation (expanding the quadratic terms in the
exponentials defining p(?’) one can write the factors appearing in the expression for

. . X _,—X
r in terms of sinh(x) = “—— as

2 y242? Z
O a; = " 24 sinh Rad
P4y, 2) Norve ()
1 2,2
—2ar A3+
2¢ 241 Y z
Oy Ary, VAzy) = sinh(—2L)
P4y 1 riv A
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1 2 2
2¢” 2A0=tm) (z7+Azy)

Em o (22.11)

(0) _ . — si
p (1 —1tm)A; \/ZZm, 2) m sinh( «/Z(l P

and

222 S
p+*(0, 1:0,21) = T T d-n

V2R —n)3

Performing the indicated multiplications, next observe that the factor r =
r(A,y, 21, Zm, z) may be expressed as

N yz1 VA =ty) 2Zm
L Y1 smh(\/Z[]) 2m Slnh(\/z(l—tm)) exp{iyZ(l _ tl) 3 Zztm

24% sinh(%) 241 2401 = tm)

}

In particular the support of go makes r bounded within the domain of integration
and, using I’Hopital’s rule limj,_,¢ % = l,sothatr — 1/2 as y,z — O.
Substituting the expression for the unconditional expectation into M( and passing to
the limit as n — oo one obtains (noting B(L) = 0 and P, (79 < 27")dz = &9(dz),
asn — 00),

Mo = lim Z Eo{g1(B(st A (j — D27"), ..., B(sy A (j — D27™))
j<am k=2n

x1_na-n<p<jon k2-n<R<(k+1)2-1)

xf 227" k27" p O (A B(L). ) Po(ro < 27r(A, B, 21, 2m. 2)d2)
[0,00) 2 2

></ 2321, - zm)pTF 0, 1130, 2 p (11, 125 21, 22)
[0,00)™

o P10 s Zm—1> Zm)dzm - - - dzy

=Eo{g1(B(sy AL),..., B(sm AL))ga(L, R)}
X/ 8321 Zm) P TR0, 1150, 2) p T (11, 125 21, 22)
[0,00)™
ce p+*(tm—1,tm; Zm—l,Zm)dZm o 'le-

Since, letting € | 0 in the support of g, the functions g1, g2, g3 are arbitrary
bounded continuous functions this completes the proof. In particular taking g1, g2
identically one proves the Markov property and identifies the transition probability
densities for the excursion. |

Remark 22.4. A somewhat unsatisfying aspect of the above proof is that it relies
on a-priori formula for p™* that is then verified. On the other hand, it is a testimony
to the power of computation by brute force simple function approximations and
conditional expectation.
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The literature on the distributions of various functionals of the Brownian
excursion is quite extensive and results are obtainable by diverse methods,’
including the distribution of the length of the excursion interval, and the distribution
of the maximum of the Brownian excursion. Also the material in this chapter
only scratches the surface of the deep index[authors]LeGall connections® between
random trees and excursions. Some additional insights may be obtained from the
computations outlined in the exercises.

Exercises

1. (Dwass’ Formula) Let k > 2 and extend the formula (22.5) for the total progeny
distribution in the case of a critical shifted geometric offspring distribution
and the number of initial number of progenitors is Yoy = k. [Hint: Refine
the genealogical labeling to encode the dependence on each progenitor before
applying the Kemperman formula.]

2. (Borel-Tanner Distribution) Let N be the total progeny in a branching process
with a single progenitor and Poisson distribution with mean A < 1. Show that
P(N =n) = Q”Z#e‘*", n > 1. [Hint: Use the Otter-Dwass’ formula.]

3. Show that R in Definition 22.2 is a stopping time and the Brownian motion after
time R is independent of the excursion process.

4. (Brownian Meander) The simple random walk starting at O and conditioned to
remain positive until a first return at O at time 2n will be referred to as simple
random walk excursion over 0 to 2n and denoted {S',j'>|< tk=0,1,2,...,2n}.
The simple random walk starting at 0 and conditioned to remain positive over
time 2n — 1 is a process denoted {S,:r :k =0,1,...,2n} and referred to as
simple random walk meander over 0 to 2n. This exercise concerns limiting finite-

dimensional distributions of the polygonal processes {X ,(")+ :0 <t <1}and

(X t(")+* : 0 <t < 1} obtained by (continuous) linear interpolations of the points
v ST S - .

(375 J_]E?)’ k=0,1,...,2n,and (5, f—27), k=0,1,...,2n, conditionally given

[X1 > 0,Ty > 2n] and [X; > 0, Ty = 2n], respectively, cf. (17.4). The goal is
to compute the following limits.

SMuch of this originated with Lévy (1945, 1965). 1t6 and McKean (1963) exploits this in their
construction of one-dimensional diffusions as Markov processes on [0, co) subject to a general
analytic classification of possible boundary conditions due to Feller. Also see Chung (1976) and
numerous references therein, for historic remarks and alternative approaches to excursions.
SWhile this chapter is limited to defining the processes and developing a few of their basic
properties, elaborate theoretical developments with applications can be found in Aldous (1993);
Neveu and Pitman (1989); Pitman (2002); Janson (2007); Le Gall (2005); Lyons and Peres (2016);
Kovchegov and Zaliapin (2020).
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are the transition probabilities for the positive excursion process of reflected
Brownian motion. The calculations of the finite-dimensional limit distributions
will use the m-dimensional version (m > 1) of the local limit theorem
(Proposition 16.1) of Chapter 16, the reflection principle for simple symmetric
random walk (Proposition 3.1) of Chapter 3, and Stirling’s formula Chapter 3,
as well. In particular since, as in (17.4)—(17.6), on the respective sets [X] >
0,70 > 2n] and [X; > 0, Ty = 2n] the processes differ from the process

{ Jon 0 <t < 1} at time points ] < < t, by no more than el o(l), it
is sufficient to consider {% : 0 <t < 1} conditionally. Let Y7, Y, ... be i.i.d.

41-valued (Bernoulli) random variables with P(Y; = +1) = P(Y; = —1) = %
LetSo=0,8,=Y1+---+Y,,n>1LetTp =inf{n >1:5, =0}

(i) Show, for n even, P(Ty > 2n) = P(Sy—1 = —1) = P(S2, = 0) ~
%(211)’% [Hint: Use the reflection principle, symmetry and (2.2).]
(i) P(Ty = 2n) = z1P(Spy = 0) ~ \/g(zn)—%[mm: The assertion (i)

follows similarly or by direct application of (i).] in the sense that the ratios
converge to 1 asn — oo.
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(iii) Leta > 0b > 0 and let k denote an arbitrary positive integer with |b —a| <
k and such that b — a and k have the same parity. Show P(S; = b|Sp =

@) = (ho0) (4
(iv) Show for a > 0 that

P(Sy=b,S; > 0,i <k|Sy = a)=P(Sx = b|So = a)—P(Sx = b|Sy = —a).

In the case a = 0 show P(Sy =b,S; > 0,i <k) = QP(Sk =b). [Hint:
Use the reflection principle in both cases]

(v) Show fora > 0, P(S; > 0,i < k|So = a) = P(T—, > k), where T,
denotes the time to reach y # 0 by the simple symmetric random walk
starting at 0.

(vi) Show for y > 0, that P(55T, 5, > 1 — 34y — 1 - P(r_y < 1—1).
[Hint: % T /20 converges in distribution to the corresponding hitting time
7_y for Brownian motion by the functional central limit theorem. ]

(vii) Show that the preceding probability may be expressed as | —2P (B(1 — ) >
—y)=1—-2P(B(1 —t) <y). [Hint: Use the reflection principle.]
(viii) Show fory > 0,0 <7 < 1,

@P(s[zm] _ yv2n)
2

|X1>0,Ty > 2n)

Van o 2
V2n 2 Spant] [y«/ﬁ]
=2 P VT v O tsisbud

X P(S; > 0, [2nt] + 1 < i < 2n|Spun = [yv/21))

2 bJﬂlﬁn Sn _ [yv/2n] Pl _q L]
T P(Ty>2n) [2n1] 2 NG 2n =lyv2n] 2n

)

2
) ) g S o)
Te 2|20 N l—t%e l{¢(m) @ «/ﬁ]'

[Hint: Use the preceding calculations together with the local central limit
theorem and sample path combinatorial symmetries. ]
(ix) Show for0 <s < ¢,

«ﬁ Sions) [xv/2n] Stann [yv/2n]

NN NG RN
2 V2n ) Spag  [xv/2n]

= P =
P(To > 2n) 2 (m V2n
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Y2 p St VL o )1 < i < g S22 Y20

2 V2n V2n ' ’ T NN,
X P(Si > 0,i = [2nt] + 1, ... 2n|Sjpu) = [y«/2n])

|X1 >0, Ty > 2n)
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[xv/2n] 1 1 1

1 2
P (y=x)

~ V2r/on [2ns] 4/27”6 B «/271(t—s){
_e—ﬁ@mz}
(B () — P(——=)} (1 — o)
V1=t V1=t
Tx 1 1 1 e =0 _ gty ()
- 2s\/§e i «/Zﬂ(t—s){e Y e }
y y
@ — (-
x{ (m) ( m)}

=pt(0,0;s5, x)pT (s, x; 1, y).

(x) Calculate the higher finite-dimensional distributions in (a). [Hint: Condition
as in the previous case k=2 and use induction. ].
(xi) Provide similarly indicated calculations as above for the limit asserted in

(b).



Chapter 23 )
Special Topic: The Geometric Random e
Walk and the Binomial Tree Model of
Mathematical Finance

The pricing of options has a long mathematical history dating back to
Luis Bachelier’s remarkable pre-Einstein and Smoluchowski conceptions
of Brownian motion. Option pricing is widely recognized among the most
natural applications of martingale theory outside of mathematics. In this
chapter, the basic discrete space-time model and underlying concepts are
introduced in terms of a multiplicative (geometric) random walk. The key
mathematical innovations! that result are (i) the natural occurrence of the
notion of martingale change of measure in terms of arbitrage-freeness and
(ii) the issue of martingale uniqueness as it pertains to market completeness.

Suppose that today’s price (t = 0) of a share of some risky asset, e.g., a share of
stock, is Sp. Also suppose that risk-free assets are available, e.g., US Treasury bonds,
at today’s price of By. The standard model for the (discrete time) evolution of bond
prices is by deterministic growth at the risk-free interest rate r > 0. Accordingly,

Bl_l,_l_Bt:rBl, t:O,l,... (23.1)
Solving (23.1) with the initial value By, one has

Bi=R'By, t=0,1,..., R:=r+1>1. (23.2)

! A more comprehensive and contemporary treatment of these ideas is given by Foelmer and Schied
(2002)
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280 23 ST: Binomial Tree Model

A standard model for stock prices assumes that in each unit of time, the price may
move up (increase) by a factor u > 1 with probability p, or may move down
by a factor d < 1 with probability p; = 1 — p,. The probabilities (p,, pqs) are
referred to as the historical probabilities. Thus the temporal evolution of stock prices

S0, S1, ... is governed by the stochastic difference equation
Sl+l - S[ == Yt+1S[, t = O, 1, 2, ey (233)
where Y1, Y2, ... is an i.i.d. sequence of Bernoulli random variables defined on a

probability space (£2, F, P) with P(Y1 =u—1) = p,and P(Y1 =d — 1) = pq.
Equivalently, stock prices are said to be distributed as the geometric random walk
process given by

t
S; = HZ./SQ, t=0,1,..., Zj=1+Y;,j=12,... (23.4)

j=1
Notice that the sequence In Sp, In S7,1n S, ... evolves by additive independent

increments. Thus the stochastic process {InS; : + = 0,1,2,...} is an additive
random walk. The geometric random walk model for stock prices is commonly
referred to as the binomial tree  model® in mathematical finance. This name is
derived from the recombining tree graph illustrating possible stock movements
So — {uSo,dSo} — {uuSo,udSo = duSp, ddSp} — ---. The probability P is
also referred to as the historic or market probability measure, to distinguish it from
other related change of probability measures that arise naturally in this context. Itis
reasonable to restrict attention to the case of parameters 0 < d < R < u; otherwise,
for example, if d, u < R, the availability of risk-free assets at rate R would make
the risky asset unattractive to investors.

Definition 23.1. An option or contingent claim on Sp, S1, ..., St over a finite
time horizon T is identified with a non-negative o (S, . .., S7)-measurable payoff
random variable X = X (So, S1, ..., S7) representing the value of a contract on
evolution of the underlying asset prices.

Example 1. A (European) call option is a contract to allow the holder the right to
purchase the underlying asset at the expiration time T for a previously agreed upon
(contracted) strike price K. The qualifier “European” refers to contracts covering a
time horizon [0, 7'] that can only be exercised upon expiration time 7'. The value
of the contingent claim at time 7' to the holder of the contract is its payoff X =
(St — K)T since the holder will buy St at the price K upon the event [S7 > K],
but otherwise will not make the purchase, i.e., not exercise the option to buy. The
question is to determine a “fair” purchase value of the contract at today’s time ¢ = 0.

2This model is a discretization of the continuous time model originally used for the derivation of
the Black—Scholes formula in Black and Scholes (1973). The discretization was introduced by Cox
et al. (1976).
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Mathematically this is a final value problem in which one is given the final value of
an evolving process at a specified time and then seeks the initial value.

The problem of pricing options may be viewed from two different perspectives,
namely that of the holder and that of the writer of the contract. Let us first consider
the pricing question from the perspective of the writer. A hedging principle assigns
a price g, which is sufficient to render the writer’s exposure to lose the amount X
of the contingent claim, a risk-free exposure by appropriate investment of m into an
offsetting self-financing portfolio. For example, consider a T = 1 period contract
for which the writer is paid wg. The writer could purchase some ¢( units of stock
and v, units of risk-free bond where

o = ¢0So + Yo Bo, (23.5)

and ¢g and o can at most depend on Sy, but not tomorrow’s value of Sy; i.e., o (Sp)-
measurable. At the end of one period, this portfolio will have the new value given
by

S RB if S S
Vi = goSi + o By = | P0150 T VoRBo iESi=udo (23.6)
@odSo + YoRBy if S| =dSo.

On the other hand, at the end of the T = 1 period, the writer is exposed to a loss in
the contingent claim amount

X (So, uS if S1 = uS
X = X(Sp, §) = § X (So-uSo) if 51 = uSo (23.7)
X(Sg,dSy) if §1 =dSp.

Thus the writer of the contract may seek an amount 77 sufficiently large to solve
Vi = X = X(So, $1) (23.8)

for the respective portfolio amounts ¢ and ¥ to hedge the risk of loss. Specifically,
solving (23.8) for the least such amount under (23.6) and (23.7), one obtains

_ X(So, uSo) — X (S0, dSo) Vo = d X (So, uSo) — uX(So, dSo)
- uSo — dSo 0= R(d — u)Bo '

%0

(23.9)
Substituting these values into (23.5) and collecting coefficients of V (S, uSp) and
V (S0, dSo), respectively, it follows that

70 = R™'[X (S0, uS0)qu + X (So. dSo)qal = R~'Eg{X(So. SDISo},  (23.10)

where
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R—d _u—R
u—d’ qd_u—d’

qu = (23.11)

and Q is the probability on (£2, F) under which the stock price model Sy, Sy, ... is
distributed as the geometric random walk process

t
Ss=[]2iS. t=01..... j=12..., (23.12)
j=1

with Q(Z1 = u) = q, and Q(Z1 = d) = qq4. The requirement d < R < u imposed
at the outset makes Q a probability. The formula (23.10) is the discrete time one-
period Black—Scholes formula for option valuation; see Figure 23.1 as a guide to the
derivation. Observe that it represents the price of the option as a discounted expected
value under a pricing probability Q, which is generally different from the historic
probability P. An agent is willing to accept 7 for the contract because the risk can
be completely removed by investment in a hedging portfolio with value Vo = mp
today and value Vi = X tomorrow at date of expiry (T = 1). Such an agent will
sell a large number N of contracts for my + € to make a profit of Ne.

The extension of the replicating hedging principle to a T-period contract is as
follows: The writer seeks an amount 7y sufficient to construct an offsetting portfolio
defined by random variables ¢;, ¥, ¢t = 0,1,2,..., T — 1 such that (a) ¢; and v
are each F;_1 := 0 (Sp, S1, ..., S;—1)-measurable; (b)rg = Vo := ¢Sy + YoBy —
Vii= oSt +YoB1 = @181 + 1B — -+ = Vr = ¢r—1S7 + Yr—1Br such
that Vy > X.

The arrows represent the transformation of the portfolio values due to movements
in the underlying risky asset and bond prices, which are reapportioned in the
amounts ¢; and ¥, at each successive step .

Definition 23.2. Random variables ¢; and v, satisfying (a) are said to be pre-
dictable, and a self-financing strategy refers to a predictable strategy satisfying the
condition (b).

Pricing over period T requires a sufficient amount o that the portfolio can be
reapportioned by a predictable strategy, i.e., without the aid of a “crystal ball,”
into shares of stocks and bonds in the course of their evolution such that the self-
financing and attainability conditions hold, i.e.,

oSt +YiBr =18t + Y 1B 20,1 =1,2,....T—1, or_1St+v¥r_1Br=Vyr. (23.13)
The following proposition provides such a price mg and self-financing strategy for

a given contract amount X.

Proposition 23.1. There is a self-financing hedging strategy (¢, ¥;), t =
0,1,...,T — 1 for any given contingency claim X provided wp > R_TIEQ{XlSo}.
Moreover, V; := ¢;—18; + ¥:—1B; > 0,t =1,2,...,T.
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Fig. 23.1 Recombining Binomial Tree
Proof. The case T = 1 was solved in the derivation of (23.10). From here one

proceeds by induction as follows. Consider the T — 1 period contingent claim
X = R"Eg(X|Fr-1)

over the one period from T — 1 to T. By the induction hypothesis, there is a self-
financing trading strategy ¢;, ¥, t =0, 1,..., T — 2, such that

@r—2S7_1 + Yr_2Br_1 = X
for the price
7o =R~ T DEG (XIS} = R-T " DEQ{EQ(R™IXIFr_DISo} = R-TEQ{X|So}. (23.14)

Now reapportion the amount X = ©7-28T—1 + Y1_2BT_1 to complete the hedge
over the last period by solving exactly as in the one-period case. That is, the least
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amount Vr required is V7 = X, so that one solves (for ¢7_1, ¥7r—1) the equations

X =or_1St +v¥r—1Br

_Jer—1uSt—1 +¥7_1RBr_1 = X (S, .. ., St—1,uSt—1) if S7 =uSr_)
or—1dST—1 + Y7 1RBr—1 = X (S0, - - -, Sr—1,dSr—1) it Sp =dSr_y,

to obtain
o1 = X(So, ..., St—1,uSt—1) — X(So, ..., S7-1,dS71)
- (u—d)St— '
- uX(So,...,Sr—1,dSr—1) —dX(So, ..., St—1,uSr_1)
=t R(u —d)Br_y '
(23.15)
Also check that

or—187—1 + ¥7-1Br—1 = R"'Eo(X|Fr_1) = X,

so that, by (23.14), o7 1 ST 1 +¥17-1Br—1 = 972871 +¥7_2BT_1, COmpleting
the induction argument. No additional money is required to complete the hedge from
X to X in the last step so that the asserted non-negativity is also preserved by the
induction argument. |

Some additional terminologies used in this framework are as follows.

Definition 23.3. The contingent claim X with expiry T is said to be attainable at

price mg if there is a self-financing strategy (¢;, ¥¢) : ¢ =0, 1,..., T — 1, with the
associated market value portfolio process Vy = V(¢o, ..., 1) := ¢St + ¥ By, t =
0,1,..., T such that Vj = 7 and V7 = X. Self-financing strategies such that
Vi >0foreacht = 0,1, ..., T are said to be admissible.

So we have proven that every contingent claim is attainable for the binomial tree
model with parameters 0 < d < R < u. This is desirable from the perspective of
the individual who sells the contract (writer). Let us now turn to the contract buyer
(holder). In particular, in what sense is the price 7y = R_T]EQ{X |So} a “fair” price
to pay for the contract?

Definition 23.4. A market model is said to be arbitrage-free if there does not exist a
self-financing trading strategy ¢, ¥;,t =0, 1,..., T — 1 such that ¢;S; + ¥ B; =
P18 + Yr—1Br = 0,0 = 1,..., T, but 9oSo + YoBo = 0 and Ep(¢r—1Sr +
Yr-1Br) > 0.

Note that the historic probability P is used in the definition of arbitrage-free
market. The meaning is that there is not a self-financing strategy that can start with
zero investment and attain a positive return with positive probability. This is a sense
in which the writer’s price may be viewed as “fair” to the buyer.
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Proposition 23.2. The binomial tree model for risky asset prices and risk-free
bonds (S;, By) :t =0, 1, ..., T is arbitrage-free.

Proof. The proof is based on two basic properties of the pricing measure Q obtained
above. First is the existence of a measure Q, which is equivalent to P in the sense
that for any event A € Fr = o(S, S1,...,S7), one has P(A) = O if and
only if Q(A) = 0 (Exercise 1). Secondly, the following property holds under the
probability Q

Eg(R™UTDs, 1 F)=R7'S, 1=0,1,..., T-1. (23.16)
To verify (23.16), simply observe that

Eo(R™VS, 11F) = RTVus,q, + R=VdS,q4

_ gty R4 _j 4 Rgs LR

u— u—
- R_tS[.
Now, suppose for contradiction, that the model is not arbitrage-free. Then there is a
self-financing trading strategy ¢y, ¥y, =0, 1,..., T — 1 such that ¢;S; + ¥, B; =
Q18 + Y118 = 0,t = 1,...,T, but 99So + YoBo = 0 and Ep(p7-1S7 +
Yr—1B7r) > 0. Thus, by equivalence, Eg(¢7-157 + ¥7-1B7) > 0. Now, using
the property (23.16), one can iterate backward as follows:
0 <Eg(pr—1ST + ¢¥r-1B7)

=Eo{Eg(pr—1S7 + ¥r—1Br|Fr-1)}

= Eoler—1Eo(St|Fr-1) + ¥r-1Br}

=Eo{or—1RSt—1 + Yr-1RBr_1}

= REo{¢r—1Sr—1 + ¥r—1Br—1}

= REo{¢r—2Sr—1 + ¥1r—2Br_1}.

Iterating the successive conditioning, one arrives at

0 < Eg(pr—1St + ¥r—1Br) = R"Eo{p0So + v¥0Bo},

which is a contradiction. | |

The property (23.16) is the martingale property of the stochastic process M; =
R7'S;,t=0,1,...,T on (£2, F, Q) with respect to the filtration F;, ¢ > 0, where
Fo=1{0, 2} and F; = 0(So, S1,...,S8;),1 <t < T. For this reason, Q is often
referred to as the martingale measure.
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Definition 23.5. An arbitrage-free market model is said to be complete for a time
horizon T if every contingent claim X with expiry T is attainable by an admissible
strategy.

To summarize what has been obtained so far for the binomial tree model, for a
given finite time horizon T, there is a so-called pricing probability Q, equivalent
to the historic probability P on o (Sp, S1, ..., ST) in the sense of mutual absolute
continuity, such that

Eo(R™VS | F) = RSt =0,1,...,T — 1. (23.17)

That is, the discounted stock prices M; = R™'S;,t = 0,1...,T, comprise a
martingale under Q, making the model arbitrage-free. Moreover, the market is
complete in the sense that any contingent claim X = X(Sp, ..., St) offered at
the arbitrage-free price mp := R _TEQX could be perfectly hedged by the market
price portfolio associated with a suitable self-financing strategy, i.e., is attainable.
In the remainder of this chapter, let us show a little more generally that (i) the
arbitrage-freeness is a consequence of the existence of an equivalent probability,
which makes the discounted risky asset prices a martingale, and (ii) completeness
is equivalent to uniqueness of such an equivalent probability. Let us assume the

same model for bonds B; = R'By,t = 1,..., T, but replace the single risky
security of the market price model S; = ]_[;:1 Z;jSo,j=0,1,...,T, by a vector
S=1(S :1=0...7T):= (S, ....8%Y .1 =01...,T) consisting
of d statistically independent risky securities S,(j )= ]_[ﬁz1 Zl.(j )S(()j ), j =
1,...,d, where Zij), Z;j), cee Z(Tj) are i.i.d. random variables on a probability

space (§2,F, P) taking values in {d;,u;}, 0 < d; < u; with probabilities
P(Z,(]) =uj) =pj =1- P(Zt(]) = d;). The definition of a contingent
claim X = X(So, ..., St), namely a non-negative Fr-measurable random variable,
remains the same. The other terminology introduced above also directly extends to
this setting with the single risky security replaced by the vector of risky securities.
Let Pr denote the collection of probabilities Q, which are equivalent to P in
the sense of mutual absolute continuity and such that the discounted price vector

{(R7!S; : t = 0,1,..., T} is a (vector) martingale under Q with respect to the
filtration F; = o (Sp, e S, t=1,...,T, Fo = a(So) = {@, £2}. That is, each
component process {S,(J) :t =0,1,..., T} is a martingale under Q. We refer to

QO € Pr as an equivalent martingale measure (EMM).

Proposition 23.3 (Existence of EMM). The market price model is arbitrage-free
over the period 0 < ¢ < T if and only if Py # 0.

Proof. Assume that there is an equivalent martingale measure Q. The proof is
essentially as in the proof given above for the single security binomial tree model
since the martingale property of {R™'S, : t+ = 0,1,...,T} implies that any
market price portfolio associated with an admissible self-financing strategy ¢, =
@, 9P, Yt =0,..., T — 1, namely
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d
Vo=@ S+ viBi=Y oS+ B, r=1....T,
i=l1

is, upon being discounted as R™'V;, also a martingale. Specifically, the self-
financing and predictability properties of ¢, Y together with the martingale property
imply

d
EoR™VIF—) = Y 0P EgR™' S| F,_p) + Y41 R By

—_

oD RSO Ly B =RV, =1, T

N

i=1

Now one may see that there can be no arbitrage simply because martingales have
constant expected values.

For the converse, suppose that the market model is arbitrage-free. If 0 < d; <
R < uj foreach j =1,2,...,d, then using the result above, one may explicitly
solve for a martingale measure for each single security model. The corresponding
product measure belongs to Pr. If however R is not contained in (d},, u j,) for some

Jo, then one can construct an arbitragable contingent claim based on the value S;’ 0)
of this single security at expiry as follows. In the case R < dj, < uj,, consider

the option to sell the security at its market price RTS((JJO). But observe that since
dﬁ)S(()JO) > RTSéJO), (S(T]O)—RTS(()N))Jr = S<T]°>—RT§(SJO) regardless of the outcome
of the model. This is arbitragable by borrowing S(()j") /Bo units of risk-free bond,

i.e., an amount S(()] 0 of currency, and purchasing one unit of S(()] 0 at the equivalent
amount of currency and, hence, zero initial investment. At time 7', one achieves a

sure profit of at least dj{)

by holding these amounts, i.e., ¢; = 1, ¥, = —S(()j")/Bo fort =0,1,...,T — 1,
one has

S(()j‘)) - RTS(()jO) after paying back the loan. That is, simply

(Jo)
. S . .
_ ¢Go) 0 T (o) T (o)
O—SOO +(_B—O)Bo—>VT2djOSOO —R SOO > 0.

Similarly one can construct an arbitrage opportunity in the case that 0 < dj, <
uj, < R (Exercise 4). Thus if the market model is arbitrage-free, then P is non-
empty. |

Recall that an equivalent martingale measure serves as the pricing measure.

Corollary 23.4. If X is an attainable contingent claim, then

Ty = R_TIEQX forany Q € Pr.
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Let us now turn to uniqueness of the EMM. Uniqueness of the equivalent martin-
gale measure Q has the following economic implications. Recall that completeness
of an arbitrage-free market refers to the attainability of all possible contingent
claims.

Proposition 23.5 (Uniqueness of EMM). An arbitrage-fee market model is com-
plete if and only if Pr = {Q} is a singleton.

Proof. For arbitrage-freeness, we have at the outset that 0 < d; < R < u; for each
J. Suppose that the market is complete. Then for any contingent claim of the form
X = RT1,, where A € Fr, it follows from the above corollary that

EQIIA = ]EQZIA for any Q], Q2 (S PT.

Thus Q1 = Q». Conversely, suppose Pr = {Q}. If X is any contingent claim,
then for this market model, there is always an equivalent martingale measure under
which X is attainable (Exercise 4). Thus this probability must coincide with Q and
X is attainable, i.e., the market model is complete. | |

Exercises

1. (i) (American Option) An American option refers to a derivative contract, that
permits exercise of the option at any time t prior to expiry where 7 has the
(stopping time) property [t < m] € of{S; : j < m}. (i) Show that for
an American call option, there is no advantage to exercise prior to expiry,
i.e., an American call is equivalent to a European call, in the sense that
sup, ER™TV(S;) = ER~TV(Sr), where the supremum is over all stopping
times T < T. [Hint: Use Jensen’s inequality.] (ii) Extend this to options with
an arbitrary convex payoff function V such that V(0) = 0. [Hint: Check that
V(As) < AV(s) for A > 1.]

(ii)) Show that the pricing measure Q is equivalent to the historic measure P in
the sense that for any event A € Fr = (8o, S1,..., ST),onehas P(A) =0
if and only if Q(A) = 0, i.e., the restrictions of P and Q to the o-field
Fr = o(So, S1, ..., St) are mutually absolutely continuous.

(iii) Show that the probabilities cannot be mutually absolutely continuous on the
(infinite horizon) o-field o (So, S1, . . .). [Hint: Use the law of large numbers
to identify events that have positive probability under P and zero probability
under Q, and vice verse.]

2. (Regime Switching Model) Let Yy, Y1, Y2, ... be a two-state 0, 1 Markov chain
with transition probabilities P(Y,41 = j|¥, =1) = pijj € (0,1),i,j =0,1,
and initial distribution P(Yy = i) = r; € (0, 1). Imagine Y, as a state of the
market economy, healthy (1) or unhealthy (0), on the n-th period. Assume a risk-
free rate R = 1 + r exists for bonds. Suppose that security prices Sg, S, ...
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evolve as S,+1 = u(Yy,, Yu41)Sn, where 0 < u(0,0) < R < u(0,1) and 0 <
u(1,0) < R <u(1,1).

(a) Show that such securities together with risk-free bonds provide an arbitrage-
free market model and determine the price of a contingent claim X with
expiry T. [Hint: Consider the role of the historic probability in the proof of
Proposition 23.2.]

(b) Show that the market is not complete if pog # pio.

3. (Put-Call Parity) A (European) put option is a contract to allow the holder the
right to sell the underlying asset at the expiration time T for a previously agreed
upon (contracted) strike price K. The value of the contingent claim at time T to
the holder of the contract is its payoff X = (K — S7)* since the holder will sell
St at the contracted price K upon the event [S7 < K], but otherwise will not
exercise the option. Let m, ¥ denote the present no-arbitrage prices of European
put and call contracts, respectively, for a strike price K at expiry T on an asset
with present price Sp.

(a) Show that for a risk-free interest rate r, one has the put-call parity relation:
m=k—S8+1+r)"TK.Compute x — 7 = (1+r) TEp{(St — K)* —
(K —S7)*}.

(b) Give a no-arbitrage cash-flow argument based on the value at expiry of a
position of a trader (contract writer and holder) who presently buys the asset
at Sp, buys a put option at 7, and sells a call option for a price k. [Hint: Argue
that the value of the trader’s portfolio at expiry is K regardless of which of
the two events [S7 > K] and [S7 < K] occur. Then discount this value of
the portfolio to present value.]

4. Show that the finite market model given in this chapter with 0 < d; < u;, 1 <
J =< d, is arbitrage-free if and only if d; < R < u; for each j. Show that
if d = 1, then it is also complete. Give an example of an arbitrage-free but
incomplete finite market model.

5. (Discrete Time Lognormal Model) Suppose that the {Z;, Z,,...} are i.i.d.
lognormally distributed. Determine conditions on the parameters such that the
discounted price sequence {R™'S, = R~ ]_[tj:l ZiSo :t—0,1,...T}is a
martingale.



Chapter 24 )
Special Topic: Optimal Stopping Rules e

Optimal stopping rules are developed to maximize a reward or minimize a
loss in a martingale framework by stopping the process at the right time.
Applications include the pricing of American options and the “search for the
best” (secretary problem) algorithm.

On a probability space (§2, F, P) an increasing sequence {F, : n > 0} of
sub-o —fields of F, i.e., a filtration, is given. For example, one may have F,, =
o{Xo, X1, ..., X,;} where {X,,}°° | is a sequence of random variables. Also given
are real-valued integrable random variables {Y, : n > 0}, Y, being F,-measurable.
The objective is to find {F,};2 | -stopping times t* that minimize EY; in the class T
of all a.s. finite {F,} 2 |-stopping times 7. One may think of ¥, as the loss incurred
by stopping at time n. Similar methods apply to the maximization problem when Y,
represents the gain in stopping at time 7.

We begin with the simpler “finite horizon” problem of finding an optimal
stopping time 7, that minimizes EY; in the class 7, of all stopping times T bounded
by m. This problem will be solved by a method of backward recursion.

We first give a somewhat heuristic derivation of 7. If 7, = o{Xo, ..., X}
(n = 0) and Xo, X1, ..., X;,—1 have been observed, then by stopping at time m — 1
the loss incurred would be Y,,_;. On the other hand, if one decides to continue
sampling, then the loss would be Y,,. But Y}, is not known yet, since X,, has not
been observed at the time the decision is made to stop or not to stop sampling. The
(conditional) expected value of Y,,, given Xo, . .., X,,—1, must then be compared to
Y;u—1. In other words, 7} is given, on the set [t} > m — 1], by
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m

= 24.1
m if Vo1 > EX | Fine1). ( )

* {m —1if Yyt S EEn | Fu-1)s
As a consequence of such a stopping rule one’s expected loss, conditionally given
o{Xo,.... Xm—-1}, 18

Vin—1 :=min{Y,,,_, E(Y,, | Fiu—1)} on [T,: >m—1]. (24.2)

Similarly, suppose one has already observed Xo, X1, ..., X2 (sothat 7, > m —
2). Then one should continue sampling only if Y,,,_» is greater than the conditional
expectation (given {Xj, ..., X;;—2}) of the loss that would result from continued
sampling. That is,

ot = { i m—2 %f Y2 <EWVu_1 | Fn2), . (24.3)
>m—1if Yy > E(Vy—1 | Fu—2), onl[r,;, >m —2].
The conditional expected loss, given {Xy, ..., X,,—2}, is then
Vin—2 :=min{Yy,—2, E(Vy—1 | Fu—2)} on [t} > m —2]. (24.4)
Proceeding backwards in this manner one finally arrives at
=0i <
r')'k' - { > (1) g ?g ; ]]Ei\ti || ;z;, on [7; > 0] = £2. (24.5)
The conditional expectation of the loss, given Fy, is then
Vo := min{Yy, E(V] | Fp)}. (24.6)

More precisely, V; are defined by backward recursion,
Vi : =Yy, Vi=minlY; E(Vi.1 | F)} (G=m—-1,m-2...,0), (24.7)

and the stopping time 7, is defined by

Tp=min{j:0<j<m,Y; =V;} (24.8)

m

Although the optimality of t, is intuitively clear, a formal proof of its optimality is
worthwhile.

Theorem 24.1. (a) The sequence {V; : 0 < j < m} is a {F}-submartingale. (b)
The sequence {Vzx ;1 0 < j < m}is a{F;}-martingale. (c) One has

EY;: | Fo)=Vo as.VteT,,
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E (Yf:;l | ]:()) =Vy as. (24.9)

In particular, t;} is optimal in the class 7p,.

Proof. (a) By (24.7), V; < E(Vjy1 | Fj).
(b) We need to prove E (Vr,;; AG+D | F j) = Vix ;. This requires showing for an
arbitrary JF;-measurable bounded real-valued random variable Z that
E(ZVT*/\]‘) :E(ZVT*A(j+1)) O<j<m-—1). (24.10)

m m

For this write

E(ZViynj) = E(ZVignjligg<j1) + E(ZViynjliz=j)
=E(ZVyng+n =) TE(ZVi1g=5) . Q41D

m

But,on [1) > j], V; = E(V;41 | Fj). Also, [t > j] € F;. Therefore,

]E(Zle[r::,>j]) =E [Zl[r,:;>j]E(Vj+1 |fj>]
=E (Zvj+11[frt¢>/.]) =E (Zvr,’,’;/\(j+l)l[T,’,‘l>j]) . (24.12)

Using (24.11) in (24.12) one gets (24.10).
(c) Let T € Fy. Since Y; > V; for all j (see (24.7)), one has ¥; > V;. By
Theorem 11.1 and the submartingale property of {V; };f’ o it now follows that

E(Yy | Fo) = E(V; | Fo) = Vo. (24.13)

This gives the first relation in (24.9). The second relation in (24.9) follows by the
martingale property of {¥rx j};‘nzo (and Theorem 11.1). By taking expectations
in (24.9) the optimality of t,} is established. |

Remark 24.1. In the minimization of EY; over 7,,, Y,, need not be F,,-measurable.
In such cases one may replace Y, by E(Y, | F,) = U,, say, and note that, for every
{Fn}o2 ,-stopping time 7,

m m m
E(Y) = ) Ejlie—j) = 3 E[EY1z=jy | Fp] = Y Ellir=jU)) = EUr.
=0 =0 j=0

Hence, the minimization of EY; reduces to the minimization of EU; over 7,,.

Also, instead of minimization, one could as easily maximize EY; over 7p,.
Simply replace min by max in (24.7), and replace > by < in (24.9). We state this as
a corollary below.

Corollary 24.2. Let V; :=max{Y; E(V,.1 | Fp} (Gj=m—-1,m—2,...,1,0),

Vin =Yu, 1 =min{j : 0 < j <m,Y; = V;}. Then:
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{V;:j=0,1,...,m}is a {F;}-supermartingale.

AVixnaj 0 j=0,1,...,m}is a {F;}-martingale.

CE(Y: | Fo) < Vgas.VTeT,.

. E(Yyx | Fo) = Vo as. In particular, 7,; is optimal in 7, for the problem of
maximizing E(Y;), and the maximum value is E(Vp).

e T

Remark 24.2. Let T; , denote the set of all stopping times 7 such that j < v <

m a.s. It follows from the backward recursion, in the construction of the optimal

stopping rule in Theorem 24.1, that the optimal stopping rule in the class 7; ,, is
*

T = min{j < k < m : Yy = Vi}, and the corresponding optimal value is EV;,

and that Vj = E[Yr;m | Fi]. Note that V; maximizes the conditional expectation
E(Y, | F}) in the class of all 7 in 7j ;.

Example 1 (Search for the Best Algorithm (Secretary Problem)). Suppose there are
m > 2 candidates for a position. Assume their qualifications can be measured on
a numerical scale from the worst to the best, with no ties. To be precise, suppose
that they can be ranked from worst to best as 1,2, ..., m. Assume also that the
candidates are interviewed one after another and rejected until the j-th candidate
is chosen, say j = 1,...,m. Let W; be the probability that j-th person chosen is
the best. The problem! is to find a stopping rule 7 that maximizes the probability
W:, among all stopping rules 7. Let F; denote the o-field generated by the first j
observations X1, ..., X;.
Define the F;-measurable random variables

Y; = E(Wj | fj) =PX;=M;| ]‘-j), (24.14)

where M; := max{Xy,...,X;},j=1,....m. If X; = M;j,ie., X;, is the top
ranked among the first j observations, then the condition probability (given X1, ...,
X ;) that X ; = m is the top ranked (maximum) overall is j/m;if X; < M then of
course this conditional probability is zero. Therefore,

J
Y; = EI{XJ:M"}' (24.15)

Also, for every T € T, as explained above,

m m

EY; =Y E(Yjlp=jy) = Y E[EW; | F)lp=j]
j=1 j=1

IThe secretary problem has an interesting history recorded by Ferguson (1989), with numerous
references. There is also a rather large literature on generalizations to lower order preferences than
the best, e.g., search for second best, to partially ordered preferences, and so-on of interest in
theories and models for ecological foraging, on-line marketing, and others.
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E[E(=jW; | Fj)]

I{T j}W =EW,.

Hence, the maximum of EW; over 7, is also the maximum of EY; over 7,,. In order
to use Theorem 24.1 with min replaced by max in (24.7) and “>" replaced by “<”
in (24.9), we need to calculate V; (1 < j < m). Now V,, =Y, and (see (24.15))

m 1
IE(Ym|]:m—1):_P(Xm: m|]:m—1):_ (M ZM)
m m
Since (m — 1)/m > 1/m, it then follows that
Vin—1 : = max {Yp—1, E(Yy | Fin—1)}

m—1
= 7 1{Xm—1:Mm—I} + I’I_’l I{Xm—1<Mm—1}'

Then,
IE(Vm—l | ]:m—2)
m—1 1
= 7 PXm—1=Mpy—1|Fn-)+ E PXm—1 <Mpu_1|Fn-2)
m—1 1 1m-=2 m—2 1 1
= — = + . (24.16)
m m—1 mm-—1 m m—2 m-—1

To evaluate
Vim—2 = max{Ypym—2, E(Vp—1 | Fin—2)}

note that if im — 2)~! + (m — 1)~ < 1 then (see (24.14) and (24.16))

m—2 m—2 1 1
Vip—n = — Lx,, >=M,_} + + P X, 2<My_s) 24.17)

m m—2

so that a calculation akin to (24.16) yields

m—73 1 1 1
E(WVn—2 | Fu-3) = + + .
m m—3 m—-—2 m-—1

Assume, as a backward induction hypothesis, that
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i1 1 1
EVig | F)=>(-4—+-+——), 24.18
Vi1 | Fj) m<j+j+1+ +m_1> (24.18)

for some j such that

<1. (24.19)

Then,

J J
Vi = max{Y;, E(V;1 | F;)} = max {— Lix;=m;} —aj}
m m
J J
= Lix;=m;) + n_’tajl{X'/<Mj}’

and, since P(X; = M; | F;j_1) = 1/j, it follows that

ARy P iy (UL RSP S PR ek
JEY =y j—1 m—1) 4=t

The induction is complete, i.e., (24.18) holds for all j > j*, where
PES

Ji=max{j:1<j<ma;>1} (24.20)

In other words, one gets
E(Vipi | Fj)=2La;  for j*<j<m. (24.21)
m

Also,
j*
Vi+ = max {Yj*, E(Vjsy1 | ]'-J*)} = . ajx, (24.22)
since aj+ > 1. In particular, V« is nonrandom, which implies
+3k

J
E(Vis | Fir_1) = —ajs.
( Jj | 1) aj

which in turn leads to

-k

J
Vis_1 = max{Yj*_l,]E(Vj* | ]:j*—l)} = Zaj*.

Continuing in this manner one get
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Vi=—aj for 1 <j<j* (24.23)
The optimal stopping rule is then given by (see (24.8))

min{j:j>j*+1,X; =M;}, ifX;=M,;forsomej> j*+1,
. iz j=Mj) i=M;j J=J (24.24)
m. if Xj % M forall j > j* + 1.

For, if j < j* then Y; < E(Vj41 | Fj) = (j*/m)aj«. On the other hand, if
Jj>j* thena; <1sothat: (i) Y; > E(V;y1 | Fj) = (j/m)a;j on {X; = M;} and
() 0=Y; <E(Vji1 | Fj)on{X; < M;}. Simply stated, the optimal stopping rule
is to draw j* observations and then continue sampling until an observation larger
than all the preceding shows up (and if this does not happen, stop after the last
observation has been drawn). The maximal probability of stopping at the maximum
value is then

EV)=Vi=fap =L (L Loy ] (24.25)
1) = l—ma]*—m ]* ]*+l m—1 . .

Finally, note that, as m — oo,

1 " 1
ajpx = —
J j* jr+1

1
4+t — =1, (24.26)
m—1

where the difference between the two sides of the relation “~” goes to zero. This
follows since j* must go to infinity (as the series > [°(1/j) diverges and j* is
defined by (24.20)) and a > 1, aj+11 < 1. Now,

g o .
J

*/mx

Combining (24.26) and (24.27) one gets

-k sk

—logl~1, L~ (24.28)
m

where the ratio of the two sides of “~” goes to one, as m — oo. Thus,

e
lim L =1, lim E(V}) =e¢ . (24.29)
m—o00 m m—00
Example 2 (American Options). An American option in mathematical finance
refers to contracts that may be exercised at any stopping time prior to the contracted
expiry date 7. For example, an American call would permit the holder the option
to buy the stock at the strike price K at any stopping time t < T'; see Exercise 6.
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Similarly an American put option gives the holder the right to sell the stock at the
strike price K at any stopping time prior to 7. Recall the binomial tree model for a
single security S; = H3‘=1 Z;So and risk-free bonds B; = R'By,t =0,1,..., T,
where R = 1+ r for the risk-free rate r > 0 treated in Chapter 23. For an American
put option over a time horizon of length 7' in this market model it is natural to
consider the quantity

7o = max EQ(R_t(K - Sr)+|}—r)v
teTr

where Q is an equivalent martingale measure (pricing measure); see Chapter 23.
From the perspective of the writer this is the price that would prepare for the worst
case exercise scenario by the holder of the put option. The maximum is achieved at
the exercise date

o =min{t : (K — )" = R'Eg (Vi1 F)),
where V; is recursively defined backwards in time by
V, =max{(K — $)", R"'"Eq(V,11|F)} t=T—1,T—2,...0

and V7 = (K — S7)™. In other words, one proceeds recursively backwards through
the tree comparing the intrinsic value of the option with the discounted expected
value (under Q) at each node and recording the larger of the two. The stopping rule
is to stop the first time the intrinsic value is larger than the discounted expected
value.

To complete this chapter we will consider the infinite horizon problem of finding
an optimal stopping rule in the class 7 and write

ij"” =V (24.30)

to emphasize the dependence of V; on m.
Since V™ = Y,,, one has V"™ = min{¥,, E¥pmst | F)} < V.
Assuming, as (backward) induction hypothesis, that Vj(flﬂ) < Vj(ﬂ for some j

(0 < j < m), one has

Vj(m+1) = min {Yj7 E (Vj(_i”_lrl) | ]:j>] < min [Yj, E (V](zi | fj)} = Vj(m)'
(24.31)

Vj(mH) < Vj(m) for 0 < j < m, and for each j the sequence {Vj(m) m > j}

Hence,
is decreasing (as m 1). Let Vj(oo) denote the limit of Vj(m) as m — oo. Since Vj(m)

is Fj-measurable (for every m) so is Vj(oo). If one assumes
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E (sup Yn_) < 00, (24.32)

n>0

then, writing Z = sup,> Y, , one has
—EZ|F) <V <y (j=0. (24.33)

The right side of the inequality follows from Vj(m) < Y;. For the left side use:
OV =Y, = Y, > —Z, sothat V{" = E(V\™ | Fp) > —E(Z | Fp) and
(ii)backward induction, to get Vj('") > —E(Z | F;) (Exercise 1). Thus (24.33) holds
for Vj(m) (m > j)in place of Vj(oo). Now take limit as m 1 oo. In particular, Vj(oo)
is integrable. It is natural to ask if EVO(OO) is the optimum value for the original

problem, since IEVO('") is the optimum value for the truncated problem. There
are simple examples to show that this is not true without additional assumptions
(Exercises 2 and 3). To see what needs to be assumed, notice first that the optimum
value is finite; indeed,

—E(Z) < inf EY; < EY;. (24.34)
teT

Therefore, given ¢ > 0, there exists 7, € 7 such that EY;, < infEY; + ¢. Such a
T, is called a e-optimal stopping time. Suppose that, for each ¢ > 0,

lim EYy am = EYy,. (24.35)

m— 00

Then by taking m, sufficiently large one has
EYram, < inf EY; +&. (24.36)
Y teT
But IEVO('"S) < EY:, am, - Therefore,

EY,: —EV," < inf BY, +e, (24.37)
€ T€

implying ]EVO(: ) < inf,c7 EY; + ¢, so that
0 — re T ( )

A simple sufficient condition for (24.35) (as well as (24.32)) is that the sequence
{IYn1}52, is bounded by an integrable random variable. For some applications this
assumption is too stringent, although a direct verification of (24.35) is possible.
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Theorem 24.3. Let {Y,, : n > 0} be an integrable sequence of random variables

such that (24.32) holds:

a. Then for every ¢ > 0 a bounded ¢-optimal stopping time exists.
b. Assume (24.35) for a family of e-optimal stopping times defined for all suffi-

ciently small ¢. Then V(oo) = lim,, o0 V(m) (j = 0) satisfy
—E(Z| F) =V, <Y, (Z:=supEY,). (24.39)
n>0
v = min {Y,, E(V) | F )} (24.40)
EV™ <EY, VrteT. (24.41)

c. If Y,, are non-negative, (24.35) holds, and the stopping time
T = inf| jz0:v = Y,-} (24.42)

is a.s. finite, then 7* is optimal, {Vt( /\)] J = 0} is a {F;}-martingale, and

E(Yy | Fo) = VO(OO) as., EYx= IEVO("O). (24.43)

Proof. We have already proved (a), (b) except for (24.40), which follows on letting
m — oo in (24.7).

(c) By relations (24.11), (24.12), with 7, replaced by t*, it follows that {Vr(oi)] :
j=>0}isa{F j};?ozo—martingale. Therefore,

E (V(OO) | —7:0) ) (Vr(‘?i)() | ]-'0) =E (VO(OO) | ]—'0> = VO(OO) a.s. (24.44)

T*AJ

Since Vn(oo) > 0 for all n (in view of the non-negativity of Y,), one may apply
Fatou’s Lemma in (24.44) to obtain

E( (°°)|]-"> (hm Ve |]—'0)< lim E(V( %) |.7-') v as.

TN
(24.45)
Since Vt(fo ) — Y.+, it follows that

E(Yes | Fo) < V™ as. (24.46)

On the other hand, EY;» > EV,™ by (24.41). Therefore, (24.46) must be
an equality a.s. Hence, (24.43) is true. The second relation in (24.43) and the
inequality (24.41) prove the optimality of 7*. |
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Remark 24.3. For the problem of maximization of EY; (or, E(Y; | Fop)), (24.32)
is to be replaced by Z := E(sup, ¥,) < oo. The conclusions of Theorem 24.3
are modified accordingly, with (24.39) replaced by ¥; < V]_(OO) < EZ | F),
in (24.40). “min” is to be replaced by max, and the inequality in (24.41) is reversed.
The assumption of non-negativity in part (c) is to be replaced by the assumption that
{Yu};2, is bounded above by a constant.

Exercises

1. Prove the first inequality in (24.33). [Hint: Assume Vj(m) > E(—Z | F;) for some
j <m.Thenuse Y; 1 > E(=Z | Fj_1) and E(V" | F;_1) = E(~Z | Fj_1)
to get (V™) | Fj—1) = E(—Z | Fj-1)]

2. Let X, (n = 1) beiid, P(X, = 1) = PX, = —1) = % Let 7, =
o{X1,..., Xy} (n = 1). Define ¥, := G2 [T (X + 1) (2 > 1),

\%

(a) Show that there does not exist an optimal {F,}°° |-stopping time 7* such
that EY;+ maximizes EY; in the class of all T € 7. [Hint: Use the strong
Markov property of {X,, } ° | to prove that, forevery 7 € T, EY; < EY;41.]

(b) Find an optimal 7% in the class 7,,, and calculate Vj(oo) = limy— 00 Vj(m).
[Hint: Use Corollary24.2.]

(c) Show that t* defined by (24.42) is oo a.s. What other assumptions of the
analog of Theorem 24.3(b) are violated? (See Remark 24.3).

(d) Show that sup{EY; :t €T} =2.

3. Let {X,, : n > 1} be as in Exercise 2, ¥;, := min{l, X| 4+ --- + X,;} —
Fni=0{Xq,..., Xy} (n = 1).

(a) Show that, for every 1: € Tm, EY; < —%. [Hint: E(Y;) < E(Xy 4+ --- +
X7) — ErL-i-l = T+l 1

(b) Letr'_inf{n>1 X1+ -+ X, =1}. Show that t € T and EY; > 0.

(c) Show that sup{EY; : t € T} is not the limit of EY_ - as m — 00, where 7,°
is a stopping time that maximizes EY; in the class of all T in 7y,.

(d) Provide a computation of EY7 in (b).

_n_
n+1°

4. (a) Let y — Y(y,w) be a concave function (on some interval ) for a.s. all
o € 2, and E|Y(y;)| < oo forevery y € I. Prove that y — EY(y;) is
concave on /.

(b) Suppose that y — vg(y), 0 € O, is a family of uniformly bounded concave
functions on /. Show that y — v, (y) = inf{vg(y) : 6 € @} is concave on

I.
5. (i) Apply the solution to the secretary problem for the case m = 10 to
25 random samples, each of size m = 10 independently chosen from a

continuous distribution.
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(a) Calculate the proportion of times among these 25 in which the highest
score is obtained by the optimal stopping rule, and compare that with
the theoretical result (probability). [Hinz: Check that j* = 3.]

(b) Calculate the proportion of times in which one of the two highest scores
is obtained [Note that in (a), (b) it does not matter which continuous
distribution is sampled because the m! permutations of the orders are
equally likely.]

(i) For the secretary problem show that

k
== B )
" 5] +j—i
j=1...om—j —1,
m—j*—1
P(rpy=m)=1- Y P(n=j"+)).
j=1

[Hint: Let A; = [Xj+qy; = Mjpy;], j = 1,...,m — j* and use
inclusion/exclusion to check that

P(Aj NAS_ NN A

j—1
=P(Aj)+Z(—1)k Z P(AjNA,N---NA)

k=1 1<ij<--<ip<j

and use combinatorial principles for counting permutations.]
(iii) As an alternative, letting (n)y = n(n — 1)---(n —k+1),1 < k < n,
)k = 0,k > n, (n)g = 1, derive the following formula for the secretary

problem:
m—1
, _ (k=D jr_1tk = j*)j—1(m — k)1 (m — j* —J)'
P(T,ZZ]*-FJ)—Z ’ Jm|
k=j*

j=1,...,m—j* -1,
P(ty, =m)=P(t;, =m,Mjx =m — 1)+ P(t,, =m, Mjx =m)

wm=2) g (m —1— j*)p_ 1D
J m!

M — D)y (m — j5)!
*
+J o .
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[Hint: Express P (1, = j* + j) = ZZ":_JI* P(z) = j*+ j,Mj+ = k) and
compute the terms using combinatorial principles for permutations.]

(iv) Tabulate values for n%]Er; = % Zj (J*+j)P(z) = j*+j) for the secretary
problem form =5,6,7, 8.

6. (American vs. European Call Options) Show that if the payoff function V is
convex and V (0) = 0, then there is no advantage to early exercise of the option.
Show that an American call option is equivalent to a European call option.

7. (American Put Option) An American put option is a contract that provides the
right to sell the stock at any time t < T for the strike price K, where 7 is any
stopping time. The final value of such a contract is (K — S;) ™. Compute the price
and stopping time strategy for an American call option in the binomial tree model
with parameters T = 3,r = .05, K = 50, Sy = 52,u = 1.07,d = .93, p, =
pd = .5.



Chapter 25
Special Topic: A Comprehensive Renewal o
Theory for General Random Walks

This chapter extends the analysis of renewal processes initiated in Chapter 8.
The renewal theorem has a rich history that culminated in a unified approach
due to David Blackwell.! Among the most important ideas introduced by
Blackwell in this context is the notion of ladder variables. A comprehensive
treatment of this theory is presented here. Example applications include
the computation of certain self-similar fractal dimensions arising in iterated
function systems in this chapter, and ruin problems in insurance in special
topics Chapter 26.

Fix a non-degenerate probability distribution Q # §p on [0, co) and a measurable
function g : [0, o0) — R, which is locally bounded, i.e., bounded on finite intervals.
The renewal equation is the fixed point equation

Tu=u 25.1)

for locally bounded measurable functions u, where

Tu(x) = g(x) +/ ulx —y)Qdy) =gx) + (u* Q)(x), x=0. (252)

[0,x)

Adopting the convention that functions and measures are zero on the negative half-
line, the equation may be viewed as an equation on all of R. Formally, repeated
iterations of (25.2) yield

IBlackwell (1953).
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u=Tu=g+uxQ =g+ @+ w*Q))*Q
=g4+gxQ+uxQ*

n o0

m=1 m=0

where the m-fold convolution Q*" is defined recursively by Q*0 (dy) = éo(dy),
Q*m+D(dy) = Q % Q*"(dy), m > 0. So, formally, a solution to (25.1) is given by

u(x) = /[O )g(x —»Uy) = (g *U)(x), (25.4)

where U (dy) is the infinite convolution measure, referred to as the renewal measure.
o0
Udy) =) _ 0™ (dy). (25.5)
n=0

While this solution is not rigorous, the following proposition provides conditions
for when it is valid.

Proposition 25.1. Let U (dy) denote the renewal measure defined by (25.5). Then,
Ul0,y) < oo for all y > 0. Moreover, for locally bounded, measurable g, the
function u(x) = f(;‘ g(x—y)U(dy), x € R, solves (25.1) uniquely among functions
bounded on finite intervals.

Proof. LetX;, j > 1,bei.i.d. with distribution O, and § > Osuchthatd = P(X; >
8) > 0. Letr be the smallest integer greater than or equal to x /5. Write N = N[0, x)
for the number of visits to [0, x) by the random walk {S,, = X1+---+X,, : n > 1}.
Then P(N >n) < P#1 < j<n:X;>8 <r) =30 (")em(1 -6 <
rn"a”, o := max{f, 1 — 6}. Hence U[0, x) < 2310 P(N > n) < oo. To prove
that (25.1) is a locally bounded solution, first note that it is clearly locally bounded.
Also,

u(x) =/[O ]g(x—y)ZQ*”(dy)

n=0

=g(x>+/[0 B0 0”@y

n=1

=g+ /[0 8E=) >0 x 0dy)

n=0
— g(0) +u* Q)
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— g0+ f[o utx =0y (25.6)

So u satisfies the renewal equation (25.1) as well. For uniqueness, let v be the
difference of two solutions. Then v = Q * v, and, in particular therefore,

v(x):/ v(x — )0 dy), j=1,2,....
[0,%)

Since, Q # Jp, by the law of large number_s, Q*j[O, x] - 0as j — oo, for v
bounded on [0, x], one has v(x) < ||v||ccQ*/[0, x] = Oas j — oo, i.e., v(x) =0
for all x. | |

Remark 25.1. Another proof of the finiteness of U[0, x) for all x follows from
Stein’s lemma in Lemma 1 below.

Example 1. For an especially simple example that can be solved directly, suppose
that Q(dx) = §,(dx), for a fixed 1 > 0, in the renewal equation (25.1) and (25.2).
Thatis, u(x) = g(x),0 < x < h, and

u(x)=gx)+ulx—nh),x > h. 25.7)

Then simple iteration yields, inductively, that u(nh) = Z;l':o g(jh),n=1,2,....

More generally, u(x) = ZEZ]O g(x—jh),n > 0.1In particular, assuming ) >, g (k)
converges, then

o0 ]’l o0
1lim u(nh) = ;gach) = l;)g(kh),

where ;= h is the mean of Q and £ is the lattice spacing. While technically simple,
this and related examples occur in the computation of certain fractal dimensions as
illustrated in Example 3 at the end of this chapter.

As indicated by the above proof, a probabilistic interpretation of the renewal
measure U(dy) is obtained as follows. Let S,,n > 0, denote the random walk
starting at 0 on R with increments distributed as Q. Then, for B € B,

UB)=) Q"(B)=) P(S,€B)
n=0 n=0

=Y Elg(S) =E ) 15(Sy). (25.8)
n=0

n=0

is the expected number of visits to B by the random walk.
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Definition 25.1. A random variable X is said to have a lattice distribution if there
are numbers b and & > 0 such that P(X € {b + nh : n € Z}) = 1. The largest such
h is the lattice span. If X does not have a lattice distribution, then one says that X
has a non-lattice distribution. In the case b = 0, the lattice distribution is said to be
arithmetic.

Remark 25.2. The issue of whether a lattice distribution is purely arithmetic or not
is not consequential to the renewal theory presented below since X — b is arithmetic
without changing 4 when X is lattice distributed. While the results are stated for
arithmetic distributions, they easily extend to the more general lattice distributions
by a shift in the increments and, therefore, the mean.

Example 2. While renewal equations occur quite generally in a variety of situa-
tions, a simple probabilistic context is obtained as follows. Consider the simple
asymmetric random walk {Y, : n > 0} on the integers, starting at 0, with
+1-valued increments such that P(Y,+1 — Y, = 1) = p > 1/2. Next let
O({n}) = P(tg = n), the (defective) distribution of the first return (renewal)
time 79 = inf{n > 1 : ¥, = 0}. Let g(n) = do(n),n > 0. Let S,,,n > O,
denote the random walk on the positive integers starting at zero with increment
distribution Q. Then the state S, of the renewal process is the time of the n-th
return to zero by the simple random walk Y, and Q is an arithmetic distribution
with lattice span two. One has simply by countable additivity and conditioning that
un) = PY, =0) = §p(n) + Z?:o u(n — j)O{j}),n = 0, solves the renewal
equation (25.1) for this choice of g and Q.

Remark 25.3. For a bit of terminology, more generally, a random walk S,,, n > 0,
having non-negative increments with Sy = 0 is referred to as an ordinary renewal
process. If Sy # 0 a.s. is a non-negative random variable, then one says that
Sp,n > 0, is a delayed renewal process. In either case, the values S, are referred
to as renewal times and the increments X,, = S, — S,_1,n > 1, are referred
to as the time between renewals. The stochastic process recording the number of
renewals in time t, N(t) = sup{n : S, < t},t > 0, is referred to as the renewal
counting process. In Chapter 5 it was shown that if the times X1, X, ... are i.i.d.
exponentially distributed random variables, then the counting process N (¢),t > 0,
is a Poisson process.

An important class of renewal processes arise when considering the successive
returns (recurrences) of a Markov chain to some specific state. More generally, a key
probability problem for renewal theory is the determination of lim,,_, s u(n) from
the renewal structure embodied by the renewal equation, e.g., see Corollary 25.7.

The history of theoretical developments in this area is one of gradual accomplish-
ments under various hypotheses on the distribution Q. However, the penultimate
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theorem” is David Blackwell’s synthesis of these accomplishments that yields a
generalization to distributions Q on R having positive mean.

Theorem 25.2 (Blackwell’s Renewal Theorem). Let X, Xp,... be an ii.d.
sequence of real-valued random variables having common distribution Q, defined
on a probability space (£2,F, P) with p = EX; € (0,00]. Let So = 0,
Sy =X1+---+X,,n>1.Foranyy > 0letUla,a+y) = Zzio O*a,a+y),
a €R.

1. If Q is non-lattice, then, with the convention that % =0,limy;— Ula,a+y) =
%, and limy_, _oo Ula,a +y) = 0.

2. If Q is an arithmetic distribution with lattice span #, then, with the conven-
tion that L = 0, limy—oo Ulmh, (m + k)h) = % (m,k € Z,), and
limg— oo Ula,a +y) = 0.

Let us note that, as observed earlier, U[a, a + y) denotes the expected number of
n > Othata < S, < a+y. By the law of large numbers Sn—" — pa.s.asn — o0o.In
particular, for u > 0, one has S,, — oo almost surely. Therefore, with probability
one, for fixeda and y > 0,a < S, < a + y for at most finitely many »n.

The proof of Theorem 25.2 will be obtained as a result of Blackwell’s overall
synthesis of earlier special cases involving non-negative random variables that lead
to his relaxation to real-valued random variables having a positive mean.
Non-negative lattice case: Noting that U[mh, (in+k)h) = E(Ngu1i)yh — Nmpn), this
case was treated in Chapter 8. Theorem 25.2(2) follows directly from Theorem 8.5.
Non-negative, non-lattice case: Next let us consider the case of non-lattice but
non-negative random variables. First let

o
Nila,a+y) = Z Lgary) Xe1 + -+ Xitj), y>0,aeR. (25.9)
j=1

Note that for constants a, y, the distribution of Ni[a, a + y) does not depend on k.

Let N[a,a + y) = Nola,a + y), and Ula,a + y) = ENi[a,a + y). So U(T) =
U|0, T) is the expected number of sums Sy = ZI;-:] Xj,k>1,suchthat0 < §; <
T. In the case of a random variable Z, the random variable U[Z, Z + y) is defined
by the composite function U[-, - + y) o Z on £2.

Lemma l. Ula,a+y) <ooforalla e R,y > 0.
Proof. This follows immediately from Stein’s lemma (Corollary 11.5). |

Lemma 2. Suppose Z = g(X1i,..., Xi) for some measurable function g. Then,
forany A € o (X1, ..., Xk)

2In recent years a proof by coupling methods has emerged in some generality. The difficulty in
establishing finiteness of the coupling time is significantly more non-trivial than in the lattice case
treated in Chapter 8. Blackwell’s approach using ladder variables nonetheless stands the test of
time since ladder variable techniques continue to find new applications.
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Proof. The proof essentially follows by conditioning and the substitution property?
for conditional expectation.

E14Nk(Z, Z + y) = E14E[Nk[Z, Z + y)|o (X1, ..., Xp)]
=E1sUla,a + y)la=2z
=FE14U[Z,Z +y), (25.10)
by definition of U[Z, Z + y). =

Lemma 3. Foranya € R,y > 0,
Ula,a+y) <U[0,y) + 1.

Proof. Let Ay = [Sk—1 < a < Si]. In view of the non-negativity assumption on
the event Ag, k is the first possible sum S; to be counted in N[a, a + y), and the
count N[a, a + y) depends on how many additional sums Xy, Xz + Xi+1, ... may
be added so that Sy + X1 + --- + Xy ; < a + y. Thus, from this and Lemma 2,
one has

ENla,a+y) =Y ENla,a+ y)la,
k

< Y E(Ni0,y) + )14,
k

= Y E{UI0, y) + 1}14,
k

<U[0,y) + 1.

Lemma 4. Suppose g,,n = 1,2,... is a sequence of non-negative measurable
functions and D is a real number such that limsup, g, = D a.s., and lim, Eg, = D.
Then g, — D a.s.asn — o0.

Proof. Suppose, for contradiction, lim, g, is not a.s. D. Then liminf, g, < D on
a set of positive probability. This means there exist some § > 0 and a subsequence
8n, < D —e¢ forall k on a set of probability 8, and g,, < D outside of this set. Thus,
liminfy Eg,, < D, which contradicts limg g, = D. It follows that liminf, g, >
D — € a.s. This being true for all € > 0, one must have liminf, g, = D a.s. so that
gn — D almost surely. ]

3See BCPT p. 38.
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Theorem 25.3. For any fixed integer k > 1, y > 0, and sequences «,,, B,,n > 1,
such that o, — 00, 8, — 00, and

D(y) =limsupUla,a + y) = nll)rr;o Ulay, an + ),

a—00
d(y) =liminfUla, a +y) = lim UlBu, Bn + ),
one has the following almost sure* limits
¢n = Ulan — Sk, an — Sk + y) = D(y),
and
Yn =UlPn — Sk, Bn — Sk +y) = d(y).
Proof. Observe that
Nla,a + y)10,a1(Sk) = Nkla — Sk, a — Sk + ¥)1j0,a1(Sk),
and
Nla,a + y)114,00(Sk) < {k + N[0, ¥)} 4, 00) (Sk)-
Thus,

EUla — Sk, a — Sk + ¥)110.41(Sk)
<Ula,a+y)
<EUla — Sk,a — Sk + ¥)1j0,a)(Sk) + {k + U[0, y)} P(Sx = a)(25.11)

Also, by Lemma 3

EUla — Sk, a — Sk + ¥)110,a1(Sk) = EUla — Sk, a — Sk + y)
—{1+UI[0, }P(Sk = a). (25.12)

Combining these bounds, one has
D(y) = lilgn Ulon, an +y)

= lirr}linf(]EU[Otn — Sy an = Sk + M1[0,0,1(Sk) + (k + U0, )}P(Sg = )

“In Blackwell (1948) this limit is obtained in probability and involves a diagonal subsequence
argument to extend to an almost sure limit in a Corollary.
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< liminf (EU[ozn — Sk, an — Sk +y)+{k+ U0, )} P(S; > ozn)) = liminfEg,,
n n—oo
and, similarly,

d(y) = limsup Ev,,.
n

Moreover,

limsup ¢, <limsupUla,a+y) = D(y), liminfy,, > liminf U[a, a+y) > d(y).
n—>0oo a—> o0

n—oo a— 00

In summary,

limsupg, < D(y) <liminfEg,, limsupEy, <d(y) <liminfy,,
n n n n

and both sequences are uniformly bounded. For fixed y, apply Fatou’s lemma
to U[0,y) + 1 — ¢, > 0, to obtain with a little algebra, that limsup, Ep, <
Elimsup, ¢, < D(y). Observe that if P(limsup, ¢, < D(y)) > 0, then the
inequality Elimsup, ¢, < D(y) is also strict. But then, as noted in summary,
limsup, Eg, < Elimsup¢, < D(y) < liminf, E¢g,, a contradiction. Thus, one
has lim sup,, ¢, = D(y) almost surely, and lim, E¢,, = D(y). The assertion follows
from Lemma 4. The proof that v, — d(y) is entirely analogous. ]

Lemma 5. Assume that the distribution of X is non-lattice. Then for every € > 0,
there is a number T > 0, such that for all t+ > T, there exist numbers cy, ¢y for
which |t — ¢i| < €,i = 1,2, and lim Ulay, — c1, 0, — c1 +y) = D(y),
limy, 00 ULBn — €2, B — 2 +y) = d(y).

Proof. Let V. = {x : P(X; € J) > 0 for every open interval J containing x}. In
view of the hypothesis, V cannot consist of integral multiples of a fixed number.
So there is a number T such that every open interval (a, b) of length € with a >
T contains points of the form s = Z;’il nix;, x; € V,i > 1, and n; are non-
negative integers> all but finitely many of which are zero. For any open interval J
containing s, one has P(S; € J) > 0, where k = Zi n;. Now, Lemma 5 implies
the existence of c¢1,c» € J such that Ula, — ¢, — c1 + y) — D(y), and
UlB, —c2, pn —c2+y) = d(y) asn — oo. |

Lemma 6. For all positive numbers a, y, £, one has

P(Nla,a+y) > 0) P(Nla,a+y) > 0)
PX; = 0) <Ula,a+y) < P(X; > y) (25.13)

SThis is a number theory fact whose proof may be found in Feller (1971) p. 147, Lemma 2(b). It
also follows from Kronecker’s theorem; see Hardy and Wright (1938), Chap. 111
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and

P(X1>L+Yy) P(X1 >0
— = < P(N , £) = 0|N|a, 0) < ————.
PX = 0) = (Nla+y,a+y+9 [N[a,a+y) > 0) P(Xl(zzs)l)zl)

Proof. To simplify notation, write N = N[a,a+y),and N* = N[a+y,a+y+¥).
Let

Ej :[ijl <ac=< Sj].

Then [N > 0] = U?ilEj is a disjoint union. Also Ula,a + y) = Z,fil kP(N =
k) = Z,fil P(N > k), and

E;nntZl[Xj0i =01 C E;NIN =kl C E; NN X4 < vl
Thus,
P(Ej)P*"'[X, =0] < P(E; N[N > k]) < P(E) P (X1 < y).
Sum over j to obtain
P(N > 0P (X, =0) < P(N 2 k) < P(N > 0)P* 1 (X; < y),

and then sum over k to obtain (25.13). To prove (25.14), fix an integer j and let
L =inf{i > j:X; >y}, L =1inf{i > j:X;, >0} let F =[X; >{],and
G =[X, = £+ yl. Then

EjﬂGCEjﬂ[N*ZO]CEjﬂF,

and

o0

P(G)= Y P(Xj11=0,....X 1=0X;>0,X; > {+y)
i=j+1

o0

> PN X = 0)P(X) = L+ )
i=j+1

P(X; > +7y)
CP(X;>0)

Similarly,

PXi =20

P =X =
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So P(E;)P(G) =< P(E; N[N* = 0)) < P(E;)P(F). Sum over j to
obtain (25.14). |

We are now prepared to prove Blackwell’s Renewal Theorem 25.2 in the case of
non-negative, non-lattice displacements X. Recall U(T) = U|[0, T).

Theorem 25.4 (Renewal Theorem for the Non-lattice Case). Assume that the
displacement X is a non-negative and non-lattice random variable. Then, for every
y >0,

Y

Am [U(T +y) - U] = EX;’

with the convention that 1/00 = 0.

Proof. The plan is to show D(y) < < d(y). That is to show for all y > 0,

—IEX

[u—y

D(y) < BY; = d(y),

where D(y) = D(y)/y and d(y) = d(y)/y. However, since

N—
g [a+— (’J;V”%— Ula,a + ),

one has Nd(y/N) <d(y),and ND(y/N) > D(y). Thus
D(y/N) = D(y), d(y/N) <d(y),
and it therefore suffices to show that

1
lim sup D(y) <—< hmlnfd(y) (25.15)
y=0 EX)

For this, for y > 0 choose ¢ € (0, y), and an arbitrary positive number M. By

lemma 5, there are numbers c;, d; such that fori =0,1,2,...,¢ 1,d; 1
< d, d,
—— < cCit1 —¢Ci <y <dj+1 — d;,
y M i+1 i y i+1 i
and

Ulan —di,an —di +y) > D(y),  UlBn —ci, fn — ci +y) = d(y).

First consider d (v). Write
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q
l=P(X12pp—co)+) PWN;>0,N;=0,j <i),
i=0

where N; = N(By—cit1, Bu—cit1+cit1—ci) fori < g,and Ny = N(0, B, —cy),
with ¢ chosen so that ¢; < B, < c¢441. That is to say, for each fixed n, some S
are sure to exceed B, — co. To see this consider the partition of the non-negative
half-line into adjacent intervals with endpoints

0<Bn—cg <Bn—cg—1 <+ <PBn—Cit1—Bn—ci <+ Ba—c1 < Bp—co < 0.

Either X1 > B, — co or there is a right-most subinterval of [0, B, — cp) containing
at least one Six. Now considering this partition and first using (25.14) of Lemma 6,
one has upon conditioning that

P(N; >0,N; =0,j <i)=P(N; =0,j <i|N; >0)P(N; > 0)

< P(N(Bn = ci, Bn — ci +ci —co) = O0IN(Bp — cit1, Bn — ci) > 0)

X P(N(Bu — cit1, Bn —ci) > 0)
- P(X1 = c¢i —co)
T P(X1>cig1—¢i)

P(N; > 0), (25.16)

and, using (25.13) of the same Lemma 6, P(N; > 0) < P(X; > 0)U;, where
U; = EN;. Thus, one has

M oo
1< P(X; = ,Bn—CO)+§) P Pz(;"l ;Cg)j(f‘cs DY i:%:H P}()}(:l(‘j;il__c(l_)i) (25.17)
Letting n — oo
M 00
P(X1>y) <yd)P(X1 >0 P(Xi>iy—e)+ Y  PXi>i(y—e)).
i=0 i=M+1 25.18)

Recall the elementary inequality for any non-negative random variable Z:
o0
EZ—-1<) P(Z>i)—1<EZ
i=0

So, if EX is finite, then the upper bound in (25.18) converges and one has letting
M — oo,

- EX
P(X12y) < yd(y)(‘T+E ), (25.19)
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and, letting ¢ — O,

P(X1=Yy)

m <dy{EXy +y}, (25.20)

so that 1 < EX;lim supy_, J(y).
A similar argument applies to D(y) as follows. First,

M—1
* k . .
1> Y P(NF>0.Nf=0,j<i),
i=0

where N = N(a, — di1, oy — dit1 +diy1 — d;). Conditioning on [N > 0] and
using (25.14) and (25.13) of Lemma 6 in succession as before, one obtains

M-1
P(X1>diy1 —dy)P(X1 >dijy1 —d)UF
| < (X1 2dit1 —do) P(X1 2 diy1 —di)U; ’ (25.21)
: P(X; > 0)
i=0
where Ul.* = IENZ.*. Letting n — oo, with obvious replacements,
M—1
P(X;>0) ~ .
———— > yD(y) PXi>@G+Dy+e). (25.22)
P>yt y; !
Then,
PX >0 poyEx, — y) (25.23)
= 1 — ) .
P zy) Y
and therefore
1 > EX; limsup D(y). (25.24)
y—0

If EX, i~s infinite, then note that the lower bound in (25.22) diverges as M — oo,
so that D(y) =0forall y > 0. ]

General Case 0 < EX;| < oo: Finally we drop the condition that the random
variables be nonnegative and require only that the mean be positive (possibly
infinite). We are now in a position to use these developments for the extension
to Theorem 25.2. Blackwell’s synthesis begins by consideration of successive new
record highs of the random walk starting at zero, the so-called ladder variables. Let

Ny =inf{n: S, >0}, Ny =inf{n: Sy — Sy, >0Lk=1,2...,
(25.25)
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and
Z1 =S8N, Zi=SN+a4N, — SNj4++N_ k=1,2, ... (25.26)

Then Z1, Z, ... is an i.i.d. sequence of nonnegative (possibly defective) random
variables with

SNiptNe =Z1+ 4+ Zh, k=12, (25.27)

The ladder points (N1 + - - - + N, SN, +...+n, ), kK = 1, comprise an i.i.d. sequence.
The random variables N1, N1 + N3, ... are referred to as strict ascending ladder
times and the successive values Sy, +..4+n, are the ladder heights. The qualifier
“strict’refers to the strict inequality defining N and the successive ladder times,
while “ascending”depicts the direction of the inequality; for example, the definition
of a descending ladder time would involve the inequality < in place of >.
Let

Vt)=#n:T,=Z1+---+Z, <t}, v(@t)=EV(@), (25.28)
and
Rt)y=#n <Ny :—-t<S,<0}, r@)=ER®). (25.29)
Lemma 7.
v(t) < oo forallz.
Proof. This follows from Stein’s lemma (Corollary 11.5). |

Proposition 25.5 (Wald’s Formula). EN, < oo. Moreover, u and EZ; are both
finite or both infinite, with

UEN| =EZ;.

Proof. Without loss of generality one may assume that the displacements are
bounded above, i.e., P(X7; < M) = 1 for some number M. Otherwise one may
truncate the displacements by X = X, A M, n > 1, and note that correspondingly,
N1 < Nf. Also, since u > 0, for M sufficiently large one has u* > 0 as well.
So the result for truncated displacements applies to non-truncated displacements as
well. Now, for 7, = Z; + - - - + Z,,, write

T; SN+ Ni+---+N
T _ Ny+-+Ng 1+ + k’ (25.30)
k N+ + N k
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and let k — oo0. By the strong law of large numbers one has EZ; = uEN;.
Moreover, under the boundedness assumption on displacements, one has Z;, k > 1,
are bounded as well. In particular, EN; < oo in this case, and in general (since
N1 < NY). |

Lemma 8.
r(t) <oo forallt > 0.

Proof. As an application of Wald’s formula applied to N; = inf{n : S, > 0}, one
has EN| < oo. The finiteness of r(¢) follows. |

Proposition 25.6. Fora e R,y > 0,
o
Ula,a+y) = / {r(t —a) —r( —a— y)lv(dt).
0

Proof. Let]%:#{n:Ofn < Np,a<$§,<a+y},

k k
Nkz#{n:ZNj§n<ZNj+Nk+1, a<S,<a+y}, k=>1.
j=0 j=0

Then, recalling SZI}=0 Ny = Ty, writing n = Zﬁ:o Nj+m,0 < m < Niq1, one
has on [T} = ¢],

[0Sy <atyl=[(-a)< Sy ., =Sty <—(—a=yl

Thus,
E{Ni|Txy =t} =r(t —a) —r(t —a — y), (25.31)

so that
EN; = /(;oo{r(t —a)—r(t—a—y)}Fcdt), (25.32)

where Fy(t) = P(Ty < t). The desired formula is obtained by summing over
k=0,1,2,...,and using v(t) = Y po Fi(?). [ |
Proof of Part 2 of Blackwell’s Renewal Theorem 25.2. Assume an arithmetic distri-

bution with span 2 > 0. Using Proposition 25.6 one has the convolution formula

Ulnh. (n+ Dhy =Y Fk —n)iok) = Y Fk)b(k +n), (25.33)

k=0 k=0
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where 7 (k) = r(kh) — r((k — 1)h) and 3 (k) = v(kh) — v((k — 1)h). Now,

o0

Zf(k) = lim r(n) = EN; < oo. (25.34)
n—oo

k=0

Also, lim,, o V(1) = ﬁ, and lim,,_, _ o, v(n) = 0. It follows, therefore, that

hEN
lim Ulnh, (n + Dh) = —L, (25.35)
n—00 EZ;
and
lim Ulnh, (n + 1)h) = 0. (25.36)
n——0oo
Now, Wald’s equation completes the proof. |

Proof of Part 1 of Blackwell’s Renewal Theorem 25.2. Making a change of variable
in Proposition 25.6, one has

Ula,a+y) = f {r(t) —r — y)}lva(dt), (25.37)
0

where v, (-) = v(a + -).
For M > 0, write

Ula,a+y)=0LHM,a,y)+ L(M,a,y),

where
M
L(M.a,y) = fo (1) = r(t — Wva(do),
and
LM, a,y) = /M (1) — rt — )}valdn).

The previous theory in the non-negative, non-lattice case applies to the ladder
variables Z,, n > 1, to yield for every y > 0,

A

Am (V@ +y) =V} = EZ,



320 25 ST: A Comprehensive Renewal Theory

Using monotonicity of r(¢), it follows that for fixed M, y,

M M-y
lim 1;(M,a,y)= lim [f r(t)va(dt)—/ r(1)vg4y(dt)]
a— oo a— o0 0 0
1 M
=— r(t)dt. (25.38)
EZy Jm—y

Similarly, lim,_, o I1 (M, a, y) = 0. Next we show that for each fixed y > 0, one
has, uniformly in a,

lim (M, a,y) =0. (25.39)
M—o00

Now,

o ~M+(n+l)y
LM, a,y) = Z/ {r() = r(t — y}va(dn)
n=0

M+ny
< Zrl(M, mfva@+M+ n+1)y) —via+ M+ ny)},
n=0

where r1(M, n) = Sup i py<i<m+mn+1)y{r () —r(t —y)}. Again using the previous
theory for the non-negative, non-lattice case, one has

- -2
Jim (Vb +y) — V(b)) = EZ,

So, for each y, there is a constant cy such that for all M, a,

o
12(M5a7 }’) S Cy Zrl(Ma n)'
n=0
Now,
o
> (M, 2n) <ENy — (M),
n=0
and
oo
D riM,2n + 1) <ENy — (M),
n=0

where r(M) — [EN; as M — oo. Therefore, for all a, one has
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bL(M,a,y)=|Ula,a+y)—11(M,a,y)| <elM,y), (25.40)

where € (M, y) — 0as M — oo for fixed y, as claimed.
To see that this is sufficient to complete the proof of the theorem, observe that

Ulaaty) - 2N ety 4 10 ar - —— [ v
a,a - =eM, ,a,y) — == r
e Y7 y 1 )~ E7 -
1 M
+|—/ r(t)dt — yEN|. (25.41)
EZ, M-y
Thus,
. yEN;
limsup |Ula,a + y) — ——=—
a—)oop| [ Y) EZ[|
1 M
<e(M, y)+|—/ r(t)dt — yENy|. (25.42)
EZ, M-y

Now, first letting M — o0, one then obtains

yEN;

Jim Viea+ 9 =57

Combining this with Wald’s theorem yields the theorem in the limit as a — oo. For
the limit a — —o0, one has for all a

Ula,a+y) <eM,y) +|11(M,a,y)l,
so that

limsupUla,a +y) < e(M,y).

a——o0
Thus, letting M — oo, one has lim,_, _o, Ula,a + y) = 0, as asserted. This
completes the proof of Theorem 25.2 in the non-lattice case Part 1. |

We can now consider an application to a more specialized context of renewal
equations mentioned at the outset.

Corollary 25.7 (Key Renewal Theorem: Lattice Case). Assume that > po g(k)
converges for the renewal equation

k
u(k) = gk)+ Y _utk — )g(j), k=0, u(k)=0,k <0,
Jj=0
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where ¢ is an arithmetic probability distribution on the integers with lattice span #,
and mean u. Then foreachk =0,1,2...,

. h~
lim u(nh+k):—Zg(Jh+k).
n—00 n 4 0
]=

Proof. For simplicity take 7 = 1, k = 0. The general case is left to Exercise 1. In
view of Proposition 25.1, one has

u() =Y g —HUAN) =Y g(HUAn—j}), n=0,1,..., (2543)

j=0 j=0

where U ({m}) = ZZO:() Q*({m}),m = 0,1, .... Using the renewal theorem for
U, it follows that for each fixed j, g(j)U ({n—j}) — g(j)/un asn — oco. Moreover,
lg(NIU{En — j}) < |g(j)l, for each j and Z?io |g(j)| < oo. Thus the dominated
convergence theorem can be applied to the sum on the right side of (25.43) to
complete the proof. |

We now prove the key renewal theorem for the non-lattice case under a broad
condition,® which is needed for an important application in Chapter 26 on ruin
problems in insurance. First, a definition is required.

Definition 25.2. For a given function g : [0, c0) — R, and §p > 0,let
my, =inf{g(x) : (n — 1)d <x <né}, M, =sup{g(x): (n—1)5 <x <né}

forn = 1,2,...,0 < § < §p. The function g is said to be directly Riemann
integrable if, for all 0 < § < 8o, (a) £(8) = 8 ,my, and L(8) = 8§ , M,
converge absolutely, and (b) L(§) — £(§) - Oas § — 0.

Here are five examples of directly Riemann integrable functions which are easy
to check (Exercise 2): (1) A continuous function which vanishes outside a finite
interval. (2) An indicator function of a finite interval. (3) If F is a distribution
function on [0, co) with finite mean, then F(x) = 1 — F(x) is directly Riemann
integrable. (4) If g is directly Riemann integrable on [0, 00), then so is x — g(cx)
for any ¢ > 0. (5) A non-increasing integrable function on [0, 00).

Corollary 25.8 (Key Renewal Theorem: Non-lattice Case). Consider the renewal
equation (25.1), where g is a directly Riemann integrable function on [0, co) and Q
is a non-lattice probability on [0, co) with finite mean p. Then the solution u of the
renewal equation (25.1), satisfies

%The condition of direct Riemann integrability is due to Feller (1971), Chapter XI. Also see
Ramasubramanian (2009), Chapter 3.
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lim u(x) = (1/p) / g(x)dx. (25.44)
X—> 00 [0,00)

Proof. Assume without loss of generality that g is nonnegative (See Exercise 3).
Let m and M be lower and upper approximations of g given by m(x) = m, for
mn—1)8 <x<nd,and M(x) = M, for(n —1)6§ <x <né(n=1,2,...). Then
for each x > 0, writing U (x) for U[0, x) for convenience,

/ m—y)U(dy) < / G- Udy) < / Ma—y)UWy). (2545
[0,x] [0,x] [0,x]
By a change of variables y — x — y, one has

/ m(x —y)U(dy) = Zmn[U(x —né) —Ux — (n—1)5)]. (25.46)
[0,x]

n>1

Here it may be noted that U(y) = 0 if y < 0. Since m is integrable and, for all
n,U(x—né)—U((x— (n—1)38) < C = C(5) for some constant C. By Blackwell’s
renewal theorem, one may use Lebesgue’s dominated convergence theorem to get

Jim o ]m(x —»Udy) = lim Zmn[U(x —(m—1)8) —U(x —nd)]
X n>1
= (1/p) Y mys. (25.47)
n>1
Similarly,
lim M(x = )U(dy) = (1/p) Y My, (25.48)

xX—>00
[0,x] n>1

The last two sums are lower and upper Riemann sums for |, [0.00) g(x)dx Asés | 0
these sums converge to the same limit by condition (b) in Deﬁnltlon 25.2. Hence the
limit, as x — oo, of the middle expression in (25.45) equals f[o ) gx)dx/u. N

Here is another example which will be useful in Chapter 26 on ruin problems in
insurance.

Lemma 9. Let f1, fo : [0,00) — (0,00) with f] non-decreasing and f> non-
increasing such that fj f> is integrable, and lims_.0c(8) = 1, where c(§) =
sup{fi(x + y)/fi(x) : x = 0,0 <y < §}. Then g = f f> is directly Riemann
integrable.

Proof. Using the notation in Definition 25.2, we have M, = sup{g(x) : (n — 1)§ <
x = né} < fi(nd) f2((n—1)3) < ¢(28) fi((n—=2)8) f2((n—1)3)) forn =2,3,....
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Note that ¢(28) = f1((n — 2)8 + 28))/f1((n — 2)8)). Also, fi((n —2)8) fo((n —
1)8)) < fi(x) f2(x) for all x such that (n —2)8 < x < (n — 1)§, n > 2. Thus the
upper approximation of the integral of g satisfies

L(5) =8ZM,, < §M, +BZM,,
n

n>2

< §sup{g(x) : 0 <x <68} +c(26) g(x)dx. (25.49)
[0,00)

It follows from the inequality involving c¢(28) in the first sentence of the proof that
foralln > 1,

my, = inf{g(x) : (n — 1) < x < né}
> fi((n — 1)8) f2(nd)
> (1/¢(29)) fi(n + 1)d) f2(né). (25.50)

Since f((n + 1)8) f2(nd) > fi1(x) fa(x) fornd < x < (n + 1)4, it follows that
£8) =46 Zmn > (1/c(28)))/ g(x)dx. (25.51)
n [0,00)

Letting 6 — 0, it follows that g is directly Riemann integrable. |

Other aspects of renewal theory can be formulated in terms of the renewal
counting process as follows (also see Exercise 5).

Theorem 25.9 (Elementary Renewal Theorem). Let N (t) = sup{n : S, < t}. Then
GO EN()/t — ﬁ ast — 0o.

Proof. Apply Wald’s formula (Proposition 25.5) to the inequality ¢ < Sy)+1 to
get liminf, . o EN(¢t)/t > /lL For the reverse inequality apply Wald’s formula to

the truncated inter-renewals f(j = X; Aa, to obtain ¢ > ET/\?(r) = Efth] —
EXN(,)H = ;2(]E1\~{(t) +1) — EXN(,)H. Use EN(1) > EN(t) and X < a to get
EN@)/t < l%—i—”g—t“ Finally, compute the limsup as t — oo, followed by monotone
convergence theorem applied to i = EX| A a as a — oo to complete the proof. B

Applications of the renewal theorem to problems in risk theory are provided in
Chapter 26. Existence of the so-called derivative martingale associated with random
cascades and branching random walks introduced in Chapter 21 provide another
important area of application for Blackwell’s notion of ladder random variables.
The following example provides an illustrative application of the renewal theorem
to a problem outside of probability theory; see Exercise 10 for another.
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Example 3 (Self-Similar Fractals). ~An interesting application’ of the renewal the-
orem involves the computation of various notions of fractal dimensions associated
with self-similar compact sets, such as the Cantor set, that arise as limit points of
iterated similarity contraction mappings. A similarity contraction map S : R — R¥
is function of the form S = rT, where T : R¥ — R¥ is an isometry and r € (0, 1) a
fixed parameter. We consider compact sets K that can be represented as follows. Let
S1, ..., Sn be a given family of similarity contractions with respective parameters
Fls...,rm. Alsolet C(m) = {1, ..., m}°°. Then®

Lemma 10 (Hutchinson). For j = (ji, j»,...) € {1,2,....,m}*® x € Rk,
lim, o0 Sj, - - S, x exists and does not depend on x. Moreover
: . k
K = Uj=(j1.jp..recom{ im S, -~ §j,x 1 x € RYY
is a compact subset of R, and K is the unique compact set with the similarity
invariance property: K = $1K USHSK U ---U S, K.

Proof. For existence of K one may use a contraction mapping argument as follows.

Since S, ..., S, are contraction maps and RF is a complete metric space, each
S} ...jn has a unique fixed point, say s, ;.. Let us show that for any j € C(m),
lim, 00 5j,...j, = sj exists, and K = {sj : j € C(m)} is a compact invariant

set. Let A = maxi<; j<m |Isi — sj||, and R = A/(1 — r), where r = max{r; :
1 < i < m}. Let B(x, d) denote the closed ball of radius d centered at x. Then
U™ B(si,7R) C ﬂ’}’le(sj, R) := C, say, since for ||s; — x|| < rR, one has
[Isj —x|| <A+rR=A+rr/(1—r)=R.Note thatif x € C, then ||S;x — s;|| =
[1Six — Ssi|| < rllx — sil|] < |[|x — ;|| < R, sothat S;C C C,1 <i < m,
and hence C D §;;C D §;;,C D --- D §j,..;,C D ---. That is, writing Cj, =
S$iC,...,Cjj..j,C,onehas C D Cj; D --- D Cj._j,.... But the fixed point
Siyjn € Sj...;,C,and diam(Sj, . ;,C) — Oasn — oo, and each S, ;, C is closed.
Thus lim, o0 5j,...j, = sjk, say, exists. Now note that if x € Rk J € C(m), then
1Sjieju = Sjijprejull = NSjieejuX = SjiejuSjijorjull < 116 = 8jij Il = 0, and
Sjj..j, = Sjasn — 00. Thus the set K in the lemma equals {sj : j € C(m)}.
Letting K = {sj : j € C(m)}, S;(sj) = sij, since Si(s5) € Si(N;2,Cj..j,) =

N2, Cijy...j, = {sij}. Thus K = U7 | §; K is invariant.
It remains to prove that K is compact. For this give C(m) = {1,..., m}* the
product topology for the discrete topology on the factor spaces {1, ..., m}. Then

C(m) is compact. Define w : C(m) — K by w(j) = sj,j € C(m). Since diam(K)
is bounded (K being a subset of C) it follows that 7 is continuous and hence that K
is compact.

To prove uniqueness, suppose K is a compact set such that K = S K U $K U
-USyK.Let S, j, =Sj0---08j,,and Kj,_; =S}, K. With this notation
one has,

7Lalley (1988).
8Hutchinson (1981).
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K =UL SiK =U"_ Si(SiK) = _ 8K = U Kij. (25.52)

Iterating by induction it follows that

Similarly, writing K = U S; ., K in the next iteration,

Jna1=1Jn+1

S m L
K/l--Jn - U/‘n-H:lI(/l"'/"J"'*'I '

Thus, K > Kj; D Kjj, D -+ D Kjj..j, D -+ . Now, by compactness,
lim;,_, o diam(Kj, _;,) = 0, so the set ﬂ;’le K, ..j, 1s a singleton by completeness
of R¥, say {kj, j,..}. [ |

Note that uniqueness fails among all similarity invariant sets since R¥ is clearly
invariant. Taking k = 1,m = 2 and S1x = rx,Sox =rx + (1 —r) = r(x +
]%’), x € R, one obtains generalized Cantor sets K, with 0 < r < 1/2; the case
r = 1/3 coincides with the definition of the Cantor set by removal of middle-thirds.
The cases 1/2 < r < 1, yield K = [0, 1]. In any case, K1, K> are, compact
pairwise disjoint sets. The similarity dimension of K is the unique solution d > 0
to rf +r§ =1,1ie., 2rd = 1,d = —In2/Inr. For € > 0, a finite subset ' C K is
said to be e-separated if |[x — y| > e forall x, y € F, x # y. The packing function
of K is defined by

N(e) =max{|F|: F C K is € — separated}.

Proposition 25.10. 9 For each B € [0, —Inr) there is a constant cg, uniformly
bounded in 8, such that as n — oo,

N(enlnr—i-ﬂ) ~ Cﬁed(nlnr+ﬂ) — Cﬁz—(n-‘r%),

whered = —In2/Inr,for0 <r < 1/2.

Proof. That the similarity dimensiond = —In2/Inr > 0 follows from the equation
2rd = 1. By compactness of K, K», thereisad > 0 such that |x; —x3| > §forx; €

9This example was selected for its simplicity, but is part of more involved applications of renewal
theory developed by Lalley (1988) that also permits examples in which the images K;, 1 <i <m
are not disjoint sets.
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K1, x> € K». Since K1, K> are scaling-similar to K, a maximal e-separated subset
of K; scales to a maximal er~!-separated subset of K. In particular, a maximal e-
separated subset of K; has cardinality N(e/r). Since K1 N K2 = @, one has for all
0<e <,

N(e) =2N(e/r).
More generally, for all € > 0, let
N(e) =2N(e/r) + L(e), (25.53)
where, since ¢ — N(€) is a non-increasing integer valued function tending to

one for large €, L(¢) = N(e¢) — 2N (e/r) is a piecewise constant function with
finitely many discontinuities. Moreover L(€) = 0 for 0 < € < §. Define

u(x) = e *N(e™),x > 0. Then, writing € = e~ ¥, multiplying (25.53) by e,
writing % = ¢~ !"" and using 2r? = 1, one has
ux) =ulx +Inr)+e ¥LEe™), x>0. (25.54)
X
u(x) = gx) +/ u(x —y)QWdy), x>0, (25.55)
0
where Q(dy) = 8_in,(dy) has mean u = —Inr, and g(x) = e 9*L(e™) is

piecewise continuous with finitely many discontinuities, and compact support in
[0, o0) since L(x) = 0,x € (0, §). In particular, g is directly Riemann integrable.
Using a key renewal theorem, or more explicitly as in Example | with0 < 8 < h =
—Inr,

[n—£]

n
uh—p) = Y gn—ph—p) =) gkh—p)
j=0 k=0
o
— cp = Zg(kh — B). (25.56)
k=0
For uniform boundedness cg < e cq note g(kh — B) < e?khedh [ (e=khy, |

The Exercise 7 provides a similar illustration for a well-known fractal set K.
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Exercises

1. Extend the key renewal theorem to the case of an arithmetic distribution with
span A > 1, and for k > 1, and mean u > 0 by showing that u(nh + k) —
l%z;iog(jh—i-k) asn — oo.

2. Check that the five examples following Definition 25.2 are indeed directly
Riemann integrable.

3. Show that it is sufficient to prove Corollary 25.8 for non-negative directly
Riemann integrable g on [0, 00).

4. (Waiting Time or Inspection Paradox) The waiting time paradox, or inspection
paradox, refers to the counterintuitive experience of longer average waits for
arrivals relative to arbitrarily fixed times; e.g., arrivals of busses at a designated
stop. Assume non-lattice renewal times with a positive density f and finite
second moment. EY} = 02 + u? < oo, u = EY;.

(a) Show that the residual life process R(t) = Sy@)+1,¢t > 0, is a Markov
process with unique invariant probability m having the complementary
distribution for f as pdf 7 (dt) = 1( fl°° f(s))dt = ch(t))dt r>0.

(b) Show that in steady state (a) ER(7) = 5 (‘7 + Du, Where 1s the squared

coefficient of variation!'? of ¥}, and
2
(¢) ER(¢t) > w if and only if % > 1.

5. Assume EX| = u € (0, 00). For the renewal counting process N () = sup{n :
S, < t}, show that N(’) — ﬁ ast — oo. [Hint: Syiy <t < Sn(y+1-]

6. Show that ¢, — D(y) in probability as n — oo and v, — d(y) in probability
as n — oo. [Hint: Use Chebyshev arguments along the following lines: Suppose
¢n # D(y), then there is an € > 0, such that 0 < limsup,,_, ., P(D(y) — ¢n >
€) < limsup,_, o E(D(y) — @a)/€ < £(D(y) — liminf, 0o Eg,) < 0.]

7. (Sierpinski gasket) Take k = 2 and m = 3 in Example 3. The Sierpinski gasket is
the compact similarity invariant set K C R? deﬁned by the similarity contraction
maps Sy (x1,x2) = (53, 2), $(x1, x2) = (3 + 3. %), and S3(x1,x2) = (§ +
Xz' , “4[ + Xz) for (x1, x2) € R2. Fora geometric realization, iterate the following
algorithm for each sub-triangle generated and not removed: Starting with a single
solid equilateral triangle, subdivide into four congruent equilateral sub-triangles
and remove the middle open triangle, i.e., K is the limit set. Use the renewal
theorem to compute lim,_, o ¢"¥* N (e ~""*P) where the lattice span & = In2,

B € (0, h), and d > 0 is the packing dimension.

10The precise form of the mean residual time differs a bit for renewal times having a density from
integer renewal times, see Chapter 8, Exercise 12.



Chapter 26 ®
Special Topic: Ruin Problems in Qs
Insurance

The ruin problem of insurance is another catalyst for many interesting meth-
ods in the historic development of probability. The basic question asks how
the probability of eventual ruin of a company depends on the initial capital of
the company. In standard models, one seeks to provide an answer in terms of
the premium rate and the distribution of claims, be they relatively moderate
or possibly catastrophically large. In the latter case, martingale theory proves
useful. The first task for the asymptotic analysis of ruin probabilities is
therefore to precisely delineate the roles of light- and heavy-tailed claim size
distributions. Martingale theory proves useful for this analysis, especially for
the light-tailed case. For the general analysis of ruin in the renewal model,
also known as the Sparre—Andersen model, Blackwell’s ingenious notion of
ladder heights and epochs, together with his deep general renewal theorem,
plays essential roles.

Throughout this chapter, we will identify a distribution function F on the real line R
with its corresponding Lebesgue—Stieltjes measure F' on the Borel o -field of R. That
is, the same notation will be used interchangeably as a function and a measure.'

Lemma 1. Let F be the distribution function of a random variablEX > 0, which is
not bounded. That is, F(0) =0, F(x) < 1,Vx € (0, 00). Write G(x)=1-G()
for a distribution function G on [0, 00). Then liminf, o F * F(x)/F(x) > 2.

Proof. Let X1, X5 be independent with common distribution F. Then P (X + X, >
x)>P(X; >x]U[X, >x])=P(X1>x)+ P(X2 >x)— P(X1 >x)P(Xy >

1See BCPT, p. 228, for Lebesgue—Stieltjes measure.
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x) = 2P(X; > x) — PX(X; > x). Now divide the relations by P(X; > x), and
take the liminf as x — oo. |

It is intuitively clear that the faster the tail probability of F' decays, the larger
is the left side in the above lemma. It is easy to check, for example, that if the
tail decays exponentially, then one has F % F(x)/F(x) — oo as x — oo. This
motivates the following definition.

Definition 26.1. A distribution (function) F on R, or a real-valued random variable
X with distribution function F, is said to be light-tailed if for some 6 > 0,
Eexp(hX) < oo for all h € (—0,0), and F is heavy-tailed otherwise. If F is
the distribution of a positive random variable, F'(0) = 0, F(x) < 1Vx > 0, then F
is subexponential if

Jim F o F(x) JF(x) = 2. (26.1)

The class of all subexponential distributions is denoted by S.
Definition 26.2. A positive measurable function L on (0, co) is said to be slowly

varying at infinity if

L(cx)
m =
x—oo L(x)

1, Ve > 0.

A non-negative function f is said to be regularly varying with index 5 > 0 if it is of
the form f(x) = x®L(x), where L is slowly varying at infinity.

Proposition 26.1 (Karamata Representation®). A positive measurable function L
on (0, oo) is slowly varying at infinity if and only if from some x¢ > 0, it can be
represented as

X1
L(x) = d(x)eXp{/ ;g(t)dt},
X0

where g and d are measurable, g(r) - 0ast — o00,and 0 < d = limy_, o d(x) <
0.

Remark 26.1. In view of Lemma 1, it now follows Eat (26.1) is equivalent to the
seemingly stronger property limsup,_, . [F * F(x)/F(x)] = 2.

Lemma 2. Suppose the distribution F of X is subexponential. Then (a) uniformly
Vy > 0 lying on a bounded set,

xli)nolo F(x —y)/F(x)=1. (26.2)

ZFor a proof, see Ramasubramanian (2009), pp. 73-76.
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(b) The function L(z) = F(Inz) is slowly varying at infinity. (c) F is heavy-tailed.

Proof. (a) One has F* F(x) = 1 — F*?(x) = 1 — f[o,x] F(x — t)F(dt)
1= fioll = Fx = D]F(dt) = F(x) + [jg F(x — 0)F(d1), so that, for 0 <
y < x, noting that F is a decreasing function, F * F(x)/F(x) = 1 + f[o,x] F(x —
1/F(x)Fdt) =1+ f[o’y] F(x —1)/F(x)F(dt) + f[m F(x —t)/F(x)F(dt)
1+F(y)+[F(x—y)/F(x)](F(x)—F(y)]. Let y > 0 be fixed. Then letting x — oo
on both sides, one obtains 2 > 1+ F(y) +1lim supx_mo{f(x —)/F@)H1-F()},
or lim supx_)oo[f(x—y)/f(x)] < 1. But, obviously, liminfy_, oo F(x —y)/F(x) >
1. The uniformity of the inequalities for y in a bounded set is also immediate. Next
consider (b). For 0 < a < 1, write y = —In(a), w = az,c = 1/a. Then, for
0O<a<l,asz — o0,

v

L(az)/L(z) = F(nz — y)/F(nz) — 1, (26.3)
and, forc > 1,as w — 00,
L(cw)/L(w)(= L(z)/L(az)) — 1, (26.4)

establishing the slowly varying property of L. Finally consider (c ). It follows from
(b), writing Z = exp{X}, that for every & > 0,

Eexp{hX} = EZ"
E(Z"11z52)

P(Z>2)=7"Lz) > o0,

v

\

(26.5)

as z — oo, by a well-known property of slowly varying functions (see Exer-
cise 1(b)). |

The following is an important characterization of subexponentiality of F'.

Proposition 26.2. F € S if and only if

lim F¥*"(x)/F(x)=n Yn=23,... (26.6)
X—>0Q

The proof of this proposition follows from induction and the following useful
lemma.?

3We follow Ramasubramanian (2009), pp. 87-89, 92-98, for several results that follow.
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Lemma 3. Suppose F € S and G is a distribution on (0, 00). If, for 0 < a < oo,

Jim G(x)/F(x) =a, (26.7)
then
Jim FxG(x) JF(x)=1+a. (26.8)

Proof. From the first few lines of the proof of Lemma 2 (a), one gets
FxGx)/F(x)=1+ (1/f(x))/ G(x — y)F(dy). (26.9)
[0,x]
Therefore, one needs to prove

lim (1/F(x)) G(x — y)F(dy) =a. (26.10)
X—>00 ((),x]

Given € > 0, let ¥ = %(¢) be such that G(u) < (a + €)F(u) Y u > . This is
possible due to (26.7). Then for x > X,

(1/7(96))/[O ]E(X — V) F(dy)

= (1/F(x)) _G(x = y)F(dy) + (1/F(x)) G(x = y)F(dy)

(0,x—x] [x—Xx,x]

<(a+e) o ~](1/7(16))7(36 — WF(dy) + (1/F(x)[F(x) = F(x = X)]

<@+ /[0 A/F@F = F)
+(I/F)[F(x — %) — F(x)]. (26.11)

Again, from the proof of Lemma 2, the last integral equals F * F(x)/F(x) — 1,
which converges to 1 since F € S. Also, the second term in (26.11) converges to
zero as x — 0o, by Lemma 2. Hence

lim sup(1/F (x)) G(x —y)F(dy) < (a+€). (26.12)

xX—=>00 [0,x]

Next let x be such that, given € > 0, G(u) > (a — €)F (u)¥Yu > x. Then for x > x’
(see (26.11)),

1

F(x — y)F(dy —e)F(x —x'),
700 S (x =Y)F(y) =2 (a—€e)F(x —x")

(26.13)

(1/F(x)) /[0 ]E(x —y)Fdy) > (a—¢)
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using the fact that (1/F(x))F(x — y) > 1 for y > 0. Thus

lim inf(l/f(x))/ G(x — y)F(dy) > a. (26.14)
X—>00 (0,x]
Now (26.10) follows from (26.12) and (26.14). |

There is an alternative, but equivalent, definition of subexponentiality that is
probably more intuitively appealing, as stated below.

Proposition 26.3. Let F be a distribution function on (0, c0).
FeS < PS,>x)=PM, >x)(1+o0()asx — oo,Vn=2,3,...,
(26.15)

where S;, = X1 +---+ X,,, and M,, = max{Xy, ..., X,}, with X,,;,n > 1, anii.d.
sequence with common distribution F.

Proof. To see this note that for every n = 2,3, ..., P(S, > x) = F*(x), and
P(M, > x) = P(U]_[X; > x])
= nF@) — (1/2n( — DEFE ) + -+ (=)™ F @)
=nF(x)(1+o(1)) as x — oo. (26.16)
Hence
F#(x)/F(x) = nF*(x)/nF(x) = n{P(S, > x)/P(M, > x)}(1 + o(1)) — n

as x — 00. By Proposition 26.2, F € S the converse is obtained by reversing these
equalities. |

The following result is extremely useful in proving integrability and interchange
of summation and limits in a host of problems involving subexponential distribu-
tions.

Lemma 4 (Kesten’s Lemma). If F € S, then for every € > 0, there exists a constant
K,0 < K < o0, depending on €, such that

F(x)/F(x) < K(14+¢e)",¥Vx >0,Vn=2,3, ... (26.17)

Proof. Let X1, X»,... be an i.i.d. sequence with a common distribution function
F.For S, = Z?:l Xj,xo>0,n>1,let
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Using subexponentiality, for any € > 0, one may choose x¢ such that for x > xo,
S _ € _
P(S2>x, Xy <x)=F2(x) - F(x) < (1+ FF ).

Using the definitions of «;, and xg, one has, for x > xg,
X—X0
P(Sn>x»Xn§x_x0)=/ P(Sy—1 > x —y)F(dy)
0

x—xo
<o [ Fe-pFay)
=0o,—1P($2 > x, X2 < x — Xxp)
<, 1+ g)F(x). (26.18)
In addition,
P(Sy > x, X, > x —x0) < F(x — x0) < cF(x), (26.19)
for some ¢ > 0. Here, using Lemma 2(a),

f(x—xo)
c=sup —— <

— 26.2
x F(x) (2620

In view of (26.18) and (26.19), one has

an<an_1(1+§)+c, n=2.3,...

Thus, by induction, one has
€ n? € €
<o (l+5)"" +e .X;:(l +5) s+ )" el +e/2" = 1/e/2,
J:
so that by definition of «,,, there exists a constant K such that
00

sup — ())C < 1<1(1+§)"*1 < Ki(1+ o

X>X0 F(x
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1

Also, since f(x) is decreasing on [0, xo] from 7(0) = 1, taking K, = oo’ one
0
has
F(x) n
sup — < Ky < Ky(1+¢)".
x<xq F()C
The assertion follows by taking K = K| Vv K». |

Definition 26.3. Given a distribution F on (0, co) with a finite mean wu, the
integrated tail distribution Fy is defined to be the distribution on (0, o) having
the density

fix) =(1/wWF(x), 0 <x < o0. (26.21)

The class of all distributions F' such that F; € S is denoted by Sj.

Recall that, using Fubini’s theorem, one may check that f[o 00) F)dt = L, SO
that (26.21) defines a probability density on (0, 00).

Remark 26.2. The precise asymptotic rate of the ruin probability is known gener-

ally only for claim size distributions F such that F' € Sy, i.e., for F satisfying

lim [F7 % F (0)/F (x)] = 2. (26.22)
X—>0Q
A sufficient condition for this is the following*:

lim ][F(x —v)/F)IF(y)dy =2pu. (26.23)

x—=00 J(o x

Definition 26.4. The class of all F' on (0, co) with a finite mean p and satisfy-
ing (26.23) is denoted by S*.

Lemma 5. If F € S*,then F € Sandand F € S; (ie., F € Sand F; € S).

Definition 26.5. Let F be an absolutely continuous distribution on (0, co) with
density f. The hazard function q is defined by ¢(x) = f(x)/ f(x ) f@)dt(0 <

x < 00) = f(x)/F(x). One says that g is eventually decreasing if g is decreasing
on (a, oco) for some a > 0.

Note that g(x) is the density at x of the conditional distribution (of a random
variable X with distribution F), given the event [X > x]. The following result is
often useful in checking if F € S§*.

4See Ramasubramanian (2009), pp. 92, 93
5The proof may be found in Ramasubramanian (2009), pp. 96-98.
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Lemma 6. Let F be absolutely continuous on (0, o) with hazard function gq. (a) If
limy 00 xg(x) < 00, then F € S*. (b) If (i) ¢ is eventually decreasing to zero and
(ii) f{9.00) EXPIXG (D)} F (x)dx < 00, then F € S*.6

The following are simple examples of F belonging to the various classes introduced
above. One can check the assertions by direct computation and/or using Lemma 6.

Example 1. Let F be exponential with density f(x) = A exp{—Ax}1(0,00)(x). Then
F is light-tailed.

Example 2. Let F have density f(x) = cx? exp{—ozxﬂ 10,00y (x) for some a > 0,
B >0,and§ > 0.(a) If 8 > 1, then F is light-tailed. (b) If 0 < 8 < 1, then F € §*
(and, therefore, F € S and F € Sy).

Example 3. 1f F has the density f(x) = 8(x?In?x) "', (x) for some § > 0
and ¢ > 1, then F € S*.

Example 4. If F has the density f(x) = §(x In? x)" M (c, 00)(x) for some § > 0
and ¢ > 1, then the mean of F is infinite, so that F is heavy-tailed and does not
belong to S;.

Let us now consider the Sparre—Andersen model of insurance. In this model, also
known as the general renewal model, claims of (strictly positive) sizes X1, X2, ...
arrive at random times 77 < 7, < ---, and a constant premium ¢ > O per unit
time is collected. The sequences {X, : n > 1} and {7}, : n > 1} are assumed to
be independent. It is also assumed that the inter-arrival times A; = T; — T;—1(i =
1,2,...) are i.i.d., with Ty = 0, and EA; = u < oo. For an insurance company
with an initial capital # > 0, the probability of ruin is defined by

n n
Y(u) = P(Z X;i>u+ ZcAi, for some n)
i=1 i=1

n
= P(Z Z; > u for some n). (26.24)
i=1

Here we use the notation Z; = X; — cA;. The common distribution of the i.i.d.
sequence {Z; : i > 1} is assumed to satisfy the Net Profit Condition (NPC) defined
by

(NPC) EZ: <0. (26.25)

Note that if EZ; is finite, and EZ; > 0, then by the strong law of large numbers,
Y(u) = 1 for all u > 0. To avoid the trivial case ¥ (u) = OVu > 0, also assume

P(Z; >0)>0. (26.26)

5The proof may be found in Ramasubramanian (2009), pp. 99—100.
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A special case of the Sparre—Andersen model, in the case that the inter-arrival
times A;,i > 1, are i.i.d. exponential, is called the Cramér—Lundberg model . Both
cases were considered in Chapter 11. The light-tail case is defined by assuming that
the claim size distribution is light-tailed,

Eexp{gX;} < oo for some g > 0. (26.27)
This implies that there exists 4, 0 < & < oo such that

1 <m(q) :=Eexp{gZi} <ocofor0<qg <h, lirr}lm(q) = 00. (26.28)
q%

Let us recall that under these assumptions for the general Sparre—Andersen model,
it follows from martingale theory that one has the following Lundberg bound, see
Proposition 11.8. There exists a unique ¢ = R > 0 such that

m(q) =1, (26.29)
and
¥ (u) <exp{—Ru}, u>0. (26.30)

The parameter R is often referred to as the Lundberg constant. It will be seen from
the derivation of the precise asymptotics of the ruin probability that the exponential
rate provided by (26.30) cannot in general be improved upon. The true asymptotic
rate will be shown to be given by ¥ (1) ~ d exp{—Ru} for some constant d < 1,
where R is the Lundberg constant; here, ~ denotes that the ratio of its two sides
converges to 1 as u — oo (see Remark 26.4).

The following provides a basic result for the Cramér—Lundberg model.

Theorem 26.4 (Pollaczek—Khinchine Formula). Consider the Cramér—Lundberg
model where A is exponential with parameter A, i.e., mean 1/A. Assume the NPC
condition (26.25) and the condition (26.26). Then (a) one has the following renewal
equation type relation satisfied by the survival probability ¢ (u) = 1—1(u), namely,

¢u)=p/(1+p)+1/(0+p) /(0 ]¢(u — X)Fx,1(dx), (26.31)

and (b) its unique bounded solution is given by

¢ =p/(1=p) Y (1+p) " Fyw), (26.32)
n=0
V@) = (p/(L+p) Y (L+p) " F' (w). (26.33)

n=0



338 26  Special Topic: Ruin Problems in Insurance

Here p = c¢/(Ap) — 1, and u = EX;.

Proof. Note that part (b) follows mimicking the proof of Proposition 25.1, Chap-
ter 25, although Fx /(1 4 p) is a defective probability measure. So we need to
prove (26.31). Let S0 =0, S, = Z1 +---+ Z,(n > 1). Then

¢w) = P(S, <uforalln>1)
=PZi1<u,S,—2Z1<u-—Zforalln > 2)
=E@u - Z)lz,<u
= E(pu — X1 + cADLx,—cA <u))

= / (/ ¢ — x + ca)Fx(dx))rexp{—Ara}da
(0,00) J[0,ca+u]

_ / ([ 60 =0 Fx(dx)0/c) expl—i(y — u)/cldy
[u,00) J[0,y]

= (A/c) exp{iu/c} exp{—Ay/c}( ]¢>(y —x)Fx(dx))dy.

[u,00) [0,y

Differentiating with respect to u, this yields
¢'(w) = (1)) ) — (A/c) /[O ]¢(u — x)Fx(dx)
= @A/ W) — (A/){Fx )¢ (0) + /[O ]cb/(u —x)Fx(x)dx},

on integration by parts, and using Fx (0) = 0. Integration of this over [0, z] leads to

$(2) — H(0)

= (/o) / $Gdu — (1)) / ($(0) Fx () + / ¢ (u — x) Fy (0)dx)du
[0,z] [0,z] [0,u]

— (1/0) / 6z — wydu — (L)) (0) f Fy ()du — (1)) / Fy ()
[0,z] [0,z] [0,z]

X ¢’ (u — x)dudx
[x.z]

— (o) / 6z — wdu — (1)) f Fx () (z — x)dx

[0,z] [0,z]

= ()»/C)/ ¢z —u)(l — Fx(u))du
[0,2]

= (A/c)/ ¢z — u)Fxw)du. (26.34)
[0.2]
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Letting z 1 o0, and using ¢ (0c0) = 1 (Exercise 5), one obtains
#0)=1— ()\/c)/ Fxu)du=1—ru/c. (26.35)
[0,00)

Since Au/c = 1/(14+p), 1 —iu/c = p/(1+ p), the proof of (26.31) is complete.l

Remark 26.3. 1f my(q) = Eexp{qY} < oo for some g > 0, for a non-negative
random variable Y with P(Y = 0) < 1, then, given any y > 1, there exists a unique
q1 > O such that my (q1) = y (Exercise 4).

Corollary 26.5 (Asymptotic Ruin Probability: Light-Tailed Case). (a) In addition to
the hypothesis of Theorem 26.4, assume that the integrated tail distribution Fy ; has
a finite mgf f[o ) exp{gy}Fx,1(dy) for some g > 0. Then there exists 6 > 0 such
that

A+p)7! f exp{0x}Fx 1 (dx) = 1. (26.36)
[0,00)
(b) If, in addition to (a),
p = / x(1 4 p)~lexp{6x}Fx. ;(dx) < oo, (26.37)
[0,00)

then one has
) ~ (1/v0)(1 — Au/c) exp{—0u} (26.38)

as u — oo. Here the ratio of the two sides of the relation ~ goes to 1 as u — oo.

Proof. Part (a) follows from Remark 26.3. For part (b), note that (see (26.31))
¥ (u)
= 1o =0+p™ —asp [0 -vu—P@
—a+p [ Ao+ [ F @, (2639)
(u,00) ©0,u]
so that

expl6u) ¥ (u) = explu) (1 +p)! /

(u,00)

FX,l(dx)+/0 exp{6 (u —x)}y (u —x)G (dx),
[0,u]
(26.40)
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where G (dx) is the probability measure exp{6x}Fx ;(dx)/(1 + p). Hence &(u) =
exp{Ou}y (u) satisfies the renewal equation

V() = g(u) + /[0 JJx(u — x)G(dx). (26.41)

Note that g = f f», where fi(u) = exp{fu} is increasing, and fo(u) = (1 +
p) ! f(u o0y Fx,1(dx) is decreasing. Also,

f FL) fo(uw)du = <1+p>—1f
[0,00)

[0,00)

exp{Ou)] / Fy.1(dx)ldu
(u,00)
— (1t p)! / ([ explouldulFy.;(dx)
[0,00) J[0,x)

= +p)_1(1/9)/ (exp{fx} — D Fx j(dx)
[0,00)
=(1/0)(1 =1/ +p)) = (1/0)(A — Au/c) < oo. (26.42)

Hence g is directly Riemann integrable. By the Key Renewal Theorem (Corol-
lary 25.8) in Chapter 25, one has

Tim_ () =/ g(x)dx/v = (1/v0)(1 — Ap/c). (26.43)

[0,00)

Remark 26.4. On integration by parts, the integral on the left in (26.36) may be
shown to equal —% + ﬁ[—l +m(9)#], where m is the mgf of Z; = X; — cA;.
It follows from Proposition 11.8 that there exists a unique & = R > 0 such that
m(0) = 1. Substituting this above and in (26.36), one obtains § = (;-—1)~! = p~!
(Exercise 4). Under the additional assumption (b) in Corollary 26.5, it now follows
that ¥ (u) ~ de™™, where d = %(1 — AT"). (Also (26.36) holds withg = 0 = R.)

Example 5 (Ruin Probability When Both Claim Size and Inter-arrival Time Are
Exponential). In the Cramér—Lundberg model, if the claim size X also has the
exponential distribution with parameter 8, i.e., mean 1/, then it is not difficult
to check that the renewal equation (26.39) is satisfied by

Y (u) = exp{—Ru}/(1 + p), (26.44)

where R is the Lundberg constant R = 8 = 8 — A /c in this case (Exercise 6).
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We next turn to the general renewal model, that is, the Sparre—Andersen model.
For this we follow the approach using ascending ladder heights.” For this define the
first ascending ladder epoch 7y,

[ti=n]l=[S; <0forl<j<n-1,8,>0] n=1,2,...), (26.45)

recallingthat S, = Z1+---+ Z,(n =1,2,...), So = 0. In view of the NPC, 77 is
a defective random variable, with defect 1 — p, where

O<p=P(r1 <o0) < 1. (26.46)

The second ascending ladder epoch 17 of the sequence {S, : n > 1} is defined on
the set [Ty < oo] as the first ladder epoch of the sequence {S;;4n — S, 1 1 =
0,1,2,...}. In this manner, one defines the (j + 1)-th ascending ladder epoch ;1
on the event [t; < oo fori = 1, ..., j] as the first ascending ladder epoch of the
sequence {S,j+n —Srj :n=0,1,2,...}. Note that allowing the value oo for 7;(j =
1,2,...), they are stopping times for the Markov process {S,, : n =0, 1,...}. The
first ascending ladder height L' and its distribution are defined by

[L' € (0,x], 71 =n] = [S; <Oforl1 <j<n-—1,8, €(0,x]l, (26.47)
H,(dx) = P(L' € dx, 7| = n), (26.48)
and
[L' € (0,x]1 = Upz1[L' € (0,x], 71 =n] =[L' € (0,x], 71 < o],
H(dx) = P(L' € (dx), 1; < o0). (26.49)
Hence L' is also a defective random variable with defect 1 — p, being defined only
on the event [t < o00]. Successive ascending ladder heights L/t j = 1) are

similarly defined, namely, L/*! is the first ascending ladder height of the sequence
{St;4n — S¢; : n =0,1,2,...}. Note that, by the strong Markov property, on the

set [1; < 00 fori = 1,..., jl, the conditional distribution of (741, Lj‘H) given
of{(t;, L") : i=1,..., j} is the same as Fhe (defective) distribution of (z1, L'). In
particular, L/t s independent of {(7;, L") : i =1, ..., j}, given [1; < oo fori =

1,..., jl. Expressing the ruin probability (26.24) as

V() = P(M > u), (26.50)

7Recall the ascending ladder height innovation introduced by Blackwell for the analysis of renewal
of random walks; see Chapter 25.
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where M := max{0, Sup,>1 Sy} = max{0, S1, S2, ..., S,, ...} a.s., one has

dw) =1—Y@w)=PM < u)
=P(M§u,tl=oo)+ZP(M§u,r,~<oof0ri=1,...,n,tn+1=oo)

n>1

=(1—p)+ZP(M§u,7:,- <oofori=1,...,n)(1—p)

n>1

=(0-p)+Y P(L'+ - +L"<u <oo... fori=1,....n)(-p)

n>1

= =pIl+Y H" W], (26.51)

n>1

where H*"(u) = P(L' +-- -+ L" <u,7; < ocofori = 1,...,n), and H is the
distribution function of the defective random variable L! (see (26.49)). For the last
equality in (26.51), note that the conditional distribution of L" on the set [t, < o0],
given o {1}, L/,1 < Jj < n —1},is H(dx). Backward recursion then proves that
the joint distribution of L/,1< j <nontheevent[r; <ocofori =1,...,n],is
the product measure H(dx1) --- H(dx,). Because H(dx) is defective, one cannot
apply Blackwell’s renewal theorem directly to compute the asymptotic value of

¢w)=1-y@) =1-p)Yy H"@w. (26.52)

n>0

Here we denote H*?(dx) = 8o(dx), 8o being the Dirac measure (point mass) at 0.

First consider the light-tailed case (26.25)—(26.27). We will use® the i.i.d.
random variables Y;,i > 1, associated with Z;,i > 1, having the corresponding
distribution qu(dx) = exp{q"x}F(dx), where F is the distribution function
of Z; and ¢° is as in (26.29). We will denote the ladder height probabilities
of {Y; : i = 1} corresponding to the probabilities H, ,o(dx), Hj(dx)
corresponding to (26.47) and (26.49). Note that EY; = foqu(dx) =
/Rxexp{qox}F (dx) = m’(qo) > 0, since, as shown in the derivation of the
Lundberg bound (26.29) with R = ¢°, m is strictly increasing at ¢° (> §)
(see the proof of Proposition 11.8). Therefore, the ascending ladder epochs
and ascending ladder heights for the sequence {Y; : i > 1} are proper (non-
defective) random variables. It is easy to check that F;(? (dx) = exp{qox}F *M(dx),
since the joint distribution of (Yy,...,Y,) is qu(dyl)qu(dyz) . qu(dyn) =

explg®y1} explg®ya) - - explg®ya} Fdy) F(dy2) -+ F(dy,) = explg®(n +
y2 + - + y)IFdy1)F(dy>)--- F(dy,), which on integration, setting x =

8This follows the method of Feller (1971), Chapter XII.
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YI 4+ y2 + oo+ yu, yields [ f(X)F(;‘S'(dX) = [p fx)exp{g®x}F*"(dx) for
every bounded measurable function f.

Lemma 7. Let Hyp ), and H, be defined as in (26.49) and (26.50), but with ¥;’s in
place of Z;’s. Then

H,o,(dx) = explq’x} H,(dx), Hy(dx) = exp{q"x} H (dx). (26.53)
Proof. One has, for every x > 0,

H, o)

=qu(Sj <O0forj=1,..,n—1,8; € (0, x])

= E([s; <0 for j=1,..n—111[S,€(0,x]] explg”S))) = E(EC. ... Sn))

= [ moresta®nran,
where
Yn(Y) = E(s; <0 rmfor j=1...n—1150)1[8,=y1-

This shows that H, ,o(dy) = exp{g®y}ya () F*"(dy) = exp{q°y}H,(dy). Con-
sequently, Hyo(x) = 3,51 H, o) = f(oyxlexp{qoy}H(dy), where H,o(dx) =
exp{¢q®x}H (dx). It follows that the convolution Hq*g‘ (dx) is exp{g’x}H*" (dx). This
completes the proof of the lemma. |

Asa consequence, one now has
H(dx) = exp{g’x}H*"(dx), H*"(dx) = exp{—qox}H;g (dx). (26.54)
Therefore, by (26.52),

$(dx) = (1= p) ) exp(—q"x}H™" (dx), (26.55)

n>0

Yy =1-p)y /( )exp{—qox}H*”(dm

n>0 ’

=1-p) exp{—¢"x}G o (dx), (26.56)

(u,00)
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where qu(dx) is the renewal measure for H o and, by Blackwell’s renewal
theorem,

Go(dx) = Z(H;{f(dx) ~ b ldx, (26.57)

n>0
where b = f(o, 00) xqu(dx). Using this in (26.56), one arrives at the following
theorem.

Theorem 26.6 (Ruin in the Light-Tailed Sparre-Andersen Model). Under the
assumptions (26.25)—-(26.27), letting R = ¢°, the ruin probability is, asymptotically,

Yu) ~ (1 — p)bil /(. )exp{—Rx}dx = (1 — p)exp{—Ru}/bR, (u — 00).
" (26.58)

We now turn to the case of heavy-tailed claim sizes. In particular, the claim size
does not have a finite moment generating function E exp{g X;} for any ¢ > 0, so
that

m(q) =Eexp{qZ;} = oo Vg > 0.
In this case, we use the distribution H = H /p to normalize the defective ladder

height distribution H. Continuing with the notation Gwu) = 1 — Gu) for a
distribution function G, rewrite (26.52) as

Y =1—-(0=p)Yy H"(u)

n>0
=1-(=p)) pH"W)
n=>0
=1—(=p Y p"(—H"w)
n>0
=A-p) Y P H" )
n>0
=1-p Y P AW (26.59)
n>1

for u > 0. Note that H*0 = §,. Assume that H is subexponential. Then H is
heavy-tailed and has the important characterization by Proposition 26.2 For every
n=>2,

¥ (u) ) H () — n as u — oc. (26.60)



26  Special Topic: Ruin Problems in Insurance 345

One may now substitute (26.60) inside the summation in (26.59) to get

Y /Hw) = (1—p) > p" B w)/Hw)

n>1
— (= plp+ Y pH"W)/HW)]
n>2
— (1=p)p+)_np"l
n>2

= (1—p)Y np"=p/(1—p), asu—oco. (2661

n>1
The justification of the interchange of the order of taking the limit (26.60) and the
summation over n, in (26.61), is provided by Kesten’s Lemma 4.

Theorem 26.7 (Ruin Under Heavy-Tailed Claim Size). In addition to (26.25) and
(26.26), assume that the normalized ladder height distribution H is subexponential.
Then

W)/ H@w) — p/(1 = p)asu — oo, (26.62)

where p = H(co) = P(1] < o0) is the total mass of the ascending ladder height
distribution H.

Since H is less tractable analytically, and perhaps computationally as well, the
following result is useful. For this, denote by Fy the distribution of the claim size
X with mean p and by Fx ; the integrated tail distribution of the claim size X, with
density

fx.1(x) = (d/dx)Fx,1(x) = (I/M)/( )Fx(t)dt, x € (0, 00). (26.63)

The following useful result is stated here without proof.’

Corollary 26.8. Assume (26.25) and (26.26) and that the integrated claim size
distribution Fy ; is subexponential. Then, writing p, A for the means of the claim
size X; and the inter-arrival time A;, respectively, one has

Y (w)/Fx,1(u) = p/(ch — p) asu — oo. (26.64)

Note that (26.62) and (26.64) imply, in particular, the following:

Hw)/Fx.1(u) — u/(ch— w)]/p(l — p), asu — oo, (26.65)

9See Rolski et al. (1999), Theorem 6.5.11 for the proof.
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and
H(u)/Fx.1 () — p/[(ch — w)pl, asu — oo. (26.66)

Example 6. In the general Sparre-Andersen model with the claim size having the
Pareto distribution with density

fGk, B) = BEPx P11 oo (),
it follows from (26.64) that

V@) = (/i — DU i1 (1 + 0(1)) as u — oo. (26.67)

Exercises

1. (a) Prove that the function represented in Proposition 26.1 is slowly varying at
infinity. [Hint: It is enough to show that (i) Va > 1, lim,_, f;x % gdt =
0,and (i) VO < a < 1, limyo0 [ %g(t)dt = 0. Use the fact that, given
any § > 0, however small, there exists #; > 0 such that |g(z)| < § for all
t>1.]

(b) (i) Assuming the Karamata Representation Theorem 26.1, prove that for all
a>0x?L(x) — ooand x " *L(x) — 0as x — oo. (ii) Show that L(x) =
o(Inx) as x — oo.

2. Suppose that the claim sizes are fixed amounts X; = a > O foralli > 1 in
the Cramér—Lundberg model. Show that the Lundberg constant R is a decreasing
function of a. [Hint: Calculate R using (26.29).]

3. Determine heavy-/light-tailed properties of each of the following distributions:
(i) lognormal, (ii) log-Cauchy, (iii) Gamma, and (iv) Weibull distribution with
pdf £ () = 2 exp{—=($)"}, x = 0,0, > 0.

4. Verify the computation in Remark 26.4.

5. Complete the proof of (26.35).

6. (i) Verify the formula for the ruin probability for exponential claims and inter-
arrivals in Example 5. [Hint: If Fy is exponential, then Fx; = Fyx.
Use (26.39).]

(i1) Do the same for the case in which the claim size distribution is a convex
combination of two exponential distributions, say having pdf % Bre Prx 4+
%,Bze_ﬂzx, x > 0, where B, B2 > 0.

7. Which of the claim size distributions in Examples 14 satisfy the hypothesis of

Theorem 26.7, and what are the asymptotic ruin probabilities? [Hint: Examples 1

and 2. Use (26.64).]



Chapter 27 ®
Special Topic: Fractional Brownian Qs
Motion and/or Trends: The Hurst Effect

This chapter involves efforts to understand a phenomenon first reported in
connection with the Nile River data by Hurst (1951), referred to as the Hurst
phenomena, and identified as an anomaly by Feller (1951). The history is rich
by way of consideration of various possible scenarios ranging from heavy
tails, long range dependence, or climatic trends. The chapter is concluded
with a brief survey of mathematical aspects of the fractional Brownian motion
model by Mandelbrot and Wallis (1968) motivated by this application, as
well as in other contexts such as mathematical finance' and economics. This
includes its extension to a random field model indexed by k-dimensional
Euclidean space.

Let {Y, : n = 1,2,...} be a sequence of random variables representing the
annual flows into a reservoir. Let S, = Y1 +---+ Y,,n > 1, S = 0. Also
let Yy = N~'Sy denote the mean flow rate over a span of N years. A variety
of complicated natural processes (e.g., sediment deposition, erosion, etc.) constrain
the life and capacity of a reservoir. However a particular design parameter analyzed
extensively by hydrologists, based on an idealization in which water usage and

! An interesting construction of Rogers (1997) shows that the fractional Brownian motion model
is not arbitrage-free unless it is Brownian motion. That is, unless it is Brownian motion, it is
not a semi-martingale, and consequently there cannot exist an equivalent martingale measure; see
Chapter 23 for the financial math implications.

© Springer Nature Switzerland AG 2021 347
R. Bhattacharya, E. C. Waymire, Random Walk, Brownian Motion, and Martingales,
Graduate Texts in Mathematics 292, https://doi.org/10.1007/978-3-030-78939-8_27


http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-030-78939-8_27&domain=pdf
https://doi.org/10.1007/978-3-030-78939-8_27

348 27 ST: The Hurst Effect

natural loss would occur at an annual rate estimated by Y y units per year, is the
(dimensionless) statistic defined by

RN L MN—mN

D - D (27.1)
where
My :=max{S, —nYy;n=0,1,...,N} (27.2)
my :=min{S, —nYxy :n=0,1,..., N},
1 & = Ty
Dy = [ﬁ ;(Yn —-Yn) ] . Yy = Sw. (27.3)

Here S, is the total inflow for the first n years and nY y the losses at the assumed rate
Y . The hydrologist Hurst (1951) stimulated much interest in the possible behaviors
of Ry /Dy for large values of N. On the basis of the data analyzed for regions of
the Nile River, Hurst published a finding that plots of log(Ry/Dy) versus log N are
linear with slope H = 0.75. Feller (1951) was soon to show this to be an anomaly
relative to the standard statistical framework of i.i.d. flows Y1, ..., Y, having finite
second moment. The precise form of Feller’s analysis is as follows.
Let {Yn},‘;":1 be an i.i.d. sequence with

EY, =d, VarY, = o2 > 0. (27.4)

First consider that, by the central limit theorem, Sy = Nd + O, (N %) in the sense
that (Sy — Nd)/~/N is, for large N, distributed approximately like a Gaussian
random variable with mean zero and variance o 2. If one defines

A?N =max{S, —nd : 0 <n < N},

my = min{S, —nd : 0 <n < N},

Ry = My — iy, (27.5)

then by the functional central limit theorem (FCLT)

M a -
( N il — R asn — 00, (27.6)

: = (M, ),
o N a\/ﬁ)
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where =—> denotes convergence in distribution of the sequence on the left to the
distribution of the random variable(s) on the right. Here
M = max{B; : 0 <t <1},
=B :0=<t =<1},
—m, (27.7)

= S
i
i)

with {B;};>0 a standard Brownian motion starting at zero. It follows that the
magnitude of Ié;v is Op(N %). Under these circumstances, therefore, one would
expect to find a fluctuation between the maximum and the minimum of partial sums,
centered on the mean, over a period N to be of the order N % To see that this still
remains for Ry / (ﬁ Dy) in place of R N/ (\/N o), first note that, by the strong law

of large numbers applied to Y, and Yn2 separately, we have with probability 1 that

Yy — d, and

N
1 —
DQZNE:Yf—YfVaEYE—f:az, as N — 0. (27.8)

n=1
Therefore, with probability 1, as N — oo,

Ry Ry

VNDy  V/No’

where “~” indicates “asymptotic equality” in the sense that the ratio of the two
sides goes to 1 as N — oo. This implies that the asymptotic distributions of the
two sides of (27.9) are the same. Next notice that, with = denoting convergence in
distribution,

(27.9)

My _ o (Samnd)—n(y—d)
o/N  0=n=N oV N
B Sine — [Ntld  [Nt] ( Sy — Nd
o (A (N AY) @

= max (B, —tBy) ;=M
0<r<l1

and

my (S[N,]z[Nt]d [Nf] (SN—Nd
oN 0<t<l o~/N N oN

)) = min (B; —tBy) :=m,
0<t<l
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and

< My my

) = (Mv m)‘ (27'11)
ovN aﬁ)
Therefore,

Ry Ry
DyvVN  oV/N

where R is a strictly positive random variable. Once again then, Ry /Dy, the so-

= M —m =R, (27.12)

called rescaled adjusted range statistic, is of the order of O, (N ?2).

We will say that the Hurst exponent is H if Ry/(DyN*) converges in
distribution to a nonzero real-valued random variable as N tends to infinity. In
particular, this includes the case of convergence in probability to a positive constant.
The basic problem raised by Hurst is to identify circumstances under which one
may obtain an exponent H > % representing the so-called Hurst effect. The next
major theoretical result following Feller was again somewhat negative, though quite
insightful. Specifically, Moran (1964) considered the case of i.i.d. random variables
Y1, Y2, ... having “heavy tails” in their distribution. In this case, the re-scaling
by Dy serves to compensate for the increased fluctuation in Ry to the extent that
cancellations occur resulting again in H = %

In the remainder of this chapter, we will consider two theories that provide
H > % In the one cited earlier, H > % is shown to occur under a stationary
but strongly correlated model having moments of all orders. In the other theory,”
H > % is shown to occur for independent but nonstationary flows having finite
second moments. In particular, it will be shown that under an appropriately slow
trend superimposed on a sequence of i.i.d. random variables, the Hurst effect
appears.

Let {X,};2, be an i.i.d. sequence with EX,, = d and VarX,, = o2 as above,
and let f(n) be an arbitrary real-valued function on the set of positive integers. We
assume that the observations Y,, are of the form

Yo = Xn + f(n). (27.13)
The partial sums of the observations are

Si=Yi+- Yy =Xi+ o+ Xy + fD)+ -+ f)

=S+ f().  S=0, (27.14)
j=1

2Bhattacharya et al. (1983).
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where
Ss=X1+-+ X (27.15)
Introduce the notation Dy, for the standard deviation of the X-values {X,, : 1 <n <
N},
| X
¥2 . Y .\2
Dy = X;(X,, Xn)2. (27.16)
n=

Then, writing f y = 2}11\/:1 Sm)/N,
| X
2 . _ _ Y )2
Dy = ZI(YH Yn)
-

1 N o 1 N —
= S 2 Xn =X+ 23 (F ) = Fy)’
n=1

n=1

2 Y _ -
7 2 @) = Fi) (X = Xn)

n=1

| & _ 2 Y _ _
= DY+ 5 20 = Tw)? + 5 3 () = Fy) X = Xn).
n=1 n=1

27.17)
For convenience, write
n
un ) =Y (f(G) = Fn),  nn(0) =0,
j=1
Ay = max uy®m)— min uy®n). (27.18)
0<n<N 0<n<N

Also write

My = max {S, —nYy}= max {S;: —nXy —I—,uN(n)},
0<n<N 0<n<N

my = min {S, —nYy}= min {S} —nXy+puym},
0<n<N 0<n=<N

MY = max {S*—nXy), m5 = min {S*—nXy),
N OgngN{ n N} N OSnSN{ n N}

Ry = My —my,
RY = M} —m’. (27.19)
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Observe that
My < max uy(n)+ max (S, —nXy),
0<n=<N 0<n<N
my > min py(n) + min (SF —nXy), (27.20)
0<n=<N 0<n<N
and
My > max py(n)+ min (S¥—nXy),
0<n<N 0<n<N

my < min py(n) + max (SF —nXy). (27.21)
0<n<N 0<n<N

From (27.20), one gets Ry < Ay + R}, and from (27.21), Ry > Ay — R} In
other words,

IRy — ANl < RYy. (27.22)
In the same manner,
IRy — Ry| < An. (27.23)

It remains to estimate Dy and Ay .

Lemma 1. If f(n) converges to a finite limit, then D]2v converges to o2 with
probability 1.

Proof. In view of (27.17), it suffices to prove

1 & _ 2 _ _
N DT+ L M=F)Xa=XN) >0 asN oo (2724)

n=1

Let « be the limit of f(n). Then

1 & - 1 & _
T2 = F)? = (f) =) = (Fy —). (27.25)
n=1 n=1

Now if a sequence g(n) converges to a limit 8, then so do its arithmetic means
N1 Zf’ g(n), N > 1. Applying this to the sequences (f(n) — a)? and f(n),
observe that (27.25) goes to zero as N — oo. Next

1 & _ _ 1 Y _ _
5 n;(fm) — VX=X =+ ;(fm) —a)(Xp—d)— (Fy —a) Xy —d).

(27.26)
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The second term on the right clearly tends to zero as N increases. Also, by the
Schwarz inequality,

s 2N 3
<5 (;(f(n) - oe)z) (Z(Xn - d)z) :

n=1

1 N
5 2 ) = )Xy — d)
n=1

By the strong law of large numbers, N~' "N (X, — d)? — E(X| — d)? = o2
and the arithmetic means N1 Zr]lvzl( fn) — o)? go to zero as N — 00, since
(f(n) —a)?> - 0asn — oo. m

From (27.12), (27.22), and Lemma 1, we get the following result.
Theorem 27.1. 1f f(n) converges to a finite limit, then, for every H > %,

Ry AN
— —
DyNH DyNH

0 in probability as N — oo. (27.27)

In particular, the Hurst effect with exponent H > % holds if and only if, for some
positive number ¢’,

lim 2N _ o (27.28)
Jm = .
Example 1. Take
f(n) :oz—l—c(n—i—m)/3 n=1,2,...), (27.29)

where «, ¢, m, and B are parameters, with ¢ # 0, m > 0. The presence of m
indicates the starting point of the trend, namely, m units of time before the time
n = 0. Since the asymptotics are not affected by the particular value of m, we
assume henceforth that m = 0 without essential loss of generality. For simplicity,
also take ¢ > 0. The case ¢ < 0 can be treated in the same way.

Firstlet 8 < 0. Then f(n) — «, and Theorem 27.1 applies. Recall that

Ay = max uy(®) — min uy(n), (27.30)
0<n<N 0<n<N

where

unm) =Y (f()—fy)  forl<n<N,

j=1
un(0) =0. (27.31)
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Notice that, withm = 0 and ¢ > O,

N

1
pn @) —punn—1) =c | nf - 5 Z;jﬂ (27.32)
J:

is positive forn < (N ! Z?]:l j#)1/B and is negative or zero otherwise. This shows
that the maximum of uy (n) is attained at n = ng given by

1/8

N
1 :
§ i , (27.33)
j=1

ny =

z|

where [x] denotes the integer part of x. The minimum value of uy(n) is zero,
attained at n = 0 and n = N. Thus,

no N
1
— — E B _ _ z iB
AN = un(ng) = Ck_l k N Z j . (27.34)

. . . L 1 .
By a comparison with a Riemann sum approximation to fo xPdx, one obtains

(1+p7 NP forB > —1

1 i\?
NZjﬁ=NﬁZ<%) A N~'log N for g =—1 (27.35)
=1 J=1 N1 Z?’;l jP forp < —1.

By (27.33) and (27.35),

1+p)~YVEN for B > —1
no~ { N/log N for B = —1 (27.36)
(X5 )P NVED for g < —1.

From (27.34)—(27.36), it follows that

) s
C”O(ﬁ_—oﬂ—ﬁ—ﬂ>~C1N1+ﬁ, —-1<B8<0,
Av ~ cno(no_1 logng — N~'log N) ~ clogN, B =—1, (27.37)
CZ;LJ'ﬁ = ¢z, B < —1.

Here ¢; = ¢(—B)(1 + B)~21/ and ¢, is a positive constant depending only on .
Now consider the following cases.
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Case 1: —% < B < 0. In this case, Theorem 27.1 applies with H(B) =1+ 8 > %
Note that, by Lemma 1, Dy ~ o with probability 1. Therefore,

Ry

. s o]
DNNTF —c1 >0 in probability as N — oo, if —5< B <0. (27.38)

Case2: 8 < —%. Use inequality (27.23), and note from (27.37) that Ay = op(N%).
Dividing both sides of (27.23) by Dy N % one gets, in probability as N — oo,

Ry R* R;k\,

DyN?> DNN 5 oN?

1
if B < —5 (27.39)

But R} /oN 2 converges in distribution to R by (27.11). Therefore, the Hurst
exponent is H(B) = 5

Case 3: 8 = 0. In this case, the Y;, are i.i.d. Therefore, as proved at the outset, the
Hurst exponent is %

Case 4: 8 > 0. In this case, Lemma 1 does not apply, but a simple computation
yields

Dy ~ c3N B with probability 1 as N — oo, if 8 > 0. (27.40)
Here c3 = B/(B8 + 1). Combining (27.40), (27.37), and (27.22), one gets

Ry
NDy

— ¢4 in probability as N — oo, if 8 > 0, (27.41)

where c4 is a positive constant. Therefore, H(8) = 1.
Case 5: 8 = —%. In this case, one considers the process {Zy (s)}o<s<1 defined by

n Sy —nYn
7z <_)=— forn =1,2,..., N, Zy(0) = 0,
NN JNDy N

and linearly interpolated between n/N and (n + 1)/N. Observe that Zy(n/N) =
Sy — nXn)/vNDy — un(n/N)/~/NDy and that the polygonal process corre-

sponding to (S; — nXn)/v'NDy converges in distribution to a Brownian bridge
{B]}o<s<1., by the FCLT (Theorem 17.2). On the other hand, for 0 < ¢ < 1,

[N1] [Nf] N
py (N =y j72 - TZ]

j=1 j=1

S DIEREEE D R BT

J=1

ol—

(27.42)
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Fig. 27.1 The Hurst H( 5)
exponent as a Function of the
Trend Rate 8

Thus {Zy (s)}o<s<1 converges in distribution to {Z; := B} 4+ 2c/s(1 — /s)}o<s<1,
and the asymptotic distribution of Ry / (\/ﬁ Dy) is the non-degenerate distribution
of

max Z; — min Z;.
0<s<l 0<s<l

In particular, H (—%) = %

The graph in Figure 27.1 of H(B) versus B summarizes the results of the
preceding cases 1 through 5.

For purposes of data analysis, note that (27.38) implies

R 1
log D—N ~[loge' + (1 +p)logN] > 0 if —5 < <0. (27.43)
N

In other words, for large N, the plot of log Ry/Dy against log N should be
approximately linear with slope H = 1 + B, if —% < B <0.

This concludes the analysis of the statistic Ry /Dy for data in which there is a
time varying trend.

For an alternative,’ explanation of the occurrence of H > % suppose that Y7,
Y,, ... is a stationary Gaussian sequence of random variables with mean zero and
covariances y (k) = E{Y,,) Y44}, k =0, 1,2, ..., o2 := y (0). By stationarity it is
meant that the distribution of {Yn}ff’zl is invariant under time shifts, i.e., it equals the
distribution of {Y;,}o° | for every k = 1, 2, .... One may note that there is no loss
in generality in centering the observations for the statistics in (27.16) and (27.19)
when the mean is constant. We will consider the case of a slow decay of correlations
of the form

y (k) ~ ck™? as k — oo (27.44)

3See Mandelbrot and Wallis (1968).
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for some 0 < 8 < 1, ¢ > 0. A proof that such covariance functions exist will be
given below.
With H = H(0) = 52 € (1/2, 1], let

)
N [Nt]
v =g 120, (27.45)

and let {ft(N)},zo be the corresponding polygonal process obtained by linear

. . NI _ 1 2
interpolation of the values <7, 1 = 0, %, %, -

distributions of {Y,(N)}tzo (and {?,(N)}tzo) are Gaussian with mean zero and for
t] < tp,one hasas N — oo

... Then the finite-dimensional

2
N N
E(r" - v)
2
— N2H+-2R (Yz(zN) _ Yz(lN))

[N(t—t1)]-1

N(ty — 2 2
_ e —ilo S NG — 1) — kly (0 + (1)

2—0 2—-0
N N P
[N(t2—tD)]-1 _6

k[ k yk) 1
=o(l)+2 h—-th—-—|[=) 2=.—
o(1) + 1; |:2 1 N:|(N> N

1

— (th—1)*7" / (A =x)x"%dx ="ty — 11)*°. (27.46)
0

From (27.46), it follows that Var(Y,(N)) — "t27% and Cov(Y,(lN), Y,(zN )) —

%c”{tzz_e +t]2_9 —(t,—11)*>"%) = f(t1, ), say (t; < 12). Therefore, the mean vector

and covariance matrix of the (Gaussian) finite-dimensional distributions converge.

This establishes convergence of the Gaussian finite-dimensional distributions.
Since, as in (17.6), for 6 > 0, using Chebyshev’s inequality, one has

P ( sup ‘Y,(N) — ?,(N)‘ > 8)

0<t<T
[ Y|
=Py >0 forsomem=12. [NTI+1) (2747)
ElY1]"
S([NT]+1)NVH5r =o(1) as N — oo,

for any choice of r > % = ﬁ, the limit distributions of {Y,(N)}tzo and {I?,(N)},ZO
coincide. The existence of a limit distribution on the space C[0, oo) follows by a
tightness computation (Exercise 2). The corresponding limit process is a mean zero
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Gaussian process { B,(H) : t > 0} having continuous sample paths with covariance
E(BP By = H?H 4 20—t — sy QH =2 —6 > 1) referred to as a
fractional Brownian motion. The case 6 = 1 is Brownian motion.

The functional limit theorem (weak convergence) above extends* to non-
Gaussian stationary sequences {Y, }ZO=1 with correlations of the form (27.44) as
well. To conclude this chapter, let us calculate the Hurst exponent for this model.
We have, in the same manner as (27.10) and (27.11) but with the N7 scaling, that
as N — oo,

My~ my (H) _ gy o (gD _ | p()
(GNH’ aNH> == (Orgtaicl(Bt —1B;"), 021[121(3, —tB;") ).
(27.48)

Also since Yy = SWN has mean zero and since E??V = (N21r{/N2)IE(Y](N))2 —- 0
by (27.46), one has Yy — 0 in probability as N — oc. Similarly, EY? = o2, and
E{(Y? — 0)(Y2, — 02)} = 2y%(k), implies that D} = 3 SN (¥ —TYn)? =
% Z,N:1 Yi2 — (N2> o%in probability as N — oo, since

N—-1N—i

N 2 o
! E(Yf —o%)* 2
Var <N§Yi2> = IT + V2 Z ZE{(YiZ _62)(Yi2-',-k — o)) = 0

i=1 k=1

as N — oo.

In the case 0 < 6 < 1, the power law decay of correlations is often referred to
as a long range dependence in this context.” However this is only a reflection of the
scaling by N and non-Brownian limit. For Brownian motion (6 = 1), the latter is
an independent sequence.

Remark 27.1. The model (27.13), (27.14) is that of a random walk with a nonlinear
growth in mean. It has been shown that if there is a trend EY,, = f(n), which decays
slowly, as is the case in Example 1 with f(n) = O (nf) and —% < B < 0, then the
Hurst effect is manifested. It should be noted that the assumption “{X,,}°° | is i.i.d.”
in this case can be relaxed to “{X,,}°° | is stationary and weakly dependent.”® That
is, all results derived for the model (27.13) and Example 1 carry over to the case
of a stationary sequence {X,};° , having finite second moments for which both the
strong law of large numbers and the FCLT hold under the same scaling as in the
i.i.d. case. Observe that the only properties of the sequence {X,,}°° , that have been

made use of are as follows: as N — oo, (1) Xy — EX; as., % Z?’:l X; — IEX%

a.s. and (2) the polygonal process {f(,(H)},Zo obtained by linear interpolation of

4See Samorodnitsky and Tagqu (2016) for comprehensive treatment of central limit theory under
long range dependence.

5 Also see Samorodnitsky (2006).
6See Bradley (2007) for comprehensive treatment of limit theorems under weak dependence.
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)}217,2, = (Sy — nd)/\/ﬁ (n = 0,1,...) converges in distribution to a Brownian

motion {X,};>¢ with a positive diffusion coefficient. Thus the Hurst effect shows up

for “weakly dependent” {Y,}° ; with slowly decaying mean, as well as for “strongly

dependent” stationary {Y,,} 7 ;.
The fractional Brownian motion naturally extends to a random field as follows.

Definition 27.1. The fractional Brownian random field with exponent H € (0, 1)
is the mean zero Gaussian process {B)((H) : x € R¥} having continuous sample paths
with covariance

1
Tr(x.y) = BB BI) = S{IxP! 4 |y —1x =y} x oy e RE
The case H = % defines a random field referred to as multiparameter Brownian
motion.” However, for this definition to serve as a starting point, one needs
to check that (i) I'y(x,y) is positive-deﬁnite8 and (ii) there is a version with

continuous paths. This second point can easily be obtained as a consequence of
the Kolmogorov—Chentsov condition and is left as Exercise 1.

Lemma 2. Fix0 < H < 1, and define
H—1 . H—1L .
yu(s,r) =|s —r|7 " 2sign(s —r) + |r|” " 2sign(r), s,r € R.
Then yx(z, -) € L*(R) for each 7 and
(yu(t, ). yu(s, ) = cu (s + 127 — s — 1?7,

for a positive constant cg.

Proof. First note that |1 — u|? _%sign(u) and |u|" _%sign(u) are locally square-
integrable in neighborhoods of ¥ = O and u = 1, yy(0,7) = 0 and yﬁ, (r,t) =
|t~y 2 (1, L), t # 0. Moreover, for H < 1,

) o
/ y,%(l,u)du+/ vi (1, u)du
- 2

o0

[e%9) o l |
:2/ V[%(I,M)du=2/ {MH_i_(u_l)H—j}zdu
2 2

TLévy (1945).

8Historically the positive-definiteness problem was solved for multiparameter Brownian motion
by Schoenberg (1938) and more generally for 0 < H < 1 by Gangolli (1967). The simpler proof
here is given in Ossiander and Waymire (1989).
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o0 u
1
= 2/ ( (H — —)vagdv)zdu
2 u—1 2
1 o0 u
<2(H - 1y / / V213
27 S Juaa
1 o0
<2(H - 5)2/ (u— 134y < 0. (27.49)
2

Thus, for each t, yu(t,) € L*(R), and [|yu(t, )3 = 2cylt|*", where cy =
lyu (1,913 > 0.So, yu (t,) — yu (s, ) € L2(R), and

1 1
Wym ) — yu(s, )5 = fR{|z—r|H*fsign<r—r)— Is — |7~ 2sign(s — r))2dr
=/{|z—s—y\H—%signu—s—yH|y|H—%sign<y>}2dy
R
= llyu(t — s, )3 = 2cylt — s*H. (27.50)

The assertion follows since

1
(va (e, ), yu(s,)) = SHllya, MNB A+ lyu (s, I3 = llyu @, ) — yuls, )3

Proposition 27.2. For H € (0, 1), the kernel I'y(x, y),x,y € Rk is positive-
definite.

Proof. Transforming to spherical coordinates, one has
/ / yu((x,0), r)ya((y,0),r)drdf
Sk—1 JRkK

1
= / e {lx, P +1(y, 002" — [(x — y,0)[*}d0
sk=1 2

= Crullx* + 1y — |x — y*H7), (27.51)

where Cy g = %CH fsk—l (@, 0)*" d6 does not depend on ¢ € S*~!. Thus, one has

Z Iy (xi, xj) = Z cicj /SH ka ya((xi, 0), )yu({x;,0),r)drdf

1<i,j<m 1<i,j<m

- /Sk—l /l;k (ZciVH(<Xi, ), r))zdrde > 0.

i=1
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Exercises

(O8]

. Use the Kolmogorov—Chentsov condition to show the existence of a continuous

version of the fractional Brownian random field. [Hint: Check that B)EH) — BﬁH) is
Gaussian with mean zero and variance E| B)EH) - BﬁH) 1> = |x —y|*¥ from which
the higher order moments follow as E|B,(CH) — BﬁH) |2 = @pc —y|*H k> 1.

K12k
1
Choose k > 5]

. Prove tightness of the Gaussian polygonal process {Y,(N)},Zo. [Hint: Tt is

sufficient to show that there are positive numbers ¢, 8, and M such that E|Y, Z(N) —

Y, X(N) | < M|t —s|'P. Make computations similar to those for the 4th-moment
proof” of the FCLT.]

. Show that E(B\") — B{)2 = |t — 52H.
. (Self-similarity of Fractional Brownian Motion) Show that the distribution

of the fractional Brownian motion with exponent H is invariant under the

transformation W, = A~ B)(f), t > 0, for any fixed but arbitrary A > 0.

. Use the Kolmogorov—Chentsov theorem to show that on any finite time interval,

fractional Brownian motion with the Hurst exponent H is a.s. H older continuous
of order 6 forany 0 < 6 < H.

. Suppose that Y1, ..., Y, is an i.i.d. sequence with symmetric stable distribution

having characteristic function Eeith = e_ma, & € R, for an exponent 0 < o <
2. In this exercise, we compute the expected (unadjusted) range of the sums as a
function of n.

(i) Show that nféSn = n*al(Yl + -+ Y,) =9y foreachn > 1.
Assume that 1 < o < 2 in the remainder of exercises (ii)—(iv).
(ii) Show that E|Y;| < oc and a.s. Sn—" — EY; =0.
(iii) Let ¢ = Emax{0,Y;} > 0. Show that ES} = néc. Let M, =
max{0, S, ..., Sy}, and show EM,, = ¢ > }_, ko~ ~ cans asn — oo.
@iv) Let m,, = min{0, Sy, ..., S,}, and show E(M,, — m,) = 2EM,, ~ 2comctl
as n — oo. [Hint: Use scaling and Spitzer (1956) combinatorial lemma in

(iii).]

See BCPT, p. 152.



Chapter 28 )
Special Topic: Incompressible Qs
Navier-Stokes Equations and the

Le Jan—-Sznitman Cascade

The three-dimensional incompressible Navier—Stokes equations are nonlinear
partial differential equations formulated in an effort to embody the basic
physics of fluid flow in accordance with Newton’s laws of motion (See Landau
and Lifshitz (1987)). The equations are involved in models of fluid flow with
applications ranging from modeling ocean currents in oceanography to blood
flow in medicine, among many others. However, understanding the existence
and/or uniqueness of smooth solutions to these equations, when the initial
data is smooth, presents one of the great unsolved mathematical challenges
of the twentieth and twenty-first centuries (Ladyzhenskaya (2003), Fefferman
(2006)). The main goal of the present chapter is to present a probabilistic
cascade model of Le Jan and Sznitman (1997) and its subsequent extensions,
in which solutions may be represented as expected values of a certain vector
product over a random tree, provided the expectations exist.

Assuming constant (unit) mass density, the equations take the form of four nonlinear
partial differential equations in four unknowns of a scalar pressure p and the three
scalar components of velocity v = (vg, v2, v3). In vector form, the incompressible
Navier—Stokes equations in free space are

dv

o +@-VYv=vAv—Vp+g, V-v=0, v(0", x) = vg(x), x € R, (28.1)

where v > 0 is a positive (viscosity) parameter, vo : R> — R3 is the initial velocity
data, V = (2, 2 ), A=V V=33, & and g : [0,00) x R® — R?

9x2” Ox3 J=1 52

is an external forcing. It is to be emphasized that the incompressibility condition
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V-v = 0is to hold at all points in time and space as part of the system of equations,
including for the initial data. For convenience, we will also assume the forcing to be
incompressible. In coordinate form, the system of equations involves four unknown
scalar coordinates, vy, vz, v3 and the pressure p, governed by the following four
scalar equations:

3 3
%Jrzvk%:vzaz”f_a_l’ﬂ. S0 o =123 @82
= o .

in addition to the given three coordinates of initial velocity.

The left-hand side of the equation is the acceleration of the fluid at time-space
location (z, x) when measured in the Eulerian coordinate system. That is, one views
the (unit mass density) fluid from the perspective of fluid parcels passing by the
location x at time ¢. In particular, the nonlinear term is an artifact of the frame
of reference, as opposed to modeling assumptions, and is therefore intrinsic to the
equations of motion. The right-hand side describes the dispersive (linearized stress-
strain relations on the fluid), the pressure, and the external forces acting on the fluid
that produce the flow in accordance with Newton’s “F= MA.”The equation V-v = 0
is the incompressibility condition for the flow, assuming constant fluid mass density.

Remark 28.1. As a matter of first principles, the velocity field at time z and
spatial location x is v(f,x). The position in R3 of a fluid parcel at time ¢
originating at x(0) = a, denoted by x(z,a), is subject to the instantaneous
velocity field v(¢, x(¢, a)). The acceleration is, according to the chain rule, given
as %v(t, x(t,a)) = %—’t’ + v - V. If one ignores viscous forces, then the force per
unit mass ‘;—’t’ + (v - V)v is a conservative force and, therefore, must be the gradient
of a potential function. This potential is referred to as the pressure. The equations
take the form

ov

o7 +@w-V)v=—-Vp, V.v=0, v(0T, x) = vo(x), x € ]R3, (28.3)

and are called the Euler equations. The inclusion of the term vA in the Navier—
Stokes equations is an attempt to model and resolve intrinsic viscous forces.

The question of whether given any smooth initial velocity field v(0, x) = vg(x),
there is (in a suitable sense) a unique smooth solution to (28.1) for all + > 0
and all x € R remains a major unsolved problem for mathematics and physics.
Furthermore, to solve this problem,l“One must leave both the choice of the phase
space and the class of generalized solutions to the researcher without prescribing
to him” infinite smoothness or some other smoothness of solutions. The only
requirement needed is indeed that the uniqueness theorem must hold in the chosen
class of generalized solutions.” To the point, it is known that a weak solution

I'This quote is attributed to Ladyzhenskaya (2003).
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exists” for the incompressible Navier—Stokes equations, given smooth initial data,
that is unique for as long as it remains a smooth solution. The lack of uniqueness of
a smooth solution would imply the existence of a non-smooth solution for the given
initial data. However the uniqueness problem has remained open in the absence of a
small initial data constraint. In this regard, the Le Jan—Sznitman cascade’ provides
a novel probabilistic framework in which to address representations of solutions
for these equations as expected values of certain naturally associated multiplicative
cascades, especially when relaxed to the Le Jan—Sznitman cascade without coin
tossing

Remark 28.2. Historically,’ the two-dimensional incompressible Navier—Stokes
equations were shown to have unique globally stable weak solutions® on the torus
(i.e., for bounded domain with periodic boundary conditions). In three dimensions,
similar global existence results for weak solutions were also obtained by Leray’ and,
later by Hopf® but in contrast to 2d, uniqueness and smoothness remain open in 3d.

The Le Jan—Sznitman cascade originates with a probabilistic representation of
solutions to a Fourier-transformed version of (28.1) in integrated or the so-called
mild form. Specifically, denote the Fourier transform of a vector-valued function

f=f, f )R = R3by f = (fi, f, f3), where

fj@):(zn)—%/ Ty, E RS, j=1,2,3,

R3

when it exists.?

2Leray proved existence of a global weak solution for any initial data in L?(R?), i.e. finite energy.
Hopf (1951) reached the same conclusion for a bounded domain with homogeneous Dirichlet
boundary and finite energy conditions. The existence of a global weak solution for any smooth
initial data was shown by Lemarié-Rieusset (2002). Their uniqueness and smoothness remain open
in 3d.

3Le Jan and Sznitman (1997).

4The Le Jan—Sznitman cascade can be relaxed to permit possible explosion of the associated
branching process as a route to non-uniqueness in Dascaliuc et al. (2015). However the full
treatment exceeds the space limitations on this chapter and will not be presented in this volume
beyond remarks and an example illustration of ideas at the end of this chapter.

3See Ladyzhenskaya (2003) for a more detailed overview of the historical developments.
6See Chapter 4 of the PhD thesis of Leray (1933).

TLeray (1934): Sur le mouvement d’un liquide visqueux emplissant I’espace, Acta. Math. 63 loc
cit.

8Hopf (1951).

9See BCPT Chap. VI for a comprehensive treatment of the Fourier transform. It may be noted that
the definition of Fourier transform in the present chapter is a standard variant in analysis on the
version usually encountered in probability as the characteristic function, and however the proofs
of properties are unchanged. The essential differences are in the complex conjugate of ¢'$* and

integration with respect to ——dx in place of dx. This latter factor is often selected to make the

(2m)2
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First note that taking Fourier transforms, one sees that incompressibility is
the condition that the vector field (¢, £) is orthogonal to & at all times. On the
other hand, the Fourier transform of the pressure term i p(£)& is in the direction
of i&. In particular the term involving pressure may be removed by applying a
linear projection TelW = W — (er - w)eg, g = é—l, & #0),w € R3, to the
equation in the direction orthogonal to &, referred to as a Leray projection. Assuming
incompressible forcing terms, g is invariant under this projection, as is 0. Secondly,
by integration by parts, the Fourier transforms of derivatives are Fourier multipliers
and the Fourier transform of a product results in a convolution. This projection,
together with multiplying by eVt and integrating, yields the mild form of the
equations as follows (for j =1, 2, 3):

0v; +§3 (2n>%f 0t & — @) (=i (1, 0)d
—_— Vr(t, & —w)(—Ilw, v.(t,w)dw
ot =1 R3 k k)T L J
= —v[EDj(t, 8) + 8,1, ). (28.4)
Equivalently,

3
a 2 —_—
(@, 6) = Y @m0t § — ) (i) Tl (1, w)de)
ot = R3 J

+ el E), j=1,2,3. (28.5)
Integrating with respect to ¢, one has
0;(t, &)
2 3 3 ! 2
= P E) + 3 ) / o VIER )
k=1 0
X {/ 0k (s, & — @) (i) T L0 (s, w)dw)ds
R3 !

t
+/ e VEPE 8 (5. E)ds,  j=1,2.3. (28.6)
0

Fourier transform an isometry on the L?(R3, dx)-space. The minus sign stems from a historical
connection with computing coefficients in Fourier series.
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In vector form, one has, for & € R3\{0},
t
Bt 8) = e o(8) + f e f E12m)7D(5, € — ©) B¢, D(s, w)dw>
0 R3

t
+/o e VEPE (s s, E-0(1, ) = 0, DOF, x) = Do(E),
(28.7)

where for & € R3\{0}, ®e, 1s the (nonassociative) vector product defined by
W®e 2 =iles - D)merw, w,zeC, (28.8)

where ez = %,S # 0. The scaling of £ by |&] in this product is responsible for
the factor |£| appearing in (28.7). From a probabilistic perspective, it is convenient
to recognize the exponentially distributed holding time P (T > t) = eVIEPT in an
initial state & # 0, with pdf v|§|ze"’|s |23, s > 0. In particular, with a temporary
focus on the time parameter, introducing (and removing) another factor of |£|, and
changing variables s — ¢ — s, one obtains the equivalent form:

t 3
ﬁ([,é) Ze_V|§|2[ﬁO(€)+/ v|€|28—v\5\25{1f 2(271)2
0 2 R3 U|€|
O(t — 5, ) @ V(t — 5,6 — w)dw + %%}d& (28.9)

The “fair coin toss” probability % is introduced and removed by a factor of two.
In the suggested expected value representation of the equation, this randomizes
between twice the (rescaled) forcing term, including zero forcing, and twice the
branched product term. To accommodate spatial averaging, suppose that h
R3\{0} — (0, c0) is a positive measurable function such that

hxh() <Cl|E|h(E), §#0, (28.10)

for some constant C > 0. Note that replacing & by h/C is equivalent to the
standardization C = 1. Such functions satisfying (28.10) are referred to as
majorizing kernels in this  context.!” An important example (Exercise 1) for its
scaling properties is given by

_ 1
A

h(§) & #0. (28.11)

10gee Bhattacharya et al. (2003).
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This kernel will be referred to as the dilogarithmic kernel for reasons provided in
Exercise 2. Another is the Bessel kernel defined by

h(E) = Le*'é“', £ 0. (28.12)
2 |€]

Each of the examples was included in the original development by Le Jan and

Sznitman, where, notably, one has equality in (28.10). However a variety of

additional examples'! may be constructed that naturally include, for example, the

parametric family (Exercise 5)

h§ (&) = B2k £ £00<p<1,a>0. (28.13)

A given majorizing kernel can be used to rescale by

1
u(t,§) = Fé)ﬁ(t, &), &#0. (28.14)

Given a majorizing kernel #, let

_20) 3k *h(E) 2818

m(E) vene o YO0 T Sy

£#£0. (28.15)

Then, multiplying (28.7) by ﬁg)’ one has the following:

t
u(t, &) = e "EM o) + / vIE e Lo u(t — s, wp)
0 2 R3 xR3
®e¥u(t —s,wy)H(dwy X danl|€) + %(p(t —5,&)}ds, (28.16)

where for each & # 0, and for any bounded measurable function f : R3 x R? — R,

h(w)h(§ — wi)
——————dw;
hxh(&)

(28.17)
Now (28.16) may be viewed as an equation in expected values of a recursively
defined branching cascade as follows: Starting with wave number £ # 0 and time
horizon ¢+ > 0, the process holds for an exponentially distributed time Tz with
parameter v|& |2. On the event [T > t], the cascade terminates with value u(§),
but on the event [T; < t], in the remaining time ¢ — T, one tosses a fair coin «g,
independently of the value of T, which, if (tail) [y = 0], determines a terminal
outcome of ¢(T¢, &) for the process, while, if (head) [xy = 1], renews this process

/ fo1, w)H(dwy x dw|§) =/ flwr, & —wy)
R3xR3 R3

1 1Bhattacharya et al. (2003).
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0
Wy = ¢
—2
[~ Wl o Way + W) = ¢
Way W)
;=2
Wy ™*T1y ~ o,
Wi, 2 ~ Wiy |7 T2y
Wiy We. 1
2,1 B
Wa, 1)+ Wa, 2 = Way Wi, 2)

~ [W(a, 2)\72T(2, 2)

Fig. 28.1 Le Jan—Sznitman Cascade

from a pair of new wave numbers (W1, Wp), W1 + W = &, generated according
to the distribution H(dw; x dwy|§), with respective holding times Tw,, Tw,,
conditionally independent and exponentially distributed given (W;, W>). Since the
critical branching process terminates at all fair coin tosses that result in tail, the
branching process cannot grow indefinitely. Thus, iterating this process produces an
a.s. finite nested set of terminal values of a finite random tree, denoted 75 (t, £). Let
X (¢, §) denote the nested (nonassociative) ®g product of terminal values obtained
for this cascade by time 7. In view of the recursive definition of X (¢, £), one may
write (with & = &)

up(&p), Tgy >t
X(1,8) = | ot — Tg,, &), Tgy <t,kg =0,
mENXD (¢t — Tg,, W) @, XDt = Tg,, Wo), Tg, < 1,69 = 1

(28.18)
where the root wave number &y = & and subsequent holding times, coin tosses, etc.
are updated according to this recursion rule to define X! and X® by the same rules
at the updated root wave numbers W; and W», respectively, as depicted in Figure
28.1.u(t, &) = Eg X (¢, &) solves (28.16), provided that the indicated expected value
exists .
The following theorem provides a global representation as an expected value of
a vector product over an a.s. finite tree for sufficiently small initial data relative to
the selected majorizing kernel.
First let us note that an extension of Fourier transform to tempered distri-

butions'? is achieved as follows. A function o € C (Rk) is said to have rapid

12See Reed and Simon (1972) for a more comprehensive treatment of the theory of distributions in
analysis.
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decay if sup,pe(1 + [x|")]@(x)] < oo for n = 1,2,.... Here multi-indices
o, B € {0,1,2, ...}k are used to define powers and orders of derivatives as
B Pk
x4 = (xp, . x)? =x% o x and 9F = O ..
( 1 k) 1 k ax,lsl Bxfk

The Schwartz space S is a vector space consisting of all (test) functions ¢ €
C(R*) such that ¢ and all of its partial derivatives have rapid decay. In particular,
CX[RK) ¢ S c L*(R¥). So S is a dense subspace of L2. Defining llgllnpg =
sup,epe |(1 4 [x)"87¢(x)], one may write S = {9 € CR™) : |lgllop <
oo for all n, B}. In general, ||@||e,s = Sup,cgrk |x*3Pp(x)| provides a family of
semi-norms for S; the failure to be a norm is due to the fact that ||¢||y,g = 0 does
not imply ¢ = 0 (unless « = = 0). The function

llp = ¥llap

d(o, — o~ lel=1B] ,
() =2, T+ 10— Vllap

a,p

(28.19)

defines a metric for S such that ¢, — ¢ asn — oo if and only if ||¢, — ¢||o,s — O
for all «, B. In particular (S, d) is a complete metric space, and (CSO(R"), d)isa
dense subspace.

The space S’ of tempered distributions is the dual space of S consisting of all
continuous linear functionals f on &; continuous in the sense that if ¢, — ¢
in (S, d), then f(¢,) — f(¢) as n — oo. Since the Fourier transforms of test
functions ¢ € S are well-defined as L2-functions, the definition of the Fourier
transform of a tempered distribution f € &S’ extends to be the tempered distribution
f givenby f(¢) = f(@).

Let Fj, v denote the Banach space completion of {v € & : ||vl|lf,, =

SUPg_£0,0</<T %5)' < oo}, where S’ denotes the space of tempered distributions

on R3.

Theorem 28.1. ' Let h be a normalized majorizing kernel. Let 0 < T <
+o0o be fixed but arbitrary, and assume that [[vo||f7, , =< («/5)3\)/2, and
I[(=2)~"gll7,, < (v2m)3v?/4. Then (28.7) has a unique solution in the ball
Bo(0, R) centered at 0 of radius R = (@)31)/2 in the space Fj, r. Moreover,
the Fourier transform is given by

01, &) = hEEX(1,£), & e R\{0}.

3
_ 2Qm)2hxh(&) I(R))] _ 28,8
Proof. Recall, m(&§) = VIETGE) ,ut, &) = hE) ,and p(t, &) = V‘S‘Zh(s).Under
the hypothesis of the theorem, one has |ug(§)| < 1, and |p(t,£)| < 1 forall#, & #
0, so that from (28.18), one has | X(¢,&)| < 1 a.s. In particular EX (¢, §) exists.
Moreover, taking expected values and conditioning on Ty show that u(z, £) is a

solution. Uniqueness is proven as follows. Suppose that w(z, £) is another global

13Gee Bhattacharya et al. (2003).
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solution with |w(z, £)] < Rh(€). Without loss of generality, one may replace h
by hy, = cyh, where ¢, = R = v(Zn)% and define y(¢,&) = ¢,/ hy(&). Then
SUPg 0,0<;<7 |V (1, §)| < 1. Define a truncation of the cascade at time 7, denoted
79 (1), by

W@ &) =wen@):|vl<n), n=01,... (28.20)
Let Y(re(")(t, &p)) be the recursively defined random functional given by

wg (g), To =1
Yo"t 60) = { oot~ Tp) Ty<tkg=0. (2821
mi)Y (" = Ty, W) @, Y(x(y V= Ty, W), Ty <tp =1
forn =1.2,.... where wo(§) = uo(§)/ hv(§), ¢(1.§) = 28(t, £)/WIEPhy(§)),
m(§) = 2hy x hy(§)/)v(2m)21&]hy(§) < 1, and

o wo(&s), Ty >t
Y(zy ' (1,60)) = | po.t — Tp) Top <t,kg=0.
m&)y(t — Ty, 1)) Qg vt — T, 60)), To <t, kg =1

(28.22)
Observe that since w(t, &) is assumed to be a solution, it follows from the equation

that y (¢, &) = E¢ Y(‘L'g(l) (t, £)). Moreover, this extends by induction by conditioning
on F, = o(Ty, &, ky @ [v] < n) toyield
y(t, &) =EeY (ti"(1,8), n=0,1,2,... (28.23)

In fact, Y (tg(") (t,€)),n = 01,2, ..., is a martingale with respect to this filtration
(Exercise 4). Specifically, one has constant expected values

Eg=: ¥ ("1, )
= wo(§)e " + %fol vIEPe Mo — 5, £)ds

+m(E)Eey—e Y (1) (0 = Ty, W) ®¢, Y (13) (¢ = To, Wo)|Tp < 1.9 = 1}
= wo(§)e ™ 4 %/Ot vigPe gt — 5, £)ds + m(E)% /Ot v]g[2evIERs

: / B, Y (1) (¢ = 5.601)) ®e, B Y (z3) (¢ — 5. 62))ds. (28.24)

Now observe that

Y(r," &) = X(1.&) on [ry” =19(t.8)]. (28.25)
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and more generally, since the terms y (t — R,, &,) appear in Y only at truncated
vertices,

Y(ry". ) = X(1.6) on [0V = 19(1.6)]. (28.26)
Thus, since
EIY 2\ (1, 6) <1,n =0,1,2,..., (28.27)
and
E[X( &) <1, (28.28)
we have

ly(t, &) —EX(1,8)] = [EY (2} (1, £)) — X (1, 11" (1, §) # 191, §)]|
< 2P (1. E) £ To(t.E) —> Oasn — 0o, (28.29)

completing the proof of global existence and uniqueness for small initial data. W

The simple example'* below is introduced to illustrate the potential value!> for
analysis of non-uniqueness as the result of modifying the Le Jan—Sznitman cascade
by eliminating the coin toss and consequently permit possible explosion. By elim-
inating the coin toss in the Le Jan—-Sznitman cascade, one may ignore (exploding)
paths of finite length in the definition of the cascade and retain the expected value
representation assuming integrability. In this regard, it is insightful to consider
the explosion/non-uniqueness problem for mean-field cascades in which the wave
numbers are replaced by fixed constants « > 0 as in the following example.

Example 1 (a-Riccati Equation). Fix a parameter o > 0, and consider the initial
value problem

du 2
I =—u(t) +u“(at), u(0) = uop. (28.30)
In mild form, one has
t
u(t) = uge ™’ +/ e_xuz(a(t —s)ds, t=>0. (28.31)
0

14This example is related to self-similar solutions to a mean-field version of the Navier-Stokes
and/or Burgers equations in Dascaliuc et al. (2018) and Dascaliuc et al. (2019), respectively.

15In another direction, an expected value representation naturally suggests possible numerical
Monte-Carlo schemes, e.g., see Ramirez (2006).
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Fig. 28.2 «-Riccati Cascade

The stochastic cascade associated with this equation is depicted in Figure 28.2. In
the case o = 1, this is the well-known Riccati differential equation, thus the name
a-Riccati. 1

As with the Navier—Stokes equations, we wish to consider the uniqueness
problem for global solutions. Adopting a probabilistic perspective on (28.31), let Ty
denote a mean one exponentially distributed random variable. If the event [Ty > 7]
occurs, then the process terminates with value u#g. On the event [Ty < t], the
process branches and repeats in the remaining time ¢t — 7y with a pair of independent
exponential holding times 7} and 7>, each having mean «. To code this cascade, let
{Ty :v e T =U72 {1, 2}"} be a family of i.i.d. mean one exponentially distributed

random variables. Define the evolutionary process

[v]—1 [v|
V@ (1) = [v eT: Y aiTy; <1< Za‘ijU}, 1>0. (28.32)
=0 =0

16The uniqueness problem for this equation with initial data u9 = 0 was analyzed by Athreya
(1985) and more generally for arbitrary initial data by Dascaliuc et al. (2018) as a multiplicative
cascade of the type described in this chapter.
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Accordingly, V® is a continuous time jump Markov process (Exercise 7) taking
value in the (countable) space £ of evolutionary sets defined inductively by V € £
if and only if V is a finite subset of T = U;:":O{l, 2}", such that

_ )16} if #V =1,

V=
W\ {w}U{<wl >, <w2>}someW e&, #W =#V — 1, w € W, else.

Remark 28.3. Although V@ is a Markov process on &, the cardinality functional
#V (@ is not generally Markov, exceptions being o = % 1. Whena = 1, #V @ is
the classical Yule process, and so it is obviously Markov, while the case « = % is

also special since it is the Poisson process (Exercise 7).

Let N@ @) = [V@ @) = #V @ (1), t > 0, denote the cardinality of the set
V@ ().

Theorem 28.2. Let X(t) = u(i)v(a)(l)l[S > t],t > 0, where

o0

S = inf a Ty
sefl,2) 4 slJ

Ifu(r) = EX(f) < oo, then u is a solution to (28.31). Moreover, if u is any solution
to (28.31) with u(0) = ugp, then u < u.

Proof. Since N (0) = 1, § > 0, one has X(0) = ug a.s. So u(0) = ug. Observe
that

0 if § <t
X)) = ug ifS>Ty>1t
XVt — ToNXP(a(t — To)) ifTy <t <,

where X and X@® are independent and distributed as X. The equation for u
follows by an expected value of this decomposition, conditioning on 7y in the
last case. To prove minimality of u, assume u(f) is a global solution. Define the
following sequences of stochastic processes:

Xo) =0, Xp@)=1"% Tzt N
= 5 = bl n bl
0 " V@ = 1) xP @t — Tp)). Ty <1
(28.33)
and
ugp, Tp >t
Yo) =u@®), Yy = { y eN.

O @t -1 Y @ =Ty, Ty <t "

(28.34)
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In the above, X ,(11) and X ,(12) are i.i.d. as X,,, same for Y. More explicitly,
Xn(t) — uévn(t)()Mn(t)’

where N, (¢) is the number of paths v with |v| < n that cross t and M, (¢) is the
number of paths of length |v| = n that survive by time ¢. Also,

o =u"” T um).
[v|=n,

vsurvives by ¢

where 1, = o (tyjx — Tyix) Withk = |v| — 1 and 79 = 1.
Clearly, X,,(t) < Y,(t) a.s. Moreover, since X,(¢) is eventually monotone
(constant) inn if S >t and X,,(tr) =0in S < ¢, we see that

lim X, (1) = X(0).

Also, using induction on n, E(Y, (t)) = u(¢) for all n € N. Thus, by Fatou’s lemma,
E(X(#)) < u(t), which proves the assertion on minimality of u. |

The random variable S denotes the explosion time for the branching cascade. A
simple illustration of its role in the non-uniqueness is illustrated by the following
corollary.

Corollary 28.3. Suppose that ug = 1. Then u(¢) = 1 for all # > 0 is a solution, as
isu(t) = P(S = t),t > 0. Moreover, u = u is the unique global solution if and
onlyifa < 1.

Proof. Ttis clear by inspection that u = 1 is a solution, and « is the minimal solution.
The corollary is resolved by showing that P(S > ¢) < l ifand only if @ > 1. In
ST . o
fact,let L = su 22k — 1im max vlk
we{lg}N k§0 om0 jul=n k§0 o
Then, S < L a.s. since S is the length of the shortest path. Moreover, for0 < o <1,
L = § = o0 a.s. since for any path s € {1, 2}°°, with probability one,

be the length of the longest path.

o0

00
Z(X_st‘j > Z T j = o0,

j=0 j=0



376 28 ST: Incompressible Navier—Stokes Equations

by, for example, the strong law of large numbers. On the other hand, for « > 1, note
that the sequence L, = maXyj=n _;_o @’/ Ty|j, n > 1, may be bounded iteratively
by

00
Ln+1 <L,+ @n+l <Th+ Z@na

n=1

where @, = a™" max{Tn(l), cee T,,(2 ) }, where T,,(] ) are i.i.d. mean one exponential
random variables. Fix a sequence 6,,, n > 1, to be determined, and consider

Prob(®, > 6,) = 1 — Prob(®, < 6,)
=1—(1—e

S enll‘l2—9n0[n — e—n’ (2835)
for 8, = n(In2+41)a™". Thus, using Borel-Cantelli lemma, one has with probability
one @, < 6, for all but finitely many », and therefore Z;’;l ®, < oo a.s. Thus,
S <L <ooas. follows since L = lim, 00 Ly < Tp + > ooy Op. [ |

The event [L < oo], referred to as hyper-explosion, is thus equivalent to explosion
[S < oco]. The non-uniqueness for small (1o = 0) initial data is related to the hyper-
explosive property. Various other interesting properties of this model are explored
in the exercises.

Exercises

1. Verify that h(§) = ﬁ,g £ 0, and h(¢§) = ﬁe—\é\,g £ 0, are
standardized majorizing kernels.

2. This exercise assumes the majorizing kernel h(§) = ﬁ, E#£0.

(a) Show that — flt nd=w) gy = Y, ]’(—I; for |t| < 1. The latter is broadly

u
referred to as Euler’s dilogarithm series, or Spence’s function, denoted

Liy ().

(b) Show that under the density of the magnitude, the ratio Wg—“l (or I‘g_z‘l) is
given by % In |%|dr—r

(c) Show that the density in (b) is symmetrically distributed about the identity
of the multiplicative group (0, 00).

(d) Show that the angle between W; and W, is uniformly distributed on
{(61,02,03) € (0,7) x (0,7) x (0,27) : 61 + 6, < m}, where 0y, 6
are co-latitudes, and 63 longitude, respectively.
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3. Show that uniqueness of a global solution to the genealogical Navier—Stokes
equations with initial data |ug| as an expected value over the genealogical
cascade (without coin tossing) implies global uniqueness for incompressible
Navier—Stokes equations for the initial data u¢ as an expected value over the Le
Jan—Sznitman cascade without coin tossing.

4. Show that Y (z,"(¢,£)),n =0, 1,2, ..., is a martingale.

5. Show that the functions h%, 0 <pB <2,a > 0,defined in (28.13), provide a
parametric family of majorizing kernels linking the Bessel and dilogarithmic
majorizing kernels.

6. (Non-explosive Yule) It was shown in Exercise 13 of Chapter 5 that the
Yule branching process is non-explosive. Complete the following steps for
an alternative technique to prove non-explosion for a Yule process with
exponentially distributed lifetimes with intensity parameter A > 0. Let { =
lim;,_, oo minjy|=, 2720 %Tvlj’ where T,,u € Uflozo{l, 2}" is a binary tree-
indexed family of mean one exponential random variables.

(i) Use Fatou’s lemma to show for arbitrary 6 > 0,

. [
Ee% < liminf Ee!™™"i=n Xj=o 7T},
n

(i) Show that Ee=?¢ < liminf, 2"E M=o ¢~ #Tui [Hint: Bound minimal
term by sum over |v| = n.]
(iii) Show that by selecting @ > A1In2, Ee~% = 0, and therefore { = 0o a.s.

7. (a) Show that the evolutionary set plrocess17 V@), t > 0, defined by (28.32)
is a Markov process.
(b) Show that the cardinality |V(1)(t)| has a geometric distribution in the case
o = 1, referred to as the Yule process.

(¢) Show that |V(%)(t)| is a Poisson process in the case « = 1/2. [Hint:
Theorem 15.3]

8. (a) Define a genealogical gauge ao (V) = Y, oy oVl for evolutionary sets V €
E. In particular a; (V) = |V|. Show that A(r) = e@* D, (V(1)),t > 0,
is a positive martingale.

(b) Show that A is uniformly integrable if and only if & € («., 1], where «. is
the unique solution to ¢ Inow, = aotp — % in (0, 1]. In particular o, =~ 0.187.
[Hint: Use the Neveu—Chauvin inequality'3.]

(c) In the case o = 1, show that lim,_, o e’|V(1)(t)| = A is exponentially
distributed.'?

9. Consider a modification of the «-Riccati model in which at each generation a

pair of frequency values («, 8) is generated. For a path v, the holding time is

17 This exercise is largely based on Dascaliuc et al. (2017).
18See BCPT, (p. 40).
19This result can be traced back to Kendall (1966).
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exponential with frequency o/ "™ where [(v) = |v| —r(v) = |{j < |v| :
v; = 1}. Show that the tree is (i) non-explosive if 0 < a, b < 1, (ii) explosive
but not hyper-explosive if 0 < a < 1 < b, and (iii) hyper-explosive if a, b > 1.
(Fisher-KPP Equation) The Fisher—KPP equation is the one-dimensional scalar
equation

ov 9%y

Ezm—i—v—vz, t>0,v0,x) =vy(x), x € R.

(a) Show that v solves Fisher—KPP if and only if v = 1 — u solves %—’; =

32712) +u®—u.

(b) Show?’ for the Fourier transform of #(r, £), satisfying the equivalent
equation (a), that for a positive function # such that & * h(§) = (1 +
E2)h(E), € € R, one has that x (¢, &) = %5) satisfies

x(@. &)

h(h( — m,

_ (48 +/’/ |+ £2)e=(+EDs s
e x0(6) A R( §%)e X —=s,mxt—s,§ n>(l+$2)h(§)

(c) Show the existence of a suitable function 4. [Hint: Consider the ordinary
differential equation governing the inverse Fourier transform of 4.]

20For a development of this theory from the perspective of stochastic explosion, see Dascaliuc et al.
(2021a) and Dascaliuc et al. (2021b).
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